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Preface

Much of the materialin this book originatedwith lecturesgivenfor the SummerSchoolon Ra-
diative TransferandRadiationHydrodynamicsat the Instituteof TheoreticalAstrophysicof the
University of Osloduring Junel-11,1999. Thoselecturesfocussedn the specificsof the dy-
namic coupling of radiationand matter and on the detailedprocesse®f the interaction. The
otherlecturerswere Rob Ruttenof the University of Utrecht, Phil Judgeof the High Altitude
Obsenatoryin Boulder, Colorado,and Mats Carlssonof the University of Oslo, the organizer
of the SummerSchoolandthe Director of the Institute. Their lecturestreatedthe introduction
to radiative transfer atomicprocessesndspectraline diagnosticswith specialreferenceo the
sun,andnumericalmethodsin radiative transferandradiationhydrodynamics.For thatreason
theoriginal contentof thesdectureswaslight in thoseareasespeciallyin numericaimethodsin
puttingthelecturesinto the presenform someeffort wasinvestedio expandthe coverageof the
neglectedtopics.

Thebackgroundor thetheoryof radiationhydrodynamicsaspresentedherecamefrom work
atJILA, theJointInstitutefor LaboratoryAstrophysicsof the Universityof Coloradoandthe Na-
tional Bureauof Standardsasthey werecalledthen,in the late 1960sand1970s. It originated
with the needto treatradiation-mattecouplingcorrectlyin stellarpulsationsandotherareasof
astrophysicafluid dynamics.Thetheoryof radiatvely-drivenstellarwinds developedout of that
work. At this sametime the Boulder Schoolof radiative transferwas flourishing throughthe
efforts of L. Auer, D. Hummey J. Jeferies,D. Mihalas,R. Thomas,andmary others. Someof
the knowledgeabsorbedrom thesepeople,andtheir colleague<. Avrett, W. KalkofenandG.
Rybicki at the Harvard-Smithsoniai€enterfor Astrophysicsmadeit into this book. Theyears
in JILA alsoprovided an educationin theoreticalatomic physics,andthe mentorsin this area
includedD. G. Hummeragain,andR. GarstangD. Norcross,J. Cooper M. Seaton(whenhe
visited)andH. NussbaumerThe leaderof stellarpulsationtheorywasJ. Cox, andhis influence
wasfelt in severalareasaswasthatof his goodfriend A. Cox of Los AlamosNationalLabora-
tory. R. McCray provided an outstandingexampleof insightful analytictheorycomplementing
computationabstrophysics.

Later on the opportunityto work directly with A. Cox provided additionalexposureto the
methodscurrentat thattime in numericalhydrodynamicsandradiationhydrodynamics.Since
the beginning of the 1980sthe LawrenceLivermoreNational Laboratoryhas provided mary
lessonsn numericaltechniquedor radiationhydrodynamicsandA. Winslow, E. GarelisandP.
Crowley werenotableteachersTheir friend G. Pomraningwhenhewasvisiting, wasa fount of
knowledgeaswell. G. Zimmermanthenandnow, is the masterof this subject.R. Klein hasheen
avaluedcolleagudor mary years beginningwith stellarwindsin Boulderandcontinuingtoday
in Livermore whereheis arecognizedauthorityin precisionhydrodynamidechniquesTwo of
today'sleadingexpertsin Sy methoddor radiationtransportM. Zika andP. Nowak, have helped
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with ideasin thatpartof the book.

Every work on radiationhydrodynamicssincethe 1980sstandsin the shadav of the mon-
umentalFoundationsof RadiationHydrodynamicsy D. MihalasandB. Mihalas. The present
authorowesa greatdebtof gratitudeto D. Mihalasfor his teaching supportandencouragement
overtheyears.The helpandencouragemerdf D. Hummer L. AuerandR. Klein is alsogreatly
appreciated.The colleagued. Abbott, D. Band,D. Friend,G. Olson, S. Owocki andD. Van
Blerkom mayfind their fingerprintsheretoo.

Finally, specialgratitudeis extendedo ProfessoMatsCarlssorof thelnstituteof Theoretical
Astrophysicdn Oslofor theopportunityto presentheoriginal lectures.

Livermore, California, November7, 2003
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Chapter 1

Intr oduction

1.1 Philosophy

Thedisciplineof radiationhydrodynamicss the branchof hydrodynamicsn which the moving
fluid absorbsandemitselectromagneticadiation,andin sodoing modifiesits dynamicalbeha-
ior. Thatis, the netgainor lossof enegy by parcelsof the fluid materialthroughabsorptionor
emissionof radiationare sufficient to changethe pressureof the material,andthereforechange
its motion; alternatvely, the netmomentunexchangebetweerradiationandmattermayalterthe
motionof the matterdirectly. Ignoringtheradiationcontritutionsto enegy andmomentunmwill
give a wrong predictionof the hydrodynamicmotion whenthe correctdescriptionis radiation
hydrodynamics.

Of course therearecircumstancesvhena large quantity of radiationis presentyet canbe
ignoredwithout causingthe modelto bein error. This happensvhenradiationfrom an exterior
sourcestreamghroughtheproblem but thelatteris sotransparenthattheenegy andmomentum
couplingis negligible. Everythingwe sayaboutradiationhydrodynamicsappliesequallywell
to neutrinosand photons(apartfrom the Einsteinrelations,specificto bosons),but in almost
every areaof astrophysicsieutrinohydrodynamicds ignored,simply becausehe systemsare
exceedinglyjtransparento neutrinos gventhoughtheenengy flux in neutrinosnaybesubstantial.

Anotherplacewherewe cando “radiation hydrodynamics'without usingary sophisticated
theoryis deepwithin starsor otherbodies,wherethe materialis so opaqueto the radiationthat
the meanfree path of photonsis entirely negligible comparedwith the size of the system,the
distanceover which ary fluid quantityvaries,andso on. In this casewe cansupposehatthe
radiationis in equilibrium with the matterlocally, andits enegy, pressureand momentumcan
be lumpedin with thoseof therestof the fluid. Thatis, it is no morenecessaryo distinguish
photonsfrom atoms,nucleiandelectronsthanit is to distinguishhydrogenatomsfrom helium
atoms for instance Thereareall justcomponent®f a mixedfluid in this case.

Sowhy do we have a specialsubjectcalled “radiation hydrodynamics” when photonsare
justoneof themary kindsof particlesthatcompriseour fluid? Thereasoris thatphotonscouple
ratherweakly to the atoms,ions and electrons,much more weakly thanthoseparticlescouple
with eachother Nor is the matterradiationcouplingnegligible in mary problemssincethe star
or netula may be millions of meanfree pathsin extent. Radiationhydrodynamicsexists asa
disciplineto treatthoseproblemsfor which the enegy andmomentumcouplingtermsbetween

1



2 CHAPTER1. INTRODUCTION

matterand radiationare important,and for which, sincethe photonmeanfree pathis neither
extremelylarge nor extremelysmall comparedvith the size of the system the radiationfield is
notvery easyto calculate.

In the theoreticaldevelopmentof this subject,mary of therelationsare presentedn a form
thatis describedasapproximateandperhapsaccurateonly to orderof v/c. This makesthedis-
cussioncumbersome Why are we requiredto do this? It is becauseve are using Newtonian
mechanicgo treatour fluid, yet its photoncomponents intrinsically relatvistic; the particles
travel atthe speedof light. Thereis a perfectlyconsistentelatiistic kinetic theory anda corre-
spondingrelatiistic theoryof fluid mechanicswhichis perfectlysuitedto describinghe photon
gas.But it is cumbersoméo usethis for thefluid in generalandwe preferto avoid it for cases
in whichtheflow velocity satisfiesv « ¢. Thepricewe payis to spendextra effort makingsure
thatthe source-sinkermsrelatingto our relatiistic gascomponenareincludedin theequations
of motionin aform thatpreseresoverall conserationof enegy andmomentumsomethinghat
would beautomatidf therelativistic equationavereusedthroughout.

Somegenerareference®n the subjectof radiationhydrodynamicsarethese:

e The mostcomprehensie generalreferenceis Foundationsof RadiationHydrodynamics,
by Mihalas and Mihalas[189]. This providesall the neededbackgroundin statistical
physics hydrodynamicsndradiative transfer aswell asathoroughdiscussiorof thenon-
relativistic andrelatiistic formulationsof radiationhydrodynamicsmostly in onespace
dimension.Theapplicationdncludeseveral of the moreimportanttopicsasof 1984.

e The book The Equationsof Radiation Hydrodynamicsby Pomraning[206] reflectsthe
viewpoint of the neutrontransportcommunity in thatthe O(v/c) effectsare discussed
largelyin thefixedframe,andthedistinctionbetweerfixed-framediffusionandcomoving-
framediffusionis not madesuficiently clear Considerablespaceis devotedto Compton
scatteringwith frequeng redistritution, a small effectin astrophysicgexceptfor hardx-
rays)althoughthe analogougproblemin neutrontransports important.

e TheNATO workshopAstophysicalRadiationHydrodynamicseditedby Winkler andNor-
man[265], containsusefularticleson the fundamentatheoryby Mihalas,advancedcom-
putationalmethodsn hydrodynamicdy NormanandWinkler andby Woodward,on par
ticle methodsy Eastwod andon finite-elemenmethodsy Griffiths.

e Physicsof Sho& Wavesand High-Tempeature HydrodynamicPhenomendy Zel'dovich
andRaize270] is oneof themostvaluablereference$or radiationhydrodynamicsn gen-
eral. Thetreatmenbf radiationhereis simplified,but theinsightfulanalysisof complicated
shockphenomenés outstanding.

e StellarAtmosphezModeling editedby Hubery, MihalasandWerner{124], is themostre-
cent(in 2003)conferencealevotedto theadvancednethodsn numericakradiationtransport
for astrophysics.

e A Guideto the Literature on QuantitativeSpectoscopyin Astiophysicsby Mihalas[187]
is acomprehensie bibliographyon astrophysicatadiative transferandrelatedtopics,and
includesa 30-pagehistoricalreview of thefield.
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1.2 Outline

Thesucceedinghapterof thebookstartwith anintroductionto gasdynamicshatcoversthees-
sentialelementsEuler’s equationsthe Lagrangiarequationsaandtheimportanttopic for numer
ical calculations:Arbitrary LagrangianEulerian(ALE). Thencomesviscosity andthe Navier-
StokesequationBernoulli'sequationandsomeof theimportanttopicslik e soundwaves,shocks
andthe self-similarTaylor-Sedw blastwave. Thefollowing chapteris a fairly up-to-datesurey
of methodsfor numericalhydrodynamicsyhichis dividedinto LagrangianEulerianand ALE,
with speciahoticefor methodsuchasGoduna’sandthe Weighted-Essentially-Non-Oscillatory
(WENO) methods.

Next we go on to threechapterson radiationand radiative transferat increasinglevels of
compleity: first the basicdefinitionsof thingslik e the intensity angleandfrequeng moments,
theideaof diffusion,andthefirst, morenaive view of how radiationaffectsthe stateof the gas.
Thesecondadiationchapterdealswith thesimplemethoddor steady-stateadiatve transferand
introducessomekey ideaslike Milne’s equationsandthe Eddington-Barbierelation. The third
radiationchapterin this groupintroducesthe special-relatiistic pictureof radiationtransportin
all its compleity, andthenattemptdo washaway the drossandleave a simpleenoughpictureof
thedynamicsof radiationandmatter whenthe matterdoesnot movetoofast(v « c), thatit can
beincorporatednto practicalcalculations.

Oncewe arefully apprisedf thetrue way in which matteris coupledto radiationwe return
to someanalyticalexamplesof gasdynamicscouplednow with radiation,including the modifi-
cationsto wave motiondueto enegy andmomentuncoupling.

The following chapterdealswith the atomic details of the processeshat actually couple
radiationand matter;theseare the source-sinkermsthat appeaiin the conseration equations
for matterandradiationseparately We cantalk aboutthe quantummechanicghat entersthe
calculationsf thesenteractionsput therealwork is donein computercodessuchasOFAL that
supplyradiative processlatato hydrodynamicsimulations.

Next is a chapteron the mostdetailedmethodsfor calculatingthe transportof spectralline
radiationthrougha gas,whenthe radiatve processeare dominantover the effectsof electron-
atomcollisionsto sucha degreethat the detailedquantumstateof the matteris alteredby this
radiationwhichis notrepresentatie of thelocalthermalequilibriumdistribution. Theis thetopic
thatis callednon-LTE, whereLTE would bethe stateof Local Thermodynami&quilibrium. The
non-LTE conditionis prevalentin mary astrophysicaindlaboratoryplasmas.The chapterde-
scribesthe generafeaturesof non-LTE calculationsandthenexaminessomeinterestingdetails
of non-LTE line transportassociatedavith frequeng redistritution or thelack of it.

The next chapterconcernsa subjectoften overlooked in treatmentsof radiative transfer
namelythe effects of refractionand polarizationon the radiation. Polarizationis an important
aspecbf the measurementsf radiationfrom the sun,andit may have increasingmportancein
obsenationsof otherbodiesandin laboratoryexperimentsasthe quality of the dataimproves.

The next-to-lastchapteris a surey of numericalmethodsof variouskinds thatareapplied
to radiation,eitherby itself or coupledwith hydrodynamics.In a surwey like this the namesof
the methods somepointersinto the literature,andsummarieof whatthey areaboutis the limit
of whatcanbe presentedn the spaceavailable,but it hopedthatthe reademwill be enticedinto
readingmoredeeply

Thefinal chaptergivesa shortselectionof radiation-dominateéxamplesthat eitherareim-
portantin themselesor bring out someinterestingaspect®f thetheory
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Chapter 2

A quick review of gasdynamics

Beforebeginninga discussiorof the specialeffectsbroughtaboutby the enegy andmomentum
of radiation,we review ideal gasdynamicsasit existswithout thesesourcesWe will definethe
variableswe useandpresenthe mainequationghatwill be modifiedlater.

A quite goodintroductionto fluid mechanicds the volume Fluid Medanicsin the Course
of TheoreticalPhysicsby Landauand Lifshitz [156]. This doesnot spendmuchtime on the
microscopicpicture of fluids, but is very strongon the physicalapplications. The approachis
entirelyanalytic. MihalasandMihalas[189] describekinetictheoryin somedetail,andthebasis
of viscosity in additionto someof the basicresultsof gasdynamics. The chapterson viscous
effectsandrelatiistic flows arevaluable.

2.1 Ideal fluid description: p, p,uande

A fluid is, asthe namesuggestsfree to flow, which distinguishest from an elasticsolid. The
solid candeform,but asit doesstressesareproducedhatdependonthedisplacementsn afluid
the stresds primarily (i.e., apartfrom a small correctiondueto viscosity)anisotropicpressure,
andthisdepend®nthelocaltemperatur@anddensityof thematter andis independentf how far
a parcelmayhave movedfrom its startingpoint. Sodensityis the parametethatexpressesiow
thekinematicswill changehe stateof the matter The densityevolvesasthefluid moves,andthe
volumeoccupiedby a parcelof materialchangesThe motionis describedy thefluid velocity,
u. Thisis avectorwhichis equalto the mass-weightedverageof theindividual velocitiesof all
the particlescontainedn amicroscopiccell surroundinghe pointin question A coarse-graining
assumptions appliedin thefluid picture. Theassumptioris madethata cell sizecanbe chosen
thatis infinitesimalcomparedwith the scaleof the fluid region, yet so large that the statistical
uncertaintyof averagesover the atomsin the cell is negligible. Furthermorewe assumethat,
if the cell is carriedalongwith the fluid velocity, it hasjust the sameatomsin it at the end of
sometime of interestasit hasat the start. In otherwords,eventhoughtheindividual atomsare
flying aroundwith velocitiesthatmaybelarge comparedvith the mean—thdluid velocity—the
amountof net progressan atommakesis negligible comparedwith the cell size. Clearly; this
requiresthat the meanfree path betweenatom collisionsis negligible comparedwith the cell
size.Both becaus®f theatomstatisticsandbecaus¢he meanfree pathvariesinverselywith the
density thefluid approximatioris valid at high densitiesandbreaksdown atlow density It fails,
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6 CHAPTERZ2. A QUICK REVIEW OF GAS DYNAMICS

for example,in high-vacuumlaboratoryexperimentsandin the outerpartsof the solarwind.

The ideal fluid we have beendescribingis characterizedby its massdensity o, its pressure
p, which givesthe momentunflux of the particlesacrossary infinitesimalelementof area,and
by the internalenegy per unit mass,e. This includesthe kinetic enegiesof all the particles,
but, sincekinetic enegy maybe storedtemporarilyin atomicexcitation, the excitationenepy is
includedaswell, to make aconseredquantity Density pressurendinternalenegy arethreeof
thethermodynamidunctions.For a systemwith afixedmasssuchasthecell we areconsidering,
only two of theseareindependentior exampledensityandinternalenegy. The pressureanbe
calculatedrom the othertwo usingthe known equationof stateof the material,andall the other
thermodynamidunctionssuchastemperaturegntropy, Helmholtz free enepy, etc, canbe as
well.

2.2 Euler sequations

Themassof all theparticlesin acell is thusoneconseredquantity A secondcconseredquantity
is the total momentumof the particlesin the cell. This is conseredin the sensethatits rate
of changeequalsthe netgainin momentumdueto particlesenteringor leaving acrossthe cell
boundaryplusary bodyforcethatmayexist suchasgravity. Thefirst of theseermsis thesurface
integral of the pressurevertheboundary Thethird conserationlaw is for theinternalenegy in
thecell. Thisis expressedy thefirst law of thermodynamicsyhich saysthatthe changen the
internalenepgy is the negative of the pressurdimestherate of volumeincreaseof the cell, plus
therateof any additionof heatto the cell by externalagents.By applyingallittle calculusto the
conserationlaws, they canbe expressedasdifferentialequationsEuler’'s equationdor anideal
fluid.

Themathematicalorm of theconserationlaws differsdependingonwhethetthetimederiva-
tive is taken at a fixed pointin inertial space(Eulerianpicture)or following alongwith a given
parcelof fluid (Lagrangiarpicture). Themanipulatioris somevhateasiemwith the Eulerianform,
but thenthe expressionof a conseration law mustincludetermsfor the flux of the consered
quantityacrossa fixed cell boundary For conseration of mass,conseration saysthatthe rate
of changeof the massin a space-fiedvolume,V, is justthe negative of theintegral of themass
flux, pu, overthesurfaceSof V,i.e.,

i/polv — —/pu-dA. 2.1)
dt Jv s

By making useof the divergencetheorem,and requiring the relationto be true for every cell
volume,we find thefirst Eulerequation

ad

8_? + V-(pu) = 0. 2.2)
The momentumconsenrationlaw follows in a similar way. Two additionsareneededhowever.
The surfaceintegral containsnot only theflux of momentum—(pu)u - dA, beingcarriedacross
the boundary but alsothe momentunflux associateavith pressure— pdA. Also, if thereis a
bodyforce, it givesa momentumsourcerate F perunit volume. Theresultis the secondEuler
equation

apu
~=+Ve(pu) + Vp = F. (2:3)
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Thedivergencein thesecondermontheleft-handsideneedsacomment.Thisis the divergence
of atensorandtheresultis avector Thetensorhastwo indices,onefrom eachfactoru, andthe
divergences takenby assignindirst 1 to the secondndex, andforming the ordinarydivergence
of puus, thenrepeatingor index 2 andindex 3, thusobtainingthethreecomponentsf theresult.

The derivation of Euler’s enegy conseration law from the first law of thermodynamicss
moreroundabout.We have to begin with the notion of the time derivative taken following the
motionof thefluid, the Lagrangiartime derivative D/Dt, whichis givenby Df/Dt = 9f /ot +
u - Vf for ary function f. Secondlywe recognizethatthe volumeoccupiedby a unit massof
materialis 1/ p. Thetime rateof changeof thevolumeof thisfixedparcelof masss D(1/p)/Dt.
According to the first law of thermodynamicsthe Lagrangianrate of changeof the specific
internaleneny, plustherateof doingwork by the pressurgerunit massequalsherateperunit
massat which heatis beingdepositedrom externalsourcesq. Thusthe Lagrangianinternal
enegy equationis

De = D(/p)
- = 2.4
bt * P ot 24)
or
] 0l
8—te+u-Ve+ p%+ pu-V(l/p) =q. (2.5)

In orderto make this look morelike an Eulerianconsenration law we make useof this handy
identity for ary function f:

Df opf

ﬁ = W +V'(,0Uf), (26)
which s easilyproved by expandingthe derivativesof the productsandusingthe Eulerianmass
conserationequation(2.2). Whenthis identity is appliedto equation(2.4) multiplied by p, this
form of theinternalenegy conserationlaw results:

ape

% 4 V-(pue) + pv-u = pq. @.7)
Thisis still notanexpressiorof “energy conseration” becausef thepressuravork term, pv -u.
In orderto eliminatethat, we first make amechanicaénegy conserationlaw by formingthedot
productof thevelocity with the momentunconserationequation(2.3),andmakinguseof mass

consenrationagain.Theresultis
a1 5 1 5
—(=pu V-(=puu u-vp=u-F. 2.8
51 (5PUD) + V- (5ould) + p (2.8)

The sumof the internalenegy equation,(2.7), andthe mechanicaknegy equation(2.8) is
thetotal enegy equation

9 1 1
ﬁ(pe+ Epu2) + V.(pue+ Epuu2 + pu)=pg+u-F. (2.9)

Thisis theform usuallyconsideredasthethird Eulerequation.Theconseredquantityis thesum
of internalandkinetic enegy, andits flux hasa partfrom adwectionwith the fluid andanother
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partdueto the pressure.The effect of this pressuregerm is the sameas replacingthe internal
enepy flux by theflux of enthally, h = e + p/p.

ThewaythatthethreeEulerequationsareusedto solve ahydrodynamidnitial valueproblem
is conceptuallysomethindik e thefollowing. Thecurrentvaluesof thethreeconseredquantities,
p, pu andpe + 1/2pu?, aresolvedfor p, u ande. Given p ande, the equationof statesupplies
thepressurep. Theseareall thevariablesneededo determinghefluxesin thethreeconsenration
laws,andthesourceterms,if ary. Fromthesevaluesthethreetime derivativesarecalculatedand
the consered quantitiescanbe advancedto the next time step. Refinedcalculationsmay differ
from this schemen detail, but the conceptis the same.

2.3 Lagrangian equations

If we imaginethatat aninitial time we drawv a spatialmeshon the materialthat makesup our
problem,andthatsubsequentlyhis meshis draggedalongwith the materialasit moves,thenwe
have the Lagrangiarpicture. The appropriatdime derivative, at a fixed pointin the Lagrangian
meshjs D/Dt, whichwe usedabore. Whenspatialderivativesarerequiredin theequationghey
arewith respecto ordinaryfixed coordinatesandthey have to be calculatedfirst with respect
to the dragged-along.agrangiarmesh thentransformedusingthe chainrule to the fixed-space
variables. Whenthe flow is highly rotational, not to mentionturbulent, the Lagrangianmesh
is increasinglydistortedastime goesby, andeventuallythis transformatiorintroducesso much
errorthatthe Lagrangiarmeshcanno longerbe used. Thusin rotationalproblems(in the sense
V xu # 0) Lagrangiancoordinatesare limited-life components.In somecasesfor example
sphericasymmetrythis problemnever arisesandthe Lagrangiarmeshcanbe usedindefinitely.

The main equationsof the Lagrangianmethodhave beenmentionedalready Massconser
vation deseresspecialmention. Becausdhe meshfollows the material,conseration of mass
is guaranteedWhatis neededhowever, is the formulato computethe densityfrom the current
mappingfrom Lagrangiarspaceo fixedspacef we call ourLagrangiarcoordinates, n, ¢, and
the Euleriancoordinatex,y andz, thenthetrue volumeof a cell correspondindo a Lagrangian
volumedédndz is dV = dédndca(x,y, 2)/0(&,n, ¢). Thelastfactoris the Jacobiarnof the
mapping. Sincethe massof the cell is constantthe densityvariesexactly asthe reciprocalof
the Jacobianlt is not hardto show thatthe logarithmictime derivative of the Jacobiaris exactly
V-u, asexpectedirom Dp/Dt + pV-u = 0, anotherform of (2.2). The Lagrangiamnmomentum
equationis found by applyingthe identity (2.6) in reverseto the Eulerianmomentumequation,
(2.3)to give

Du 1 F
PUL Zvp=—, (2.10)
Dt  »p o

In practicalcalculationghetotal force is found by combiningthe specifiedvolumeforce F and
the pressuregradientterm, of which thelatteris obtainedusingthe chainrule for differentiation
asmentionedabove. Thenthe total force, corvertedto an accelerationjs usedto updatethe
velocity of the Lagrangianmesh. The velocity is usedto move the meshto its positionfor the
next time step. After the meshis moved, the Jacobiarof the mappingcanbe recalculatedand
with it thedensitiesof all the Lagrangiarcells.

Theenegy updateis donewith theLagrangiarinternalenegy equation(2.4),whichwe have
discussedilready The pdV term canbe evaluatedsincethe changein densityis now known,
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andtheresultis a new internalenengy for every cell. Thisis enoughinformationto enablethe
new pressureso be evaluated andthe calculationcanproceedo the next time step.

2.4 Moving mesh— Arbitrary Lagrangian Eulerian

There are complementanadvantagesof the Eulerianand Lagrangianpictures: The Eulerian
picture hasthe advantageof a regular mesh— often Cartesian— which makesit possibleto
constructrelatively sophisticatedinite-differenceor finite-elemeninumericalrepresentationef
the Euler equations.The truncationtermscanbe boundedandadjustmentgo the time stepor
to the meshcanbe madeif the estimatecerroris too great. A disadwantagds thatthe advection
termsin theequationgtermslike u - Vp), absenin the Lagrangiarpicture,arehardto represent
accuratelyand Eulerianmethodsin the pastoften producedunacceptablemearingof contact
discontinuitiesjnterfacescarriedalongwith thefluid thatseparatéwo differentmaterialsor re-
gionsof differententrofy andtemperaturer trans\ersecomponenof velocity. In theLagrangian
picturecontactdiscontinuitiesarenot a problem,sincethe meshfollows the matter The serious
problemis thatthe meshgetsprogressiely distortedasthe calculationproceedsandthe accu-
ragy of differencingin the distortedmeshis of alower order Eventuallythe distortionresultsin
zonesheingturnedinsideout or otherwisegrosslydisturbed andthe calculationsimply stops.At
this point, a new meshhasto be createdby hand,andall thefluid variablesmustbeinterpolated
from theold, distortedmeshto the new one. Thisinterpolationis by no meansrery accuratenot
leastsincetheoperations notapplieduntil themeshdistortionis alreadysevere. Theaccurag in
following contactdiscontinuitiesnormally possessetly the Lagrangianmethodmay all be lost
in theinterpolationprocess.

Moderntechniquesave improvedboth Lagrangiarand Eulerianmethods.Advancesn nu-
mericalalgorithmshave producedreatment®f theadwectionproblemthatallow sharpdefinition
of contactdiscontinuitiesevenasthey propagatecrosamary cellsof the Eulerianmeshwith the
resultthatadwectionis no longerthe Achilles heelof Eulerianmethods.Sophisticatedezoning
techniqueghat areappliedautomaticallywithin the codeenableLagrangiancodesto keeprun-
ninglongafterthey wouldformerly have crashedA generaformulationthatamountgo applying
arezoningoperationevery time stepis calledArbitrary LagrangianEulerian,or ALE. Theidea
is thatthecomputationaimeshmoveswith respecto fixed spacewith avelocity vy, afunctionof
spaceandtime thatis whatever the hydrodynamicsode,thoughan adaptve proceduredecides
to make it. If vg werezero,the methodwould be Eulerian;if vy werethe fluid velocity u, the
methodwould be Lagrangian.Sincevy is arbitrary we have the nameof the method. The ALE
equationsarefound by replacingthe Euleriantime derivative 3/t with (3/3t)g — vg - V, where
(0/0t)g is the time derivative at a fixed point in the mesh. The resultis a setof Eulerian-like
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equationsncluding extra termsinvolving vg:

a
(a—/t)) + V(p(U—Vg) =—pV-vy (2.11)
g
(if—:) + V:(p(U=vglu) + Vp=F — puV-.vqg (2.12)
g

<%> (pe+ %puz) + V-(p(u — Vg)(e+ 1/2u?) + pu) =
g

1
pq+u-F— p(iu2 + eV (2.13)

We seethat the adwection fluxes, insteadof being proportionalto the massflux pu, asin the
Eulerianmethod are proportionalto theflux p (u — vg) thatcrosseshe moving zoneboundary
Theresidualtermsin V-vg aredueto the changingvolumesof the ALE zones.

We can make a usefultransformatiorof theseequationsby introducingthe definition J =
(X, Y,2)/3(&, n, ¢) for the Jacobiarof themappingfrom ALE coordinatego Cartesiarcoordi-
nates.The volumeof an ALE zonevarieswith time in proportionto the local valueof J. The
productp J is proportionalto thezonemass.Theidentity relating J andvg is

1/
—(—J> = V.vg. (2.14)
I\t ),

By introducingJ asa factorin thetime deriativesin (2.11-2.13}he V-vg termsareabsorbed,
which givesthe ALE equations

1 (dpd
5 (%)g +V-(p(u—vg) =0 (2.15)
%(%3“) + V-(p(U—Vgu) + Vp=F (2.16)
g
13[Je}uz]v[uve}u2 u}—
J(at)g ) <+2 )) +9-{ pu= Vet 5ud) + pu =
pa+u-F. (2.17)

Thereis agreatdealof freedomin choosingvg, andALE codesncludesophisticatedoutines
for makinganoptimumchoicein whichthegoalsof following thematerialandkeepingthe mesh
regular and orthogonal,if possible,are balanced.The algorithmsfor doing this vary with the
ALE code.

Thenumericaimethodsusedto solvethis setof equationsaremuchlik ethosefor theEulerian
method,which aretoo variedto discusshere. A stratgy often usedfor both Eulerianand ALE
codesdsto breakthetime stepinto two parts:afirst partin whichtheadvectionfluxesaredropped,
thatis, a pure Lagrangianstep, followed by a remapprocessthat accountsfor the amountof
adwectionduringthetime step.

2.5 Transport terms: viscosityand heat conduction

So far we have considereddeal fluids for which we cancompletelyignorethe possibility that
individual atomsmay migratefrom a fixed positionwith respecto the meanfluid. In reality, of
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course the atomstravel a non-zerodistancebetweencollisions, andso the atomsthat populate
ary smallparcelof fluid hadtheir lastcollisionssomefinite distanceaway, in variousrandomdi-
rections.This meanghatthelocal velocity distribution functionmay notbe exactly isotropic,but
will includefluctuationgelatedto thegradientf temperatur@ndfluid velocity. For example,if
thefluid velocity componentiy is increasingn the x direction,anatomthatarrivesin the parcel
traveling generallyin the 4-x directionwill have a uy valuethatis biasednegatively compared
with the averagevaluein the parcel. The amountof biasis of the order of the meanfree path
timesthe x-gradientof uy. Alternatively, if thetemperaturés increasingn the x direction,that
atomthatarrivesin the parceltraveling generallytoward +x will have a small negative biasin
its kinetic enegy. Whenthesebiasesareevaluatedusinganaccuratekinetic theorymodel,what
resultarecorrectiongviscousstress}o theideal pressurenda non-zercheatflux.

The viscousstressand the conductve heatflux are expressedn termsof coeficientsthat
are eitherempirical constantsor derived from kinetic theory For terrestrialgasesand liquids
the valuesaretalulatedin handbooksfor plasmasandfor conditionsvery differentfrom those
realizableon earth,theoreticalvaluesmustbe used. Viscosity resultsin the replacemenof the
isotropicpressuravith a stresgensor:

psij — Pij = pdij — aij, (2.18)
in componennotation(i and j arefreeindicesrunningfrom 1 to 3), andé;; is the Kronecler
delta,1if i = j and0 otherwise.Theviscousstressyij is determinedy therate-of-strairtensor
accordingto

oij = pn(Ui,j +Uji — 2/3Uk kdij) + ¢ Uk kSij. (2.19)

(In tensorcomponenequationdik e this a subscriptfollowing a commaindicatesdifferentiation
by the coordinatewith thatindex, anda repeatedndex, suchask in this caseis to be summed
over) The coeficient i is the (ordinary) coeficient of viscosity, and ¢ is the coeficient of
bulk viscosity. The inclusionof the ¢ term often causesa lengthy discussionsincethereare
somegoodreasondor thinking it shouldbe zero,andthe kinetic theorymodelsgenerallygive
a zerovalue. Experimentalmeasurementsf the bulk viscosity are elusive, becauséts effect
vanishesn anincompressiblélow whereuy xk = V-u = 0, andcompressiblélows aregenerally
high-velocity flows, for which the Reynolds numberis large and viscouseffects are therefore
unimportant. The orderof magnitudeof . is p timesthe meanthermalspeedof anatomtimes
the atomicmeanfree path. Becausehe meanfree pathis proportionalto the reciprocalof the
atomic crosssectiontimes the numberdensity of atoms,the densityfactorscancelout in the
coeficientof viscosity which shouldthereforebe nearlyindependenof density thoughvarying
somavhatwith temperature.

Including the viscousstressin Euler’s momentumconsenation equationleadsto the first
form of the Navier-Stokesequation:

dpu
% + V-(puu) + Vp = (2.20)

F 4 Ve(u(Vu + (VU)") 4 V(¢ — 2/3p)V-u). (2.21)

The notationfor thetensorcomponentshatis usedhereis thatif i is therow index andj is the
columnindex, sothatthe divergenceoperationinvolvessummingon i, thenthe componentsf
Vu areu; j andthoseof its transposeyu', areu; ;.
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As mentionedabove, the viscositycoeficientsarenot too stronglydependentn the stateof
thematerial.If thisdependencis neglected thenthe coeficientscanbetakenoutsidethespatial
derivativesto give the secondorm of the Navier-Stokesequation

dpu 2
e + Ve(puu) + Vp=F 4+ uVeu+ (¢ +1/3u)VV-u, (2.22)
andsincewe arefrequentlyinterestedn viscouseffectswhentheflow isincompressibl¢V-u =
0), we have thethird form
apu
% + V-(puu) + Vp = F + uv2u. (2.23)

As for viscouseffectson the othertwo conseration equations:For massconserationthere
arenone,sincethefluid velocity is definedasthemeanmasdlux dividedby thedensity Thevis-
coustermin the enegy equatiorwill be consideredfterheatconductionis discussedThermal
conductionis very simple;Fourier'slaw is

Fheat= —KVT. (2.24)

The thermalconductvity K is talulatedin handbookdor terrestrialmaterials,and estimated
theoreticallyusingmethodsof kinetic theoryor condensednattertheoryfor others.The magni-
tudeof K is approximatelythe massdensitytimesthe specificheatat constantolumetimesthe
atomicmeanfree path. Sofor gasesthe thermalconductvity andviscosityarecloselyrelated.
Anticipating someof the later discussionywe notethattheratio of the diffusivity of momentum,
w/p, to thediffusivity of heat,K /(oCp), definesthe Prandtinumber andthatfor a hard-sphere
monatomicasit hasthevalue2/3. Theeffectof heatconductiorontheenegy equatioris to add
avolumeenegy source—V-Fpggatto theright-handside. The effect of viscosityon the enegy
equationcomesbecausehe rate of doingwork by the viscousstresssubtractdrom the internal
enegy. Theterm pV.uin (2.7)is modifiedby subtracting® = ojj u;,j, wherea sumoveri and
j isimplied. This quantity ® is calledthedissipatiorfunction,andcanbewritten as

® = 1/2u (Ui j + Uj.i)(Uij +Uji) + (€ — 2/3u)(V-u)2. (2.25)

Thedissipationfunctionis never negative. The u partis non-n@ative,andvanishesf andonly
if the strainrateis isotropic,i.e., uniform dilation. The ¢ partis alsonon-neative (for ¢ > 0)
andvanishesf andonly if thebulk expansionV -u vanishes.Theinternalenegy equation(2.7)
is thereforemodifiedto

ape

% + V-(pU) + PV-U = pq + & + V-(KVT). (2.26)
The left-handside canalsobe written p(De/Dt + pD(1/p)/Dt), which is equalto pDs/Dt,
wheres is the specificentropy. Fromthis we seethatthe viscousdissipationfunction ® always
actsto increasehe entropy. With theinclusionof both viscosityandheatconduction the total
enepgy conserationequationbecomes

8( e+1 ud) + Vv uejLl uu? + pu
3tp 210 1Y 2:0 p

—p(u-Vu+ V(%uz)) — (¢ —2/3u)(V-u)u — KVT]
=pq+u-F, (2.27)
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wherenow q refersto heatdepositionotherthanfrom thermalconductionand F continuedo be
theexternallyappliedforce perunit volume.

2.6 Bernoulli’ sequationand applications

A coupleof simple manipulationsof Euler’s equationggive resultsthat are very usefulfor ap-
plications. Thefirst is Bernoulli's equation.We begin by observingthis identity for the velocity
gradienttermin theacceleratiorequation:

1
u-Vu=V§u2—uxqu. (2.28)

Furthermoresupposéhatthe externalforce F is a bodyforce derivedfrom a potential,V, viz.,
F = —pVV. Thentheacceleratiorequationbecomes

ou 1

ﬁﬁ—V( u)—uxqu+ Vp+VV_0 (2.29)
In the caseof steadyflow, whenall the variablesaretime-independentve candropthe du/at
term,thenform the dot productof this equatiorwith u, andobtain

1
u- V(Euz + /% +V) =0, (2.30)

which saysthatthe quantityin parenthesebasa constantvalueon ary givenstreamline. This
is the weakform of Bernoulli's law. It is usefulif thereis a functionalrelationbetweenp and
o (barotropiclaw) suchasis providedin adiabaticflow or isothermalflow. In the adiabaticcase
theintegral [dp/p becomeghe enthalfy andin the isothermalcaseit becomeghe Gibbsfree
enegy, for example.

A strongerform of Bernoulli’s law resultsfor irrotational flows, i.e., flows for which the
vorticity, V xu, vanishes.As we know from electrostaticswhenV xu vanishegjlobally u can
bederivedfrom apotential,u = Vg¢. Making this replacemenanddroppingthe vorticity termin
(2.29)leadsto

V(—+ u +/ Py = (2.31)

which saysthatthe quantityin parentheseis constanin all spacethoughit mayvary with time.
If theflow is both steadyandirrotational,the 3¢ /dt term may be droppedwhich thensaysthat
the sameBernoulli constantasin the weakform is in factuniform over all spacenotjuston a
streamline.

Potentiafflow is thenamefor flowsthatarebothirrotationalandincompressibleBy virtue of
thefirstassumptionwe canwrite u = Vg; by virtue of thesecondve canrequireV-u = 0, sothe
velocity potentialgp mustsatisfy Laplaces equationv2¢ = 0. The problemis virtually solved
at that point, sincewe can usethe methodsof potentialtheory boundary-alue problemsand
thelike, to find the solutionfor ¢. The pressureeednot evenbe consideredn this procedure,
dependingon the boundaryconditions. As a last step,Bernoulli’s equationin its strongform is
usedto find the pressurelncompressibldlow is alwaysbarotropicsince /dp/p = p/p whenp
is uniform andconstant.
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As mentionedabove, the vorticity is definedby @ = V xu. A helpful equationfor under
standingvorticity is foundby takingthe curl of the Eulerianacceleratiorequation(2.29)
VoxVp F

ow
K—Vx(uxw)— 2 =Vx;. (2.32)

Thisis aninterestingequationsinceit saysthatvorticity cannotbeproducedn abarotropicflow
that hasan externalbody force derived from a potential,if any. This is becausehe barotropic
relationp = f(p) impliesthatVp is parallelto Vp, andthereforethe crossproductterm, called
thebaroclinicterm,vanishesTheintegral I" of thevorticity overasurfaceS boundedy acurve
C is calledthecirculationaroundC, sinceby Stokes’theorem,

r=/sw-dA=fCu.dl. (2.33)

It is acalculusexerciseto shav thattheequation

o = Vx(Uxw) (2.34)
ot
obtainedby droppingthe baroclinicterm andthe externalforce termimpliesthat I' is constant
in time for ary curve C thatis carriedalongby thefluid. In this senseyorticity is a consered
quantityin theabsencef the generatiorterms.

Vorticity is alsothebasisof numericaimethoddor incompressibléydrodynamicsUsingthe
analogyu is to @ asmagnetianductionB is to currentdensityJ, appropriatdor theincompress-
ible caseu canbereconstitutedrom w. Thuswe canregarde asthe basicunknavn andderive
u from it, thenusethe vorticity equationto updatethe vorticity, i.e., move the vortices. Vortex
dynamicds thenamefor themethodthatuseshis approactwith afinite setof line vortices. This
approachs outstandinglysuccessfuin modelingJupiters GreatRed Spot,to pick oneexample.
(SeeMarcus[178].)

Evenin aflow thathasquite a high Reynoldsnumber andfor which, therefore the viscous
effectsshouldbe quite small,theremaybeviscousboundarylayers,sincetheflow solutionin the
interior of the problem,whichis essentiallyinviscid, maynot obey thetrue boundaryconditions.
An exampleis flow over a surface,wherethe flow velocity mustbe zeroat the surface,but is
somefinite valuea moderatedistanceaway. In this casea rapidtransitionoccursin alayernext
to the surfaceto join the interior solutionto the requiredboundarycondition. The thicknessof
thetransitionlayeris proportionalto the smallviscosity sinceonly by having alargegradientcan
the smallviscosityterm have a macroscopi@ffect. Theseboundarylayerscanactasproducers
of vorticity, which thenis transportednto the bulk downstreantlow.

Depositionof heatis anothemmechanisnby which vorticity canbe generatedThe addition
of heatcaneasilyhave a spatialdependencéhatresultsin the pressureno longerbeingstrictly
afunction of the density Oncethis occursthereis baroclinicvorticity production. As we shall
seethesamds true of shockwaves.A shockwave thatis not uniformin thetrans\ersedirection
resultsin anentropy increasehathasa trans\ersegradient,andthereforea non-zerobaroclinic
term.

As anexampleof the useof the methodof potentialflow andthe strongform of Bernoulli's
law, we consideithe caseof two superposethcompressibldluids, possiblyof differentdensities,
which may alsobe in relative horizontalmotion, andacteduponby vertical gravity. Whenthe
fluid interfaceis perturbedslightly, theremay be surfacewavesthat are produced,or possibly



2.6. BERNOULLI'S EQUATION AND APPLICATIONS 15

instabilities. Thewavesaredeep-vaterwaves,andtheinstabilitiesareRayleigh-ayloror Kelvin-
Helmholtz,dependingn the setup.

The unperturbedstateis of densityp; for z > 0 anddensityp, for z < 0, andavelocity in
the x-directionof Uz for z > 0 andU5 for z < 0. The perturbedsurfaceis displacedy a small
amountzs in the z direction,which we take to be ¢ exp(ikn - r — iwt). Thevectorky hasonly
x andy componentsandwe arelooking for the dispersiorrelationthatgivesw in termsof kp,.
A real ® meanssurfacewaves; a complex o with a positive imaginarypart meansan unstable
interface.

In the unperturbedstate,the pressurds uniform acrossthe planez = 0, and hasthe same
valueon eithersideof theinterface.We will take this asthe zeroof pressureWhenthe surface
is perturbeda flow existsin bothz > 0 andz < 0, but we expecttheflow in eachregionto be
irrotational. If Uy andU5 aredifferent,thereis a vortex sheetat z = 0 in the unperturbedtate,
andwe will seethatevenwhenU; and U, are equal,vorticity may develop on the perturbed
interface. So the solutionwe are looking for is a potentialflow in eachregion, for which we
thenrequirematchingon theinterface. The quantitiesthathave to matchat the interfacearethe
normalcomponentf velocity andthepressure.

We let ¢1 and ¢, bethe velocity potentialsin the respectie regions. Eachof thesesatisfies
Laplaces equation.Sincewe have choserthe interfaceperturbatiorto have the horizontalvari-
ationexp(iky, - r), the appropriateharmonicfunctionsareexp(xknz + ikp - r), wherek, is the
vectormagnitudeof kp. Sincethe fluctuationsshouldvanishfar from the interface,we choose
the — signfor z > 0 andthe + signfor z < 0. To theseareaddedthe potentialscorrespondingo
theunperturbediniform flows, U1 x or Uox. Thuswe put

_ UiX + Y exp(—knz+ikp - r —iot) =¢1 z>0

= ) , (2.35)
UoX + Yo exp(knz+ ikp - r —iwt) = ¢2 z<0.

The normalvelocity matchingproceedsas follows. The direction of the surfacenormalis the
vector
—ikxs exp(ikn - r —iowt)ex — iky exp(ikn - r —iwt)ey + €. (2.36)

Thevectorsey, ey ande, areunit vectorsin thethreecoordinatedirections. Thecomponenalong
thenormalof thevelocity of theinterfaceis just 9zs/0t to first order; or,

—iwgexp(ikn - r —iwt). (2.37)
Thefluid velocityin region 1 attheinterfaceis

(Ur +ikgyrexp(ikn - r —iowt))ex +ikyyrexp(ikn -1 —iot)ey —
knyr1 exp(ikp - r —iwt)ey. (2.38)

Takingthe componenof this alongthe normalvectorgivesa partfrom U1 dueto thetilt of the
surfacein additionto theverticalcomponentf thefluid velocity, i.e.,

—ikxZ exp(ikn - r —iwt)Uy — knyrp exp(ikp - r —iwt). (2.39)
Matchingthisto thevelocity of theinterfacegives

“iwe = —knyr1 — i keUr. (2.40)
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Repeatingheargumentfor region 2 gives
—iwt = knyrp —ikgU2¢. (2.41)

Next we have to evaluatethe pressureapproachinghe interfacefrom eachof the two sides,
and matchthem. In eachregion the pressurdollows from the strongform of Bernoulli’s law,
which gives

dp 1, 1,
=—p(@z+ —+ zu—=U 2.42
p=-p@z+ -+ 5Us) (2.42)
in eachregion separatelyHereU, is Uy or U2, asappropriate.This additive constanhasbeen
choseno ensurethat p matcheghe unperturbedralue — pgz far from the interface. We putin
expression2.35)for ¢ andu = V¢, andexpand,droppingthe secondrderterms. Thensetting
z = O we gettheuppersideandlower-sideinterfacepressures:

p0+) = —p1(9¢ —iwy + Uliker) explikn - 1 —iwt), (2.43)
p(0—) = —p2(9¢ —iwy2 + Uoiker2) explikn - 1 —iwt). (2.44)

We next equatehesawo expressionsgo eachother andsubstitutefor v, andy, from (2.40)and
(2.41).Cancelingthefactorzetaandthe exponentialthengivesthe dispersiorrelation

(w — kxUp)? (w0 — kxUp)?
(p2 — p1)9 — p1 — P2 =
kn kn

0. (2.45)
Whenthisis arrangedasa quadraticequationin o, it becomes
(p1 + p2)w* — 2kx(p1U1 + p2U2)w + K (paUF + poUZ) — (02 — p1)kng = 0. (2.46)

Solvingit, we get

(2.47)

U U — Ug — Up)?
w:kxpl 1+ p2 2i\/)02 Plkg_k)z(plpz( 1 22)
o1+ p2 1+ p2 (p1+ p2)

This is the main result. We candirectly apply it to threedifferent problems: The first is
deepwaterwaves,for which p; is negligible (sinceregion 1 is air) andU; andU, arebothzero.
The dispersionrelation givesreal frequenciess = +./kng. Theseare dispersie waves, and
the phasevelocity Vp = o/kn = /9/kn increasesith the wavelength. The group velocity
dw/dkn = 1/2.,/g/kn is half the phasevelocity. Sofor awave paclet of waterwaves,the wave
crestsappeaiat therearof the paclet, ride up overthetop, anddisappeaat thefront.

Thesecondtaseas Rayleigh-Taylorinstability, for which p1 > p2 andU; = U, = 0. Theval-
ues of w are imaginary and in particular one root is =
i+/(p1— p2)kng/(p1 + p2) . This root leadsto exponentialgrowth in time with a growth rate
given by the squareroot factor. We seethat the rate dependson the Atwood numbera =
(p1 — p2)/(p1 + p2), which is a positve numberlessthan 1. The growth rate dependonly
onthevectormagnitudeof ki, soary planformz;, thatsatisfies(Vﬁ + kﬁ)zh = 0, whetherrolls,
checlerboardor Bessefunction,will leadto the samegrowth rate.

The third caseis the Kelvin-Helmholtzinstability, with o1 = p2 andU;1 # Uz. Theroots
areimaginary andthe growth rateis (1/2)kx|AU|. The analysishere,it mustbe remembered,
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hasneglectedviscosity and surfacetension,amongotherthings. Thesedissipatve effectswill
stabilizetheinstabilitiesif thewavenumberarehigh, for thisincreasesheirrelativeimportance.

A final remarkconcernghevorticity in the Rayleigh-Taylor problem.All thevorticity liesin
theinterfaceitself; it is avortex sheet.But attheinitial time theamountof vorticity is negligible.
As the instability grows, however, a sheardevelopsacrossthe interfacesincey; and v have
oppositesigns, as we seefrom (2.40) and (2.41). Sowe have zonesof positive and negative
vorticity in the interfacethat exponentiatein magnitudewith time, alongwith the size of the
interfaceperturbation.The total vorticity may remainnearlyzero,but the positve andnegative
accumulation®othincrease Eventuallythis sheatelpsamplify theinstability, asin the Kelvin-
Helmholtzcase.This examplehelpsillustratethe point thatvorticity canbe createdn aproblem
throughthe actionof discontinuitiesor the boundaries.

2.7 Soundwaves

We will illustrate how to derive linear wavesfrom the Euler equations.As additionalphysical
processeareaddedto the equationsthe characteof the waveschangesandperhapsien wave
modesappear;exploring theseis a way of gaininginsight into the consequencesf thosenew
processesA systematiqresentatiorof the interactionof waveswith radiationis containedn
Chapte8 of MihalasandMihalas[189].

For thesimplestpossiblevaves,supposave have abasestateconsistingof auniformmedium
at rest, and we supposehat this stateis perturbedby small amountsin density velocity and
pressureandsupposdurtherthata barotropicrelationp ~ p¥ describeghe variations.Let p’
and p’ bethefluctuationsin densityandpressureandu itself is the fluctuationin velocity since
thebasestatds atrest.Welinearizethecontinuityandmomenturrequationdy Taylor-expanding
aroundthe basestate,and discardall termsof secondor higherorderin the fluctuations. The
flow variablesfor the basestatewill keeptheir usualnamesafter linearizing, sincethereis no
possibility of confusingthemwith the fluctuations.The continuity equationrbecomes

op’

L 4 pVau=0, 2.48
o TPV (2.48)

andthe momentumequatiorbecomes

au YP.
— 4+ 2%y =0. 2.49
il Sz VP (2.49)
Now we seeksinusoidalwave solutionsthat are proportionalto the complex exponential
factorexp(ik - r — iwt). Thatis, we canreplacethe time derivative operatorby —iw andthe
gradientoperatorby i k. After doingthis, our two equationgurn into this 4x4 linear systemfor
o’ andthethreecomponentsf u:

—w ka IO/ B
( (rp/pPk —ol )( u )‘ 0 (2.50)

wherek standsfor the wave vectorasa columnvectot k' is its transposea row vector andl is
the 3x3 identity matrix. In orderfor awave modeto exist, this homogeneoubnear systemmust
have anon-zercsolution,which meanghatits determinantthedispersiorfunction D (k, @), must
vanish. The determinanis evaluatedby adding pky/w timesthe secondrow plus pky /w times
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thethird row plus pk;/w timesthe fourth row to thefirst row, which eliminatesall the elements
of pkT in thatrow. Thenexpandingby the elementsn thefirst row, asmodified,gives

DK, ®) = (—w + y—pﬂ)(—w?’) — w2? - YR, (2.51)
p o P

We write scalark for the magnitudeof the vectork. We usethis dispersionrelationin the
following way. Let k beary realvector Thensolvwe D(k, w) = O for theroots,w. SinceD is
fourth orderin w, therearefour roots,correspondingo thefour flow variablesp, ux, uy andu,.
Eachroot givesa wave mode. However the pair o = +./y p/pk representhe two directions
of propagatiorfor this k andarethusconsideredogetherasonemode. The wave speeds the
barotropicsoundspeed = /y p/p. Thedegenerater = 0 modesexist becaus¢hetwo possible
trans\ersepolarizationsdo not produceary densityfluctuationandthereforeno restoringforce.
We canfind the modeshape,i.e., the proportionalityof p’, ux, uy andu; for that mode, by
substitutingvaluesof w andk thatobey the dispersionrelationinto (2.51) and solving for the
amplitudes For the non-deyenerateanodesin this casewe get

"k "k
u=c2?2 2 2~ (2.52)
p ok
so the modeis longitudinalandthe velocity fluctuationis the soundspeedtimesthe fractional

densityfluctuation.

For a given mode,the phasevelocity vectoris in the direction of k with the magnitudeof
w/K. For the caseof the positive root, this is c. The groupvelocity is the gradientof w with
respecto k, wherew is consideredasa functionof k andis evaluatedon a consistenbranchof
the multi-valuedfunction. For the positive w branchthis alsois a vectorof magnitudec in the
direction of k, the sameasthe phasevelocity. They agreebecausghesesoundwavesare not
dispersie.

For asecondxamplewe will includethe enegy equationinsteadof assuminghebarotropic
relation,andsupposehatthereis a Newton’s cooling type of couplingto an externalheatbath,
perhapsdy meanf radiation.(SeeMihalasandMihalas[189], §101.) This meanghatthe heat
depositiontermis proportionalto the negative of the temperaturdluctuation. We will usethe
idealgasrelatione = p/((y — 1)p), andtake g to begivenby

e/p p 1 (p,o’ p’)
_S(rE_PY\__ -~ (PC_PY 2.53
a f(p p) (y—Dr \p> »p Gt

The quantity z, with dimensiontime, is the time constantor the temperatureo relaxto that of
the heatbath.
Thelinearizationof theinternalenegy equation(2.7) multiplied by y — 1 gives

/ / / /
_iw<3—ﬂzp/>+iw%p(y_1)=(y_1)q=3("’_’;_3). (2.54)

PP P T\p P
We canaddthis asa fifth equationto the previoussetof four, andtreatp’ and o’ asindependent
variables. Expandingthe 5 x 5 determinanteadsto a dispersionfunction thatis fifth orderin
» andsecondorderin k. A someavhat shorterroute to the dispersionrelationis to solve the
linearizedenegy equationfor theratio p’/p’, namely

, .
P _ pyot+i (2.55)

o p ot+i’
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in otherwords,exactly asif y werereplacedy therationalfunction

Yot + i

. 2.
T + i (2.56)

The physicalsignificanceof this functionis thatthe effective y tendsto 1 whenthewave period
is long comparedvith the coolingtime constantsincethentheoscillationsarenearlyisothermal,
andit tendsto the usualvaluewhenthe periodis muchlessthanthe coolingtime constantsince
thereis toolittle timefor any coolingto occur andtheoscillationsarenearlyadiabatic Whenthe
effective y is substitutednto thedispersiorrelationfor theacoustianodeswe find, afterclearing
thelinearfunctionof w in the denominator

2
(@1 +Dw? = < (yor +1)k2 =0. (2.57)
14

This cubic equationfor @ hastwo rootsthat belongto the acousticmode,anda singleroot that
representshe coolingmode.We make thisinto areal,non-dimensionaéquationby introducing
avariablet = iwt. Theequatiorfor £ is then

2
£%— 2 4 (ker)%s — K€ _

0. (2.58)

The exactrootsof this cubicaremessy(illustratedin Fig. 2.1), but the rootsareeasilydiscussed
in the limits of largeandsmallkcz. Whenkcr is large, which is the high frequeng limit, then

oneapproximateroot will be found by balancingthe third and fourth termsin the polynomial,

andthe othertwo comefrom approximatelybalancingthe first andthird terms. Thefirst gives

&~ 1/y,orw~ —i/(yt). Theothertwo areé ~ +ikcr, or w =~ +kc. Sothisis anadiabatic
soundwave, and a cooling modein which the specificheatat constantpressurenot constant
volume, givesthe decaytime. This modeoccursat constanfpressuresinceit is slow compared
with the soundpropagationtime.

In the limit of small kct oneapproximateroot comesfrom balancingthe first and second
terms,andthe othertwo comefrom balancingthe secondandfourth. Thefirst is thusé ~ 1, or
w ~ —i/t, andthe othertwo are& ~ +ikcr/,/y, or w ~ £kc/,/y. Soin this low-frequeny
limit, the soundwave is isothermal6322ave!sound!isotkrmal0,andthe coolingmodeusesthe
specificheatat constantyolume,sincecoolingoccurstoo quickly for any motionto affectit.

The coolingterm causesghe soundwave to be dampedtherootsfor w have a smallnegative
imaginarypart. To seethis, we apply onestepof Newton-Raphsoriterationto accountfor the
termsin the cubicthatwereneglectedin the previousparagraphFor thekcr large casewe get

-1
w~ke—il =, (2.59)
YT
while for thesmallkct casetheresultis
k -1
w2 Y T2 ke (2.60)
VY 2y

Interestingly the dampingis smallin boththe caseof no coolingandthe caseof strongcooling.
Maximumdampingoccurswhenthe coolingtime andthe wave periodarecomparable.
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All this analysiscanbe usedvirtually intactif we replaceNewton’s cooling, dueperhapgo
couplingwith a radiationbath, with thermalconductvity. The only differenceis thatthe time
constantr is replacedwith 1/(k?c) = pC/(k?K). HereK is thethermalconductvity, C is the
specificheat,and« is the correspondinghermaldiffusivity. The dimensionlesparametekct
becomes/(kk). Therole of long andshortwavelengthss now reversed.Heatconductionhas
thelargesteffectfor shortwavelength sincethe diffusionof heatincrease$asterwith k thanthe
frequeng does.Sothelong wavelengthlimit is theadiabaticone,andthe shortwavelengthlimit
is isothermal.

Spaceadoesnot permitanalyzingany moredispersiorrelations but this techniques a power-
ful onefor aidingthe understandingf complicatechyperbolicsystems.

2.8 Characteristics and simple waves

Themethodof characteristicfor solvinghyperbolicPDEsis primarily helpfulfor analyticstudies
of the propertiesof the systemsandnot so muchfor practicalcomputations(The exceptionis
Goduna’'s method— seebelow.) 1t is alsoa 1-D method. Characteristicén 2-D and3-D are
of a differentnaturethanthosein 1-D, andwill not be discussed Characteristicarevery well
explainedby Courantand Friedrichs[74], asaredeflagrationand detonationwaves, which are
analogoudo ionizationfronts,to be discussedn thelastchapterof the preseniwork.

A 1-D hyperbolicsystemof partial differentialequationss representedsfollows

er IFU)
at ax

whereU is avectorof unknovns,andF is avectorwhoseelementsarefunctionsof theelements
of U. Thedefinitionof a characteristids a curve in space-timealongwhich a total differential
equationinvolving elementof U is obeyed.

Hereis how we find the characteristicef a systemlike (2.61). We expandthe derivative of
F usingthechainrule:

G, (2.61)

U ,0U _

— — =0, 2.62
ot + X ( )

wherenow A is the squarelacobiarmatrix 9 F /dU. Supposave canfind aleft eigervectorm?
of A, arow vector, sothat
mrA=cm', (2.63)

wherec is a scalarthathasdimension®f velocity. Multiplying (2.62)from theleft by m' gives

ouU ouU
T T
— +c—)=m'G. 2.64
m <8t +C8X) m ( )

Thisis our characteristiequation.It saysthatalongthecurve dx/dt = cin space-timethetotal
differentialsof thecomponent®f U obey

mTdU = m' Gdt. (2.65)

Eachdifferenteigervectorof A givesadifferentcharacteristiclf A hasafull setof eigervectors,
asmary asthe componentof U, thenthatis the numberof characteristics.If A is defective
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and hasfewer independentigervectorsthenthe systemis in fact not hyperbolic. The fan of
characteristicgoingbackinto the pastfrom a point (x, t) in spaceime coversall the pointsthat
directly influencethe flow at (x, t). Adding on all the fansfrom thosepointsaswell fills outa
cone-likeregion, calledthe domainof dependencef the point (x, t). Whathappenedh the past
ata point outsidethatconecannot possiblyaffect conditionsat (x, t).

If the systemof PDEsis notin conseration-lav form, we canstill find the characteristics.
Supposéhe systemis

ou ouU

M—+N

—— —G. 2.66
ot aX ( )

Thenwe look for generalizedigervectorsm' thatobey
m'N =cm'M. (2.67)

Givensuchaneigervector, we againleft-multiply the systemby m' andobtainin this case

U 9u
T T
M(—+c—)=m"G, 2.68
m <8t +Cax) m ( )
or

m'MdU = m' Gdt, (2.69)

which, like (2.65),is atotal differentialequationalongdx/dt = c.
Let’s take the particularcaseof the Eulerianequationsiotin conseration-lav form, viz.,

ap ap au

4+ u— — = 0, 2.70
ot TUax TPax (2.70)
au au 1lap
— 4+u—+-— = 0 2.71
at + aX + p 0X ( )
ds 0s
—+u— = 0. 2.72
ot + oX ( )

The momentumandenegy sourceshave beenomittedfor simplicity. The enegy equationhas
beenreplacedby the entroy equation. (Algebraically equivalent systemsof PDEsgive rise
to exactly the samecharacteristicsso we are free to do this.) If we take p, u ands asthe
component®f U, thenwe still needto expandthe pressuralerivative to gettheform (2.66). The
thermodynamicelationstell usthat

dp=c?dp + (y — 1)pTds (2.73)

for anidealgas,wherec is the adiabaticsoundspeed./y p/p.
After substitutingrelation(2.73)for ap/9x, we canwrite the systemin theform

9 (P 2u P 0 g [ P 274
— +1 cp u =T | —| u | =0 2.74
nt\ s 0 o u X\ s

We needthe eigervaluesof the matrix N in the secondterm. Expandingthe determinantof
N — vl, wherel is the 3x3 identity matrix, yields (u — v)((u — v)? — ¢?). Sotheeigervalues,

c
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whichwe will now call v to avoid confusionwith thesoundspeedarev = u andu =+ c. Theleft
eigervectorfor v = u is (0, 0, 1), theonefor v = u + cis (¢, pc, (y — 1)pT), andthe onefor
v=u-—cis(c? —pc, (y —1)pT). Soourcharacteristi@equationsare

c®dp + pcdu+ (y —1)pTds = 0O onCy: (;—1( =u-+c (2.75)
c?dp — pcdu+ (y —1)pTds = 0  onC_: Z—)t( =u-—c (2.76)
dx

ds = O on Co: u. (2.77)

a =
Werecognizahedifferentialof thepressurén thefirst two equationssowe canwrite thesystem
in thesimplerform

du+@ = 0 onC;: CI—X=u+c (2.78)
pC dt

du—@ =0 onC_:d—X=u—c (2.79)
pC dt
ds = 0 on Co: (;—1( =u. (2.80)

In anisentropicflow the entrofy is not only constanfollowing a parcelof fluid, which is what
adiabationeansandwhichis expressedby the Cy characteristi@quationput is spatiallyuniform
aswell, sothe entroyy is everywhereandalwaysthe same(barringshocks).If thisis the case,
thendp/(pc) is atotal differentialof thethermodynamidunction

dp 2c
ap _ 2.81
/pc = (2.81)

wherethe equalityis valid for gamma-lav gasesFor this specialcasethefirst two characteristic
equationsareintegrable,andtake theform

2c dx

r=u+ = constant onCy . —=u+cC (2.82)
y—1 dt
2c dx

| =u- = constant onC_:—=u-—cC. (2.83)
y—1 dt

Thesetwo functions,r andl, arecalledthe Riemanninvariants. Theroyal roadto solvingideal
gasdynamicgroblemsof thisclassis to selecta pointwhereyouwantto know theflow variables,
tracea C characteristibackto to thestarttime andevaluater there whichis thereforeghevalue
atthedesiredpoint. Also tracebacka C_ characteristito the starttime andgetl. (Thistracing
backmay be easiersaidthandonein somecases!)The averageof r andl is the velocity at the
desiredpoint, andtheir differencedetermineghe soundspeed.Throughthe adiabaticrelations,
sincewe know thevalueof the entrofy, we cangetdensity pressurendsoon.

This prescriptioractuallyworksin thecaseof whatarecalledsimplewaves. Theseareisen-
tropic flows of anidealgasfor which oneof thetwo Riemanninvariantsis the sameeverywhere.
To bespecific,supposé is the sameeverywhere Thenconsidemwhathappenslonga particular
C, characteristic.This characteristiavill have its own valueof r, which will be constantalong
it. Soonthischaracteristibothl andr areconstantwhich meanghatu andc arealsoconstant,
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which meansthatthe characteristioselocity is constantoo. I.e., this characteristids a straight
line in space-timeWith differentC,. characteristichaving differentvaluesof r their slopeswill
differ, sothey will form afan. If the fanopenswith time it is a simple rarefactionwave; if it
is corverging with time it is a simple compressiorwave. In the latter case the characteristics
eventuallyintersecforming a cusp,anda discontinuity a shock,is generatedht thatpoint. This
situationin which oneof the Riemanninvariantsis constaneverywherearisesvhenalargearea
hasuniform density temperatur@andentropy attheinitial time. Thecharacteristicshatemanate
from therewill carryaconstanRiemanninvariantwhenthey crossinto anadjacentegion. The
resultis thetheorem, The flow adjacento aregion of constanstateis a simplewave” [74].

A simplecenteredarefactionwave is anillustrationof this. Supposehata uniform block of
idealgaslocatedatx < 0is confinedby amembranehatis removedatt = 0. Whathappenss a
rarefactionwave thateatsinto thegasatx < Owith avelocity of —cg, wherecy is thesoundspeed
in the undisturbedyas. The gasthatis disturbedmovesin the +x directionwith a velocity that
increasesvith x. Thedensitydropsfrom the undisturbedvalueto very small valuesat positive
X. In this problemthereis a region of constantstateon the left, so the Riemanninvariantr is
constaneverywhereandhasthevaluer = 2co/(y — 1). Thewholeregionof rarefactionbelongs
to thefanof C_ characteristicthatemanatdrom the point (x, t) = (0, 0). Thisis whatmakesit
acenteredarefaction. Theslopeof the C_ characteristichroughthe point (x, t) is the slopeof
theline connectinghis pointto (0, 0), namelyx/t. Thus

% —u-c (2.84)
Combiningthis relationwith
2c 2Co
r= = — 2.85
u+ 1 -1 (2.85)
gives
2 X
= —— |- 2.86
! y +1 (t + o) (2.86)
y—1 2 X
— = co—=), 2.87
y+1 ()/ — 1CO t ) ( )

from which we canalsogetthe densityprofile

y—1 2 X 2/(y=1)
_ _x , 2.88
P po[y+1<y—1 mt)} (2.86)

with asimilar relationfor the pressureWe seethatatary giventimet > 0 thevelocityincreases
linearly from 0 at the headof the rarefactionat x = —cpt to a maximumvalue at the tail,
X = (2/(y — 1))cot, at which point the velocity is 2co/(y — 1), the sameasx/t. The sound
speeddecreasefinearly from cg to 0 over the sameinterval. The densityvariesasc raisedto
the2/(y — 1) power;this exponentis 3 for amonatomicgas. It meanghe densityreachesery
low valuesasthe tail is approached.Theseresultsare shovn in Figure2.2. In a Lagrangian
calculationof a freerarefactionsuchasthis, the tail may be unphysicallytruncatedoecausehe
remainingmassis lessthanthe massof asinglezone.Thetail velocity for thefreerarefactionin
amonatomiogasis 3cp, which is a usefulrule of thumbto keepin mind.
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2.9 Shockwaves: Rankine-Hugoniotrelations

Shocksare surfacesof discontinuityof the inviscid flow equationspr representegionsinterior
to the flow wherethe viscosityandheatconductiontermsarelocally important— like internal
boundarylayers.CourantandFriedrichs[74] developthetheoryof shockwavesin considerable
detail. An aerodynamigatherthanphysicalpoint of view is containedn the text by Liepmann
andRoshlo [171]. This hasa usefulanalysisof the shocktube problem.The excellentstandard
referenceon hydrodynamicwavesis Linear and Nonlinear Wavesby Whitham[264]. For the
outer inviscid solution shockwaves are fully describedby the jumps acrossthem. Here we
discusghesgump conditions— the Rankine-Hugoniotelations.We will gobackto the Navier-
Stokes equationsandlook at thesein the small, in a region thatincludesa patchof the shock
front. In a coordinatesystemthatis comoving with the shockfor a shorttime, theflow is almost
steady Thereasonis thatu - V termsarelarge comparedwith 9/t terms,sothe latter canbe
neglected.Similarly, if theshocknormalis thex direction,thend/dy andd/dz termsarelocally
negligible comparedwith 9/0x terms. The assumptionsieedto be verified after the fact by
shaving thattheactualshockthicknesss negligible comparedvith lengthscalesn the problem.
Theapproximationsllow usto treatthe smallregion aroundthefront usingslabsymmetry

Let v betheflow velocity in this shockframe;it is equalto u — Us, whereUs is the velocity
of the shockfront. (The componenbf Us parallelto thefront will turn outto beirrelevant.) We
look ateachof the Navier-Stokesequationsn turn, anddiscardthetime derivativesandgradients
in they andz directions.The continuity equationgivessimply

d
S (v =0 (2.:89)

The Navier-Stokesmomentumequatiorturnsinto

d dp d dv  duy 2 doy
&(pvxv) + &ex — & |:,lL (& + WGS() + (¢ — éu)aex} =0. (2.90)

Thetotal enegy equatiorbecomes

d 1, dow d (1,
_{pvxe+§pvxv + Pux — UXW_F& Ev _

dx
dvy dT ] _o.

2 K
(= éu)vx— -

ax ax (2.91)

The sourcetermson the right-handside of the enegy and momentumequationsare neglected
sincethey are small comparedwith the large d/dx terms. As we see,the three conseration
equationgmply thatthreefunctionsareconstanin the flow (five, if we countthe threecompo-
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nentsof momentum)lIn otherwords,

pvx = constant= C; (2.92)
4 d
pvf +p— (5“ + {)% = constante= Cy (2.93)
d
PUXVy — M% = constant= C3 (2.94)
dUZ
PUXVz — Fax = constant= Cy4 (2.95)
ve+1vv2+v 4+ vdvx
PUx 5P Vx Pvx 3H ¢ ) vx ax
de dUz daT
— <uyd—x + vzd—x> — Kd_x = constant= Cs. (2.96)

Thefirst constants simply themassflux throughthe shock.Thethird andfourthequationsmply

that vy andv, arethemselesconstantwith the valuesC3/Cy andCy4/Cy, respectiely. That
enableausto discardthe vy andv, gradienttermsin the fifth equationand absorbthe constant
term (1/2)pvx(v§ + v%) into Cs. Themodifiedfifth equationis

1
pvxe+ =

2

4 d daT
pv3 + poy — <§M + §> Ux% — K4 = constant= Cs. (2.97)

The internal structureof shockwavesis beyond the scopeof theseremarks,but a rough
guideto therelevantlengthscaleis providedby examiningtheseequationsThesecondequation
suggestghat the scalein x is of order u/(pvy). Sincevy is of orderthe soundspeed(aswe
will see),andu is roughly p timesthe meanthermalspeedimesthe meanfree path,the scale
in X is very roughlyjustthe meanfree path. We getthe sameresultfrom the viscoustermin the
enegy equation If thePrandtinumberis of orderunity, the conclusionfrom theheatconduction
termis the same. Now, if the shockthicknessis comparableto the meanfree paththenipso
factothe fluid approximationis not accurate.The true shockstructureis a problemin particle
transport.In plasmasthe transportprocessesesultin a separatiorof chage within the shock
and a substantiaklectricfield is created. All thesecomplicationscan be significantif atomic
processesuchasionizationandphoto-recombinatiotake placeat anappreciableatewithin the
front. We will considertheseproblemsno furtherhere.

Let us thenback away from the shockfront a small distanceon eachside, so that we are
far enoughaway from the shockfor the viscosity and heatconductiontermsto have become
negligible, but adisplacementhatis still smallcomparedwvith themainlengthscalesof theflow.
Thenwhenwe comparethe threefunctionswhosevaluesareCq, Co andCs betweerthesetwo
points,oneupstreamandonedownstreanof the shock,we getthejump conditions

A(pvy) = 0, (2.98)
A(p+pv5) = 0, (2.99)
1
A(e+—p+—v§> - 0 (2.100)
p 2

to which we canaddthe two we have seenalready namelyA (vy) = A(vz) = 0. Thesearethe
Rankine-Hugoniotelations.
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We might countthe numberof relationsandcomparewith the numberof variables. The up-
streamstateis definedby five variables,p, ux, uy, u; ande. (Remembethatthev components
areu — Us.) Therearefive more downstreamvariables,andthe shockvelocity Us in the nor-
mal directionis an additionalvariable. So the Rankine-Hugoniotelationsgive five conditions
constrainingthe eleven unknowns. Hereis how it works out that the flow is fully determined:
The shockmovessupersonicallyinto the materialin front of it, aswe will see,so the stateof
thatmaterialis fully determinedvithoutary informationabout,or from behind,the shock.Thus
the pre-shockvaluesof p, ux, Uy, u; ande areknown. The jump conditionsthengive all the
post-shockvalues,if one more pieceof informationis provided. The shockvelocity Us itself
is not known, andin factthe shockmay speedup or slow down in response¢o whatthe flow is
doing. Theextra pieceof informationis theonethatis carriedalongtheforwardcharacteristién
the post-shockegion; this characteristiovertalesthe shockfrom behindsincethe shockmoves
subsonicallywith respectto the region behindit. Thusthe pre-shockconditions,plus the one
pieceof informationfrom the post-shockflow, determineall the post-shocklow variables,and
alsothe shockvelocity.

A numberof importantresultsemege from manipulationof the jump conditions,suchas
the propertymentionedalreadythatthe shockpropagatesupersonicallwith respecto the gas
in front and subsonicallywith respecto the gasbehind. In the presentatiorbelov we usethe
notationvg , po, Po, €tc, for quantitiesin front of the shock,and a subscriptl for quantities
behindthe shock. The specificvolume, 1/p, will be denotedby V. The massconseration
relationbecomes

vw=CiVo and v =CiVy, (2.101)
S0
Vo s
-5 = —. 2.102
Vi ( )
Since
po+ C{Vo = p1 + C2Vy, (2.103)

themasdflux is givenby

P1 Po
= | 2.104
C1 Vo V7' (2.104)

andthereforethe pre-andpost-shocklow speedsvith respecto the shockare

P1— pPo
=V 2.1
vo = Vo, (2.105)
and
P1— Po
=V . 2.1
v =V (2.106)

Thereforethe velocity jumpis

vo — v1 = +/(p1— Po)(Vo — V1), (2.107)
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andthekineticenegy jumpis

1 1 1
5”3 - Evf = E(pl — po)(Mo + V1), (2.108)

which, becaus®f theenegy jump condition,alsogivesthe enthalfy jump:

1
h1 —ho = 5(P1— Po)(Vo + V1). (2.109)
Subtractingp; V1 — poVo from bothsidesgivestheinternalenegy jump:
1
€1~ e = 5(P1+ Po)(Vo— Vo). (2.110)
(Noticethe + and— switched!) The setof all thermodynamictatesP;, V; thatsatisfyeitherof

thelasttwo equationdor a specificinitial statepg, Vo definethe Hugoniotcurve for thatstate.
Usingtheidealgaslaw all therelationscanbe madeexplicit. For theidealgas,

PV
e=——, (2.111)
y—1
sothe Hugoniotequation(2.110)canbe solvedfor the pressureatio to give
DVo— (y — DV
PL_ 7+ DVo- (r —DVa. (2.112)
Po (¥+DHVi—(y —DVo
Thisis theequationof a hyperbolan the P, V diagram.Theverticalasymptotds at
V 1
o_m_vr+t (2.113)

Wm oL
which thereforeis the maximumpossiblecompressionn a single shock. This ratio is 4 for a
monatomiagas,for whichy = 5/3. The horizontalasymptoteas

-1
% _ __Z —t (2.114)
ThecurvecrossesheV axisat
V 1
vﬁ _ Z—: (2.115)

Of course,valuesof V; that are larger than V represenexpansion,which cannot occurin a
shock.The Machnumberequationsare

2
MSE(£> _ (V—1)+(27;+1)p1/po (2.116)
and
2
M2 = (Z_i) _ =D+ (2’;+ Leo/y (2.117)
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Sincepr > po, Mp > 1 andM; < 1, substantiatinghe earlier claim aboutsupersoniand
subsonicatleastfor idealgasesTherelationis alsotruefor agenerakquationof state although
the proofis moresubtlein thatcase.

Theentrogy jumpis

(2.118)

P1 ((y — 1D p1/po+ (v +1)>V}
po\(y +Dp/po+ -1/ |

This is positive for all shocks. It is 0 for p1 = po, the limit of a weak shock,and increases
indefinitely as p1/po — oo. It remainsvery small for modestvaluesof pi1/po — 1, andis
proportionatto the cubeof p1/po — 1 (or of Mg — 1) for weakshocks.

Thejump conditionsfor a strongshockareoftenusedasa limiting case Besideshedensity
jump

81—50=@|09
To

00 (2.119)

V] = v 2.120
Ty ( )
and
2 % 2 o2 (2.121)
= = V- .
Pt y+1cg'°° y + 170

Theinternalenegy behinda strongshockis

T -Da 4022 (2122

€1

theenthaly is

4 1,

hy = TSR (2.123)

Thusalargefractionof the kinetic enegy enteringthe shockis turnedinto heat,but notall of it,
sincethereis still residualkinetic enegy in the flow behindthe shock.For they = 5/3 gas,the
post-shockinternalenepy is 9/16 of the incomingkinetic enegy, andthe enthalyy is 15/16 of
theincomingkinetic enegy.

2.10 The Taylor-Sedw blast wave

This is the classicakexamplethatdemonstratea self-similarsolutionof a gasdynamicproblem.
The discussiorherefollows Landauand Lifshitz [156], but the readershouldbeware of typo-
graphicalerrorsin the first edition, mentionedbelov. Thereis a gooddiscussionJacking the
mathematicatletails,in Zel'dovich andRaizer[270]. Theblastwave is alsodiscussedwithout
typographicakrrors,in Sedo’s book[236], the classicof similarity methods.Consideraninfi-
nite spacefilled with a gasat restat a uniform density po, with negligible pressure Att = 0 a
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certainamountof enepgy E is depositedn atiny region atthe origin. Thedetailsof how the en-
ergy is distributedamongthermalandkinetic, andthe spatialdistribution of the depositecenegy
within thetiny volumearesoonforgotten.Onesignificantpointis thatthe amountof extramass
in the tiny volume, above the amountexpectedfrom the ambientdensity is not large enough
to be important. What follows is an expandingsphericalshockfront, behindwhich is a radial
distribution of density pressurandvelocity. Theideaof self-similarityis thattheradialdistribu-
tionsat differenttimesarescalable Thatis, they arethe sameif the radial scaleandthe scaleof
thevariablearestretchedappropriately The scaletransformationsn self-similarproblemsoften
follow from dimensionahnalysisasthey doin this case.

Theonly datafor this problemaretheambientdensitypg andtheenegy, E. At acertaintime
t thethreequantitiespg, E andt canbe usedto constructcombinationswith the dimensionof
radius,velocity andpressureTheseare

o\ 1/5
r =(EJ (2.124)
00
2 dr1i 4 & E \¥°
_ arg _ 4 £ 2.12
H 10 5y+1<ﬁm> (2.129)
1/5
2 dri\? 8 & E2p3
_ ai)y _ 8 _ 2.126
Pt y+ﬂmeom> 25(y + D2\ 6 (2.126)

Thereasorfor the extra numericalfactorsin theseexpressionswill becomeapparenshortly.
Thesimilarity assumptioris thatthe scaledvariables

u
i = — 2.127
m (2127)
p= P (2.128)
P1
- y—1p
= — - 2.129
o 10 ( )
arefunctionsonly of thescaledradius
r
E=— (2.130)
ri

andnot of radiusandtime separately

Thesesubstitutionsaremadeinto the Eulerequationsand,if we have doneourwork correctly
andthe problemis really self-similar thefactorsinvolving E, pp andt all cancelout,andwe are
left with threeordinarydifferentialequationsn & for theunknavns(, p andg. Thelocationof
theshockin the ¢ coordinategy, is to be determined Givena valuefor &g, the jump conditions
(for astrongshockpy > po) determinethe valuesof G, f and g at thatpoint, just behindthe
shock. Thefactorsintroducedin the definitionsof u; and p; above, andin the definition of g,
arebasednthejump conditions,andleadto thevaluesaté = &

i=p=p=1 (2.131)

Inward radial integrationsgive a provisional structure. But the integral of the total kinetic and
internalenegy within theshocledregiondoesnotnecessarilequalE; thevalueof & is adjusted

Fig. 2.3
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to make it so. The detailsof the analyticintegrationof the equationsare given by Landauand
Lifshitz [156]. (Usersof the first edition of the LandauandLifshitz referenceshouldbe aware
of typographicakrrors:theexponentvs in [99.10]shouldbe2/(y — 2), not1/(y — 2), andthe
power of & multiplying p’ in [99.11] shouldbe 4 not 9. Furthermorethe variable& for all the
termsin theintegralin [99.11], andtheintegrationvariable,shouldbe& /&p.)

The resultsfor the y = 5/3 casearethat&y = 1.152, andthe distributions of u, p and
p areasshown in Figure2.3. Someinterestingfeaturesof the solutionarethatthe velocity is
almostlinearin r, which is the ballistic relationv = r/t. The pressuredropssteeplybehind
the shock,but only by a factorof about2.5, andis nearlyconstanbver mostof the sphere.The
densityhasavery large dynamicrange.Theinnerpartof the spheras almosttotally evacuated,
andthe massthatformerly occupiecdthe volumeof the spherehasbeenpackedinto a thin shell
behindthe shock. The temperatureand entrogy, not shawvn in the figure, are muchlarger near
the centerthanjust behindthe shock. Thatis because2achparcelof materialremember$iow
strongthe shockwaswhenit passedhroughthe shock.(The entropy of a parcelis preseredin
inviscid flow, apartfrom shocks.)At earlytime the shockis strongerandthe entrofy increasds
correspondinglyargerthanat latertime; this mapsinto anincreaseof entropy, andthereforeof
temperaturetowardthe center

2.11 The shocktube

Oneof the bestshockwave examples,often usedasa testproblem,is the shocktube. This is
a model of a laboratoryexperimentin which a long gascell initially containsa high pressure
gason onesideof a membraneanda muchlower pressurggason the otherside, possibleof a
differenttemperatureor composition. At time 0 the membrands removed. What resultsis a
shockwave propagatingnto the low-pressuregas,followed by a region of constantstatemade
up of theinitially low-pressuragas. This joins anotherconstanstateregion madeup of initially
high-pressurayas,but thesetwo constantstateregions have the samepressureand velocity at
this point. Next is ararefactionprogressingnto the high-pressureegion. Beyondtherarefaction
on onesideandbeyondthe shockon the otherside are the undisturbedigh- andlow-pressure
gases.The analysisof the shocktubedemonstratesereral of the methodsof compressibleggas
dynamics.

The solutionfor atypical shocktube problemis shown in Figure2.4. We supposédhatthe
high-pressuraegion is to the left, andthe low-pressureegion is to theright. The four regions
of constantstateare numberedl through4 going from left to right: 1 is the undisturbedhigh-
pressuregas,?2 is the region of expandednitially high-pressurgas,3 is the region of shocled
initially low-pressuregas,and4 is theregion of undisturbedow-pressuregas. Coordinatex; is
the headof therarefactionwave; x; is thetail of the rarefaction;xz is the contactdiscontinuity
separatingvhatwasoncehigh-pressurenaterialfrom whatwasoncelow-pressurenaterial;and
X4 is thelocationof theshock.

A contactdiscontinuityhasto satisfyjump conditionsjust asa shockdoes but thesearevery
simple. Thereis no flow throughthe discontinuity sothefluid velocity on eachsideis the same
asthevelocity of thediscontinuity;thefluid velocity thereforemustbe continuous.The pressure
jump conditionreducesn the casethatthereis no flow acrossheinterfaceto the statementhat
the pressuras continuous.The enegy jump conditionis automaticallysatisfiedif the first two
conditionsareobeyed.

For the shocktube this meansthat constant-stateegions 2 and 3 sharethe samevelocity
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and pressure.The densitiesand soundspeedscan be, and indeedwill be, different, hawever.
The first stepin the procedurefor solving a shocktubeis to find the pressureand velocity in
regions2 and3. Thepressurawill be intermediatebetweertheinitial valuesp; and p4, andthe
velocity will be somepositive value. The methodfor doing the solutionis to usethe centered
rarefactionrelationsto expresshevelocity differenceacrosgherarefaction,whichwill beuy, as
afunctionof theunknown pressureatio p1/ pz. Likewisethe shockjump conditionsareusedto
expressthe velocity jump acrosshe shock,which will be us, asafunction of the pressureaatio
p3/ pa. But uz andus mustbethesameand p, and p3 arethe same so p3/ p4 canbeexpressed
as(p1/pa)/(p1/p2)- Theratio p1/p4 is part of the datafor the problem,sothereis a single
unknown, p1/p2. Theequationuz = uz becomesanalgebraicequationfor p;/p2. This hasto
be solvednumerically Hereis the equationrwhenwe allow thetwo gasego have differentys:

2c1
-1

[1 — (p2/p1) (yl—l)/(Zn)]

_ V2c4(ps/ps— 1)
Vvalya =1+ (ya+ 1)p3/pal’

(2.132)

wherepg/ pa is to bereplaceddy (p1/pa)/(p1/p2). In practicewe usearoot-findermethodsuch
asNewton-Raphsorto find the solution. Oncethis equatiorhasbeensolved, theleft or theright
sidegivesthevalueof uy, andtheadiabatiaelationacrosgherarefactiongivesp, andcy. Other
shockjump conditionsgive p3 andthe shockvelocity Us since ps/ ps is known.

The spatialstructureof the shocktubesolutionis self-similarin time, sinceall the variables
arefunctionsof x/t, assuminghattheinitial membrandocationwasx = 0. Thelocationsof the
four featurescaneasilybe readoff. The shocklocationxy is givenby x4/t = Us. The contact
discontinuityis locatedat x3 givenby x3/t = uz. Theheadof therarefactionis at x; givenby
X1/t = —c1, andthetail is at x givenby x2/t = uz — c. Thatdefineseverythingexceptthe
shapeof therarefactionwave. As in the exampleof a freerarefaction,thisis a simplewave, and
the Riemanninvariantr is constanthroughoutthe wave. Following the samealgebraasabove
(cf., equationg§2.84]—[2.87]) leadsto theresults

2 X
Zic 2.133
. y1+1 (t + l) ( )
2c -1
_ 1 _n—X (2.134)
n+1l p+1t

for x/t in therange—c; < x/t < uz—cp. Thepressuranddensitydistributionsarethenderived
from c usingthe adiabaticrelationsconnectingeachpoint with region 1.

Obtainingthis solution with acceptableaccurag is found to be a challengingtestfor nu-
mericalhydrodynamicsodes particularlywhenextremevaluesare choserfor the pressurga-
tio p1/ps. Euleriancodesmay have problemssmearingout the contactdiscontinuity,andLa-
grangiarcodessometimesionotdowell with therarefactionwave becaus¢helLagrangiarzones
endup beingpoorly distributedin the x coordinatebecausef the large densityvariation. Both
codessometimewill have ringing on onesideor the otherof the shockjump.

Figure2.4shavs ashocktubewith apressureatio of 10°:1 anda densityratioof 10%:1 with Fig. 2.4
y = 5/3 gasen bothsides.The solutionof the shocktubeequationgives pz/p1 = 0.0122s0
the pressureaatio acrosshe shockis 1222. The shockMach numberturnsoutto be 23.4, which
malkesit a very strongshock. As expectedin this case the densityratio p3/pa, 3.988,is very
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closeto thelimiting value4. Thedensityratio acrosghe contactis large,17.8:1.This meanghat
theshocledgasis muchhotterthanthe rarefiedformerhigh-pressurgas,eventhoughthe latter
began100timeshotterthanthelow-pressureas.



Chapter 3

Numerical hydrodynamics

In Chapter2 we have alreadydiscussedhe Eulerianand Lagrangianformulationsof the equa-
tionsof fluid mechanicsNow we wantto describesomeof the numericalsolutionmethodshat
have beendevelopedto solve them,andin particular in the more challengingtwo and three-
dimensionakases.The presentdiscussiorwill focuson hydrodynamicsvithout radiation,and
themethoddor treatingcoupledhydrodynamicsndradiationwill be mentionedater, in Chapter
11.

Thereareexcellentreferencesnthis subjectamongwhich aretheclassichookby Richtmyer
andMorton[217], thetext by BowersandWilson [36], thecollectionof papersoy Norman,etal.
[244], vanLeer[256], ColellaandWoodward[69], Caramang50], andJiangandShu[135].

3.1 Lagrangian methods

3.1.1 staggeed-meshhydrodynamicsfor 1-D slab geometry

The motherof all numericalhydrodynamicanethodshasthe namevon Neumann-Richtmyer
staggered-medhydrodynamicsin its simplestincarnationfor 1-D slabgeometryijt is described
asfollows. The materialof the problemis dividedinto N zoneswith fixed massesdivided by
N — 1 materialinterfaces. Including the outerboundariesthatmakes N + 1 interfacesin all.
The basicsetof unknownnsis thelist of z coordinatesf theseinterfaces:z;, 1 = 1,...,N +
1. Time is discretizedaswell, andtheseinterfacepositionsareto be found at a successiorof
times: t1, to, .... The positionof interfacel attimet = ty will be denotedby z'. The zone
betweeninterface| andinterfacel + 1 will carrytheindex | + 1/2, andits fixed amountof
mass(per unit area)is m,+1/2. Fromthe zonethicknessandthe masscomesthe massdensity
p{‘+1/2 =m +1/2/(z?+1 —2z]"). Therewill alsobezone-centeredaluesof internalenegy e?+1/2
temperaturd”, 12 andpressurep, ; /2

The otherbasicsetof unknavns consistsof the interfacevelocities. Thesecarry the same
spatialindexing astheinterfaceshemseles,but arestaggeredn time by half atime steprelative

tothe positionssothaturthl/2 representthevelocity of interfacel in thetimeintervalty, to th1.

33
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Thusoneof thetime-integrationequationss

Zn+1 N
! L= 2, (3.1)

tn+l —th

In orderto find the evolution of u; we needto relateit to the pressurayradient,etc. Becauseof

the staggeringn time, the acceleratiorthatchangesu?_l/2 to u?“/z is centeredn time at ty,,

andthereforeit canbe calculatedrom theinformationavailableat thattime:

n+1/2 n-1/2 n _nn
u —u Pi— p
2 | | -2 1-1/2 14+1/2 . (3.2)
th+1 —th-1 mi—1/2 + My 4172
This hasassumedhatthe velocity u?+1/2 is centeredn themiddleof thetimeintenval [ty, th+1],

andthatthebaselindor the pressurgradients from the midpointof zonel —1/2 to themidpoint
of zonel + 1/2. This equationhasa flaw thatwill be mentionedshortly. The pressurep{‘+1/2
must be calculatedfrom the equationof stateusingthe densitypanrl/2 and eitherthe internal
enegy or temperatureandthereforethe enegy equationwill be needed.
Thetime-centerednternalenegy equationis (from equation2.4)

1 1 1
el —2) + 5 (Pl + Pl (———)=0. (3.3)
( +1/ +1/ ) 2( +1/ +1/ ) pri_ll/z p|r1+1/2

Thisis animplicit equatiorfor e?ﬁ/z sincep[‘ﬁ/2 dependsnit, or, equivalently, bothdepencdn

Tlnjll/z. Thework flow is thefollowing: Thepressuralataatt, areusedto updatethevelocitiesto
th11/2; thenew velocitiesarethenusedo updatetheinterfacepositionsanddensitiedo tn 1. The
densitiedbeingknown, theinternalenegy equationsnaybesolvedfor thee{‘ﬁ/2 values.With a

gamma-lav equationof statep('"} , = (¥ — 1p['{1 €11, this canbedonedirectly, otherwise

a Newton-Raphsomproceduremay be needed.Oncethe new internal enegies are known, the
new pressure$ollow, andthetime stepis complete.

In thelimit of infinitesimaltime stepstheinternalenegy equationabove becomeghe equa-
tion for anisentrope andin thatlimit the entropy of zonel + 1/2 would never change. This
causesa problem. We know thatthe Euler equationscan produceshocks,andthat the entropy
mustincreaseacrossa shock. Thereforethefinite-differenceequationsaswritten sofarwill give
thewrongansweffor aflow containingashock.Richtmyer[217] illustratesthenumericalresults
in this case:In whatwould be the post-shockegion therearehugezone-to-zondluctuationsof
the flow velocity andpressureThe Navier-Stokesequationsangive a smoothtransitionacross
whatwould be a shockfor the Euler equationsandthis is the key to the successfuhumerical
method. A dissipatve term, a pseudo-viscoupressurey, mustbe addedto the momentumand
enegy equationsln thosecasesthe majority, for which the Eulerequationsarea goodapproxi-
mation,thepseudo-viscoupressuras muchlargerthanthetrueviscousstressit doesnot matter
very muchexactly whatq is, providedthat(1) it is positive, (2) it is negligible away from shocks,
(3) it is includedin the momentumandenegy equationsn sucha way thattotal enegy is still
consered. It thenacts,like true viscosity to turn kinetic enegy of fluid motioninto heat. The
von Neumann-Richtmyeprescriptionis

~1/2 _ n-1/2
Al 12 = CQol'yy o maxyy %02, (3.4)
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ThefactorCq is a constanthatmaybe 1 or 2 or whateser valueseemdo give goodresults. It

may be notedthatthe velocity is half a time stepbehindthe otherfactorsin the expressionfor

q{‘+1/2. Thisis anecessityincetheadvancedvelocity is notavailablewhenq mustbecomputed.
Laggingthe velocity is found not to have a deleteriouseffect. The pseudo-viscositpgpreadsa
shockoveraboutr ,/Cq zonessoalargerCo meansasmootherlessnoisy calculationwhile a
smallerCq givesimprovedresolution.

Whenpseudo-viscositis addedthe momentumandinternalenegy equationsoecome

n+1/2 n-1/2 n n _ N AN
u —u Py_1+0d_ p q
21 I ) 1-1/2 1-1/2 1+1/2 +1/2 _ 0 (3.5)
th+1 — th-1 mi—1/2 + Mj41/2
1
(e:]il/z - e?+1/2) +
1 +1 +1 1 1
2 (pP+1/2 + QIn+1/2 + p|n+1/2 + Q|n+1/2) T ,On— =0. (3.6)
14+1/2 1+1/2

It canbe shavn thatwith this finite-differencesystemthediscretetotal enegy of the problem

1 1
Erot = Z [E(m' —12+ ml+1/2)§(ul )2} + Z M| +1/2€1 +1/2 (3.7)
| i

is preciselyconsered in the limit of shorttime steps,provided the boundaryconditionsare
suitable:rigid boundarie®r zero-pressurboundaries.

Whenwe speakof boundaryconditions,we recall that they must, of course,be included.
Whenthe finite differenceequationswvould incorporatedatathat do not exist, sincea boundary
intervenesgitherthe missingdataaregeneratedrom the specifiedboundaryalues,or thatpar
ticular differenceequationis replacedby a constraint. Thusat arigid boundarythe acceleration
neednotbecomputedsincethevelocity is forcedto bezero. At afreeboundarywherethepres-
surevanishesthe pressuref thephantormzoneoutsidethe boundaryis obtainedby extrapolating
from the zoneadjacento the boundaryon theinsideandusingthe conditionthatthe pressureat
theboundaryinterfaceshouldvanish.

A very importantlimitation of all the methodsof numericalhydrodynamicave will discuss
is thatthecomputedsolutiondivergeswildly from theright answeiif thetime stepis excessiein
comparisorwith the zonesizes.Thisis the Courant-Friedrichs-Lwy condition,Courantor CFL
for short[75]. A linearized1-D Lagrangianproblemcanhelp motivatethe condition. Consider
thisidealizedsystem:

PR 1
T = M2 (3.8)
At
ur|1+1/2 B ur|1—l/2 , 1 1
1 = & =), (3.9)
=41 4%

in which a is the effective speedof sound.Now we perturbarounda statein which the material
is atrestandthe zonesizeis uniform= Az. Denotingthe perturbationgo theinterfacepositions
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by 57} leadsto thesdinearizedequations:

82n+1 —§2"
'T' = uMtt? (3.10)
n+1/2 n-1/2 2
u —Uu a
! — ! = o (8z)_y — 2827 + 62 ,4) . (3.11)

We now look for a solutionof this homogeneoubBnear systemin which both the velocitiesand
theinterfacepositionsareproportionalto g" exp(i6 1), with 6 a specifiedanglebetween-z and
m, andg is an amplificationratio to be found. Whenthe factorsare eliminatedthis quadratic
equationis foundfor g:

92—2<1—2C23in2%)g+1=0, (3.12)

whereC standsfor the Courantratio aAt/Az. This equationhasa pair of complex conjugate
rootswith |g| = 1 providedCsind/2 < 1, butit hasreal roots,oneof which hasa magnitude
> 1,if C|sing/2| > 1. Since|sind/2| canbeaslargeasl, in thecased = +, therewill be
instability if C > 1, the CFL result. The mostunstablemodeis the onein which the fluctuations
alternatein signat consecutie zones.In practice,a smallerlimit is setfor C, suchas0.5. This

accountsfor non-linearinstability effects. Richtmyerdemonstratesow the upperlimit for C

depend®n shockstrength.

Thesolutionfor theamplificationfactorin thecontinuumlimit Az — 0, At — 0canbeused
asa checkon the accurag of the numericalsolution. The valueof g" for the analyticsolution
is exp(iwt) = exp(ikat) = exp(ikaAtn), andthereforeg shouldbe exp(ikaAt) = exp(i Co)
whenwe identify 6 with kAz. In otherwords,for theanalyticsolution

1 1
g=1+iCo— 5c292 — 3 C303 + O(C**%). (3.13)
Theexpansionof the numericalamplificationfactorin powersof 6 is
: 1 . 3C%2+1
g=1+iCo— 50292 - |CT:93 + 0% (3.14)

The expansionsagreethroughtermsof order?, andso the numericalmethodis second-order
accurate Thethird-ordertermsdiffer exceptin thecaseC = 1. In thatmaminally-stablecircum-
stancehenumericalmethodis actuallyexact.

Thisis the essencef 1-D staggered-meshagrangiarhydrodynamicsThe variationscome
in slight changesin the way the time-centeredactorsare constructed,and variationsin the
pseudo-viscositySometimes linear pseudo-viscositys used:

V2 _ui% 0, (3.15)

c1|n+1/2 = CQa|n+1/2p|n+1/2 max(u;
in which the factora{‘Jrl/2 is of the orderof the soundspeedin the zone. The linear pseudo-
viscosityis quiteabit moredissipatve for weakshocksandfor noshockatall, thanthequadratic
one. This makesthe calculationquite smooth, perhapsspuriouslyso. The two examplesof
pseudo-viscosityve have seenso far are non-zerofor zonesbeingcompressedasin a shock)
andvanishfor zonesin expansion.A further stepin the directionof smoothnesss to let g for
a zonein expansionbe the negative of the q with the samevelocity differencein compression.
Thisis usuallyundesirableWe will seeatypeof q laterthatvanishesxceptin shocksof atleast
moderatestrengthihisis the so-calledmonotonicg.
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3.1.2 staggeed-meshhydrodynamicsin 2-D—quadrilateral zones

In 2-D Lagrangiarhydrodynamicswith quadrilaterazonesthe meshconsistsof a more-orless
distortedmapof auniform Cartesiargrid. Thisunderlyinglogical meshhasthecoordinates and
£, andthe meshspacingin eachcoordinatds unity. The nodesof thelogical meshhave integer
valuesof k and¢, themeshconsistf k-lineswith integervaluesof k andvariable? and{-lines
with thereverse. The zoneshave half-integervaluesof bothk and¢. Eachzoneis supposedo
have a fixed mass. The fluid velocity is centeredat the nodes,and staggeredn time from the
otherquantities.Thetime advancemenproceed$y moving the nodesaccordingto their current
velocities,computingthe new areaof all the zonesandtherebygettingthe new densities;next
applyingthe internalenegy equationto find the new internalenegy andpressuren eachzone;
finally usingthe pressureén the zonessurroundinga givennodeto computethe acceleratiorof
thenodeandobtainthetime-adwancednodalvelocity.

Thefirst respectn whichthe2-D cases harderthanthe 1-D casds computingthezonearea,
whichis neededo obtainthe density Thefollowing is oneway to obtaintheresult. We suppose
thatour problemhasxy geometrythatis, it hastranslationainvariancein the z direction. Our
coordinatesarex andy, andwe canspeakof the positionvectorr = (X, y). The zoneareais

givenby
_ _ a(X,y)
A_// dxdy_// ‘ 3. 0) dkd¢, (3.16)
z R

in which Z representshe physicalzone,and R representshe correspondindogical zone.Here
we areformally usingthecoordinatesn logical spacetheindices,asrealvariablesandthe Jaco-
bianof the mappingfrom logical spaceo physicalspaceappearsOf coursewe do not actually
know that mappingexceptat the integerlogical meshnodes.For definitenesdet’s considerthe
zoneboundedby the meshlinesk = 0,k = 1, ¢ = 0and¢ = 1. Within this zonelet’s also
assume bilinearmapping

r=roo(l—=K@A—=42)+r10k(1—2) +ro1(1 —=Kk)£+ryke, (3.17)

wherethe vectorsrog, r10, ro1 andri1 arethe four cornersof the quadrilateral. The bilinear
mappingis consistenwith the quadrilaterahapesincethek = 0 andk = 1 linesand¢ = 0
and¢ = 1lineswill bestraightlinesconnectinghecorners.TheJacobiaris J = r x r¢, where
thez componenbf thevectorcrossproductis neededandthe subscriptk and¢ indicatepartial
differentiationby thatvariable. But sincery is alinear functionof ¢ alone,andlikewiser, is a
linearfunctionof k alone theaverageof J is thecrossproductof theaverager with theaverage
r¢. Thisgives

1
A = |Z(r10— roo+ri1—ro1) x (for—roo+ri1— rio)l
1
= §|(r10— ron) x (r11—roo)l - (3.18)

This canbe arrangedn a variety of ways; the last expressionis half the crossproductof the
two diagonalsof the quad. Thereis afallagy in this calculationwhich popsup if thesignof the
Jacobianchangeswithin the zone. Suchzonesare called “bowtie” zones,sincethey look like
two trianglesthat touch at a single point. The calculationabove givesthe net areaof the two
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triangles treatingoneaspositive andthe otherasnegative, not the sumof theareasLagrangian
hydrodynamicgodesgenerallycrashwhenabowtie zoneoccurswhichis notinfrequentunless
stepsaretakento preventit.

Thenext challenges to calculatethe accelerationsf the nodeswhich depencbn a pressure
gradient. Oneway to do this is the following. We focusour attentionon a particularnodeand
constructaroundit a “dual zone” madeup of piecesof all the zonessurroundinghatnode.In a
quadrilaterameshtherearefour surroundingzonesin general.For example ,we canconstructa
contourC thatjoins the midpointof onezoneedgewith the centerof the adjacentzone,thenon
to themidpoint of the nestedgearound thenthe next zonecenter andsoon backto the starting
point. This contourenclosesoughly onequarterof eachof the surroundingzones.We call this
enclosedegion the dual zoneanddenoteit by Z’. Its areaandmasscanbe foundin the same
way asthe areacalculationabove. Next we apply a form of the divergencetheoremto this dual

zone:
// VpdA=y§ pnds = —e; x % pds, (3.19)
c c
ZI

in which n is the unit outward normal vectorto the zoneat pointsalongC, ds is the element
of arclengthalongC, e, is the unit vectorin the z directionandds is the vector pathelement
for traversingC counterclockwiself thelastintegral is brokeninto piecesbelongingto eachof

the surroundingzones andif we approximatep asconstantithin eachof thesezonesthenthe

integral for eachpieceis justthe pressuref the zonetimesthevectorjoining themidpointof one
edgeto the midpointof the next edge. Sofinally we gettheintegral of Vp overthe whole dual

zone.Thenegative of this divided by thedualzonemasss the nodalacceleration.

Forauniformor very smoothmeshthisapproximatiorfor Vp is second-ordetUnfortunately
when the meshis severely distortedthe accurag is not at all good. Specifically if a Taylor
expansionof the pressuras madein the region surroundinga node,andthis is usedto evaluate
thegradientusingtheline integralformula,thenit is foundthatthe second-ordetermsintroduce
anerrorin thederivedgradientunlesghe meshis orthogonakhndregular, where“regular” means
thatthe zoneshapeanddimensionsareslowly varyingin the mesh;thatis, the changef zone
dimensiondetweeradjacenzonesarethemselessecondorder Thisis alimitation thatmary
Lagrangiancodessuffer with, althoughsomeimprovementshave beenmade(cf., Caramana
work [50]).

The final complicatedingredientis the pseudo-viscosity.Thereis considerableambiguity
involvedin thecenteringof g in multidimensionaproblems.Thedifferenceof thevectorvelocity
betweerthe nodes(k, £) and(k + 1, £), projectedon the edgeconnectinghosenodes leadsto
a g thatis naturallycenteredat the midpoint of thatedge. This would have to be averagedwith
thesimilar quantitydefinedfor the ¢ + 1 sideof thequadto obtaina zone-centered thatcanbe
addedo thenormalpressurén thezone.Clearly, therearemary alternatvesto this prescription.
It is alsopossibleto useadifferentq in computingthe x acceleratiorthanwhencomputingthey
acceleration.

3.1.3 unstructured meshes

Thelogicfor calculatingVp aboveis notcritically dependentn having exactlyfour zonesaround
eachnode,nor of eachzonehaving exactly four edges.In anunstructuredneshcodethe mesh
consistsof an arbitrary assortmenbf polygons(in 2-D). Theremay be ary numberof edges
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meetingatanode,andazonewill have asmary neighborsasit hasedgeswhateverthatmaybe.
Theareacalculationis simpleenoughf the zoneis first brokeninto triangles.The algorithmfor
finding Vp worksfine oncethelist of zonessurroundinghe nodeis constructed.

In codesof thiskind the meshconnectvity maybedynamic:As themeshbecomedlistorted
someof the meshlines may be removed and/orcreated. Zonesand nodesare not indexed by
k and ¢, which implies quadrilateralsbut form two long lists. Associatedwvith eachnodeis its
currentlist of neighborsandthelist of zonesthatsharethe meshline connectinghis nodewith
the neighbors.As connectionsaaremadeandbrokenin the courseof the calculation,theselists
are updated. The indexing overheadand the costof dealingwith mary-sidedpolygonsmake
unstructuredmeshcodesmore costly than quad-baseaodes,but there can be advantagesn
amelioratingmeshdistortion.

3.2 Eulerian methods

While in Lagrangianhydrodynamicshe coordinatesof the meshare dynamicvariables,from
which the densityis calculatedjn Eulerianhydrodynamicghe meshis fixed andthe densityis
oneof theprimaryvariables.n eachcaseheothervariablesarefluid velocityandinternalenegy
or temperature.

TheEulerianmethodsgall into two groups:finite differencemethodsandfinite volumemeth-
ods. In the former groupthe flow variablesare conceved asbeingsamplesat certainpointsin
spaceandtime, andfrom thesesampledvaluesthe partial derivativesare computedthat arere-
quiredto obey the Euler equations. For methodsof the finite volume classthe unknavns are
understoodo be averagevaluesover certainfinite volumes—thezones—andhesemustobey
the conserationlaws in integral form. The differenceis subtleandthe final equationsarequite
similar for thedifferentviewpoints.

3.2.1 finite-differ encemethods;Lagrangian plus advection

Thisapproachs describedrerywell in thebookby BowersandWilson [36]. TheEulerequations
arefirst writtenin thisway

ap
a5 = —V-(pu) (3.20)
a
E)Ltu = —Vp — V-(puu) (3.21)
ad
8Lte — —pV-u— V(peu). (3.22)

In the methodof Bowers andWilson a time stepconsistsof a “Lagrangian” stepfollowed by
an adwectionstep. The ideaof operatorsplitting is appliedhere,which meansthat for eachof
thesesubstepgust part of the expressiorfor thetime derivative of eachvariableis applied.The
unknowns p, pu andpe areupdatedusingthosepartsof their time derivatives,andthe updated
valuesarethe startingpoint for the next partial time step. The philosophyof operatorsplitting
is describedmorein 811.1. For the Lagrangianstepthe densityis left alone,the momentum
densityis updatedusingjust the pressuregradient,afterwhich a new flow velocity is calculated
by division. As in staggered-meshagrangianhydrodynamicsthe velocity (and momentum
density)componentsare centeredn time at th1,2. The new velocitiesare usedto calculated
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V.u andtheinternalenegy densityis updatedusingjust the first termon the right-handside of
equation(3.22). Thatcompleteghe Lagrangiarstep.

The acceleratiorof the materialby the pressuregradientis more easily calculatedin this
methodthanin the Lagrangiancodes for two reasonsOneis the regularity of the mesh,which
lendsitself to a very naturalexpressionfor Vp. The otheris the frequentchoiceto centerthe
velocity (andmomentundensity)component®n cell edges.Thex-momenturris centeredatthe
midpointsof theedgedoundingthezonesn the x direction,andlik ewisefor the y-momentum.
Thismeansfor example that(px+1/2,¢4+1/2 — Pk—1/2,¢+1/2)/ AX is thenaturalexpressiorfor the
gradientto acceleraté¢he x velocity atpointk, £ + 1/2.

For the adwectionsteptheserelationsareused:

- // pu - dA (3.23)
S

%(puv’) = —f/ puu - dA (3.24)
S/

_ / / pue- dA . (3.25)
S

HereV is a zonalvolumeand V' is a dual zonal volume, sincethe velocity componentsare
staggeredn spacefrom the quantitieslike densityandinternalenegy. The surfacesS and S
representhe boundariesof V andV’. The surfaceintegrals becomesumsover the edgesof
eachzoneor dual zone of the adwection flux througheachedge. The challengefor Eulerian
hydrodynamicsto be accurateand minimize numericaldiffusion, is the constructionof these
adwectionfluxes. Sincetheflow is in onedirectionor the otherthrougheachedge therewill be
a donorzoneanda recever zone. The adwectionflux is the appropriateedge-centeredormal
componenbf velocity multiplied by anappropriatelyaveragedvalue of the consered quantity:
massdensity momentumdensityor internalenegy per unit volume. Stability requiresthatthe
edge-centeredonsenred densitybe calculatedfrom the propertiesof the donorzone. If thisis
just setequalto the averagedensityof the donorzone,the resultis calleddonorcell adwection.
Alas, this method while very simple,is very diffusive.

The improvementon donorcell adwectionis to notice that the contentsof the donorzone
within a distanceu - nAt will be advectedout of the zoneduring the time step,wheren is the
unit vectornormalto the zoneedge. If we canconstructaninterpolationfunction representing
the variationof p or the otherconsered quantitieswithin the zone,thenthe integral of this in-
terpolationfunction over the volumethat will be adwectedgivesa much betterestimateof the
adwectionflux. This conceptis now usedin virtually all Euleriancodes.Onevery commonin-
terpolationschemas the monotonicpiecavise-linearschementroducedby vanLeer[255]. This
is a1-D interpolationmethod.Indeed,commonpractice asdescribedy BowersandWilson, is
to operatorsplittheadvectionby direction:first adwvectin the x direction,thenin they direction.
(Or thereverse.Or first oneway thenthe other) Constructinghe piecavise-linearinterpolation
functionin onecoordinate sayx, for, let's say p, comesdown to finding the slopewithin each
zoneof p vs. X. The goal of monotonicinterpolationis to ensurethat the zone-edgevaluesof
theinterpolantdo not fall outsidethe rangeof p betweerthe givenzoneandits neighborin that
direction. If thegivenzoneis in factalocal extremum,thenthe slopemustbe zero. Theformula
canbeillustratedeasilyif thezoningis uniform. Theslopedp/dx in zonek + 1/2 multiplied by

d
E(PV)

d
a(pev)
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Ax will be Ap givenby Ap = 0if zonek + 1/2 is anextremum,otherwise

Ap = Smin2|pki1/2 — k1721, 2l k4372 — Pr+1/2]s
0.5|pk+3/2 — pk—1/20) , (3.26)

whereSis 1if pxy1/2—pk—1/2 > 0and—1if pxy1/2—pk—1/2 < 0. Theformulafor variablezone
sizesis only a little morecomplicated.The interpolationfunction for zonek + 1/2 is thenthe
straightline that passeshrough k1,2 atzonecenterwith this slope. The advectedflux during
thetime stepis thentheintegral of this functionover a distanceuy At adjacento thezoneedge,
asdescribedabove.

Staggered-mesfinite-differenceEulerianhydrodynamicslike Lagrangianhydrodynamics,
cannotcalculateshockssuccessfullyunlesspseudo-viscositys included. The prescriptiongor
pseudo-viscositgrevery muchthesame apartfrom the difference®wing to the centeringof the
velocity component®n zoneedgegatherthanat vertices.VanLeerinterpolationlendsitself to
avery usefulexpressiorfor the pseudo-viscositycalledthe monotonicq. The x component®f
velocity, centeredatk, £ + 1/2, canbeinterpolatedn thevanLeerfashionwherenow thezones
becomethe dual zonesthat extendfrom the centerof oneregular zoneto the centerof the next.
Thepiecaviseinterpolantdn thesedualzoneswill in generainotbe continuousatthe dualzone
edgesi.e., atthe regular zonecenters. The amountof the discontinuitywill typically be very
smallin smoothregionsof the flow, andbecoméarge wherethe velocity hasa sharpgradient,
thatis, nearashock.Themonotonicq is proportionalto the zonedensitytimesthe squareof this
velocity jump. Of coursethevanLeerinterpolationis doneonedirectionatatime, andthisis an
instancen which q definitelydiffersfor thetwo directions.Thusthe Lagrangiarstepmomentum
updatemustbe splitinto anx updateanda y update.

The CFL conditionappliesto Eulerianmethodgust asto Lagrangianmethods.exceptthat
theexpressiorfor C is somavhatmodified:

At
c— max<(a+ Ile)At’ @+ |uy)) ) -1
AX Ay

(3.27)
In fact,asmallerupperlimit to C maybeset,suchas0.5,asmentioneckarlier

3.2.2 Godunov methods;PPM

Thenumericalimethodsdescribedsofar arequite elderly, datingin large partto the 1940s.Now
we cometo the methodsof the 1970sand 1980s. Goduna’s method[101] andits descendents
areamongthese.Thesearefinite-volumemethods.This meanghatwe now considerall theflow
variableso be zonalaveragesandwe find their evolution by determininghe gainsandlosseof
conseredstuff by eachzone. The naturalplaceto begin is with the Euler equationswritten in
consenationlaw form, asin equation(2.61),which for our purposebecomes

U

- tVFW=0. (3.28)
ThevectorU containsthe consereddensitiesp, pux, puy and pe + pU?/2. The components
of theflux vectorarepu, puux + pex, puuy + pey andpue + puu?/2 + pu. In orderto have
the Eulerequationsn consenation-lav form we mustusethetotal enegy equation(2.9), notthe
internalenegy equation(2.7).
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All our flow variablesarezone-centereduantitiesnow. Furthermoreall arespecifiedat the
sametime points,t,. The evolution equationis found by averagingequation(3.28)over a zone
volumeV andoveratimeinterval [tp, th+1]:

AU)
VT_—//F)-ndA. (3.29)
S

The expression(U) representshe zoneaverageof U at the beginning or end of the time step;
theseareour unknonvns. Thequantity (F) - n representshe flux of a conseredquantitythrough
theedgeof azoneaveragedverthetime step.If we canconstructaccuratevaluesof theseedge
fluxesfrom the beginning-of-stepvaluesof (U), thenthe advancedvaluesfollow immediately
Fromthe component®f U it is simplearithmeticto find u ande, andthenthe pressurecanbe
calculated The questiorremains:Whatarethefluxes?

Goduna/’s original methodis describedasfollows. At the beginning of the time stepwe
imaginethateachzoneis uniform, with its averagefluid quantitiesp, u and p. At aninterface
betweentwo zonestherewill thusbe a discontinuity asin a shocktubeat theinitial time. The
namefor thesituationin whichtwo regionsof constanfluid propertiesmeetatadiscontinuityis a
Riemanrproblem;ashocktubeis aspecialcasein whichthevelocitiesvanish.At thenext instant
this discontinuitywill be resohedinto a pair of shocksa shockanda rarefactionwave, or two
rarefactionwaves,onetraveling into eachof thetwo zones. At the materialinterface,which was
the zoneboundarytherewill be continuousvaluesof pressureandvelocity. Goduna’s method
is to usetheseconditions derivedfrom the solutionof the Riemanrproblem to evaluatetheedge
fluxes,thento usethe conserationlaw to updatethe conseredquantitiesto the next time step.

ThegeneraRiemannproblemcanbesolvedgraphicallyasfollows. Let theinitial stateshe
state0 on the left of theinterfaceandstatel on theright. Plotthelocusof pointsin the (u, p)
diagramthat canbe reachedrom state0 eitherby a shock(p > pg) or ararefaction(p < po)
usingtheserelations,assuminggamma-lav gases:

v2¢(p/po—1) P> Po. (3.30)

e {fO—C_"l[l—(p/po)<V°1)/<2V0>] P < po.
o=

T =1+t p/ pol

Thenplot thelocusof pointsthatcanbereachedrom statel using

V2e1(p/p1—1) P> pi. (3.31)

2 _
. _{—n—ill[l—m/pl)m ben] p < py,
—u =

Vrilyi—1+(1+Dp/pil

Theintersectionof theloci is the solutionof the Riemannproblem. This is illustratedin Figure
3.1forug=2,u1 =1, po = 15 p1 = 2,¢p = 2,c1 = 1. This caseproducesa shockmaoving

rightinto materiall andararefactionmoving left into materialO, asin anormalshocktube.The
figurealsoshaws, asadashedturve,thereleasegathif therelationfor a shockwereusedinstead
of the correctrelationfor a rarefaction. The locusis almostexactly the same,andthis canbe
a usefulapproximation,as discussedy ColellaandGlaz [68]. The solutionfor the Riemann
problemcontainsa contactdiscontinuity, which emanaterom theinitial interface. Thevelocity
of this discontinuityis u. Thusthe stationaryinterfacelies on the materialO sideof the contact
if u > 0 andonthe materiall sideof the contactif u < 0. This influenceghe correctchoiceof

o attheinterface,which entersthe expressiongor the fluxes. Efficient methodsfor solvingthe
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Riemannproblem,includingin somecasesahular equationof statedata,have beendiscussedy
vanlLeer[256] andColellaandGlaz.

Goduna/’'soriginal methodandsomeof its successorareactuallyoperatorsplit Lagrangian-
remapmethodsasdiscusse@dbove. ThelLagrangiammethodstill fits within the conseration-lav
frameawork, exceptthat,in 1-D, the spacecoordinateis the arealmassm, the solutionvectoris
U = (z,u, E), with t = 1/p andE = e + u?/2, andtheflux vectoris F = (—u, p, up), viz.,

T —-u
2lu)+ 2| 6] =0 (3.32)
it \ g om up

The reasonfor doing separatd_agrangianand remapstepsin Goduna’s method,ratherthan
a direct Eulerianstepasimplied above (seealso Godunw [102)]), is thatit is assuredn the
Lagrangiancasethat one characteristicapproachegachinterfacefrom the left and the right;
if the flow is supersonidhis is not true for Euleriancharacteristics.This is importantfor the
higherorder Goduna methods. The remapstepcan make useof van Leer interpolation: The
interpolantis constructedor eachconseredquantityin thedistortedzonethatfollows from the
Lagrangianstep,and an integration over the fixed Eulerianzonevolume produceshe desired
Eulerianquantity In 2-D or 3-D boththe Lagrangiarandremapstepsaredirectionallysplit.

Godunar’'s methodis first-orderaccurateowing to its use of the zone-aeragequantities
for the initial statesof the Riemannproblem. Van Leer [256] extendedit to a second-order
Lagrangian-remamethodcalledMUSCL, which standgor MonotonicUpwind-centerecheme
for ConsenrationLaws. Thekey elementin MUSCL is theintroductionof vanLeerinterpolants
for the beginning-of-stepflow variables,andobtainingleft andright statesat eachinterfacefor
the middle of the time stepby tracingright-facing and left-facing characteristicsrespectiely,
from theinterfaceat the middle of thetime stepbackto the beginning of thetime step.The flow
variablesat thesepoints, locatedsomevherewithin the left andright zones,determinevia the
characteristiequationghe left andright statesthat are usedfor the Riemannproblem. Thusa
first-orderaccuratesolution of the flow equationsn characteristidorm providesthe datathat,
throughthe Riemannsolution, determinethe fluxesthat go into the conserative updatefor the
Lagrangianstep. The remapstepin MUSCL is the sameasjust describeda van Leer interpo-
lation on the distortedmeshfollowed by integrationover the Eulerianzones.In two dimensions
the operatorsplitting follows the schemeX Y'Y X, where X andY represent.agrangianr-remap
stepsfor theindicateddirections.Doing the stepstwice with the orderreversedthe secondime,
suggestethy Strang[245], eliminateshesecond-ordegrrorassociateavith directionalsplitting.
The MUSCL codeis secondorderaccurateexceptnearshocks whereit andalmostall others,
becomdfirst ordet

Thenext development®f Godunw-typemethodswvereintroducedoy ColellaandWoodward.
Colella[67] provided a second-ordemethodcomparableo MUSCL, but basedit on a single
EulerianstepratherthanLagrangiar-remap.Thenecessityf cornvertingbackandforth between
Eulerianand Lagrangianquantities,and interpolantsin massvs. spacewere eliminated,and
somelinearizationsthat van Leer found necessaryn the Riemannsolutionwere also avoided.
The addedcomplicationis dealingwith the alternatvesof two characteristicérom theleft, one
eachfrom left andright, andtwo characteristicsrom the right, in finding the Riemanninitial
states.This methodis now referredto asPieceavise-LinearMUSCL Direct Eulerian,or PLMDE,
to distinguishit from thecommonimplementatiorof thenext methodwe will discussPiecevise-
ParabolicMUSCL Lagrangian-Remagmr PPMLR, calledPPMfor short.
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ComingsoonafterColella’ssecond-ordeMUSCL wastheintroductionof piecavise-parabolic
monotonicinterpolation,replacingvan Leer’s piecavise-linearmonotonicinterpolation. This
makesthe spatialaccuray third order, but the accurag of the characteristidracingandof the
directional splitting in multi-dimensionalproblemsreducesthe overall orderto second. The
piecavise parabolicmethod(PPM)is describedy ColellaandWoodward [69] and Woodward
and Colella [267]. Both Lagrangian-remapand direct Eulerianversionsare presented.The
Lagrangian-remapversionhasseenconsiderablymoreusein theinterveningyears.

The detailsof PPM are ratherintricate, and the readeris referredto the basicpapers. The
essentiaklementsarethese:Zoneaveragedataat the beginning of thetime stepfor a specified
zone, its two neighborson the left andits two neighborson the right, are combinedto form
a gquadraticinterpolationfunctionin the zonethatis exactly consistenwith the specifiedzone
average. The coeficients are then modified in ways describedby Colella and Woodward to
producemonotonicityand contactdiscontinuitysteepening Next the region of influencein the
left zoneandtheright zonefor the conditionson the zoneedgethroughthe time steparefound
by tracingcharacteristicbackfrom the end of the time step. This determinesa portion of the
left zone, at the beginning of the time step, thatinfluencesthe left-side zone edgeconditions,
and likewise a portion of the right side. The fluid variablesare averagedin theseregions of
influenceto give the left-side and right-side conditionsfor the Riemannproblem. The space
averageovertheregion of influencegivesthecorrecttime averagealongthezoneedgeapartfrom
termsarisingfrom thevariationof thecharacteristislopesduringthetime step. Thefluxesin the
consenative Lagrangiarequationg3.32)arecomputedrom thesetime-aserageedgeconditions.
In most casesno additional dissipationsuch as pseudo-viscosityneedsto be includedin the
method.Thereareexceptionshowever. If ashockis nearlystationarywith respecto the mesh,
oscillationswill developunlessthe meshis jiggled slightly, asWoodward andColelladescribe.
This jiggling is comparableo artificial viscosity or artificial heatconductionin its effect, but
is an orderof magnitudesmallerthanthe pseudo-viscositysually usedin the staggered-mesh
methods.

The testcasesshavn by Woodward and Colella[267] demonstrateéhe improved accurag
with PPMrelative to MUSCL for calculationson the samemesh. Despitethe considerableost
in CPU time per zoneper cycle, PPM comparesvell with othermethodsin the costto obtain
a specifiedaccurag. Thewidths of shockscomputedwith PPM areaboutone zone,not a few
zonesaswith pseudo-viscositynethods.

3.2.3 WENO

Thenext classof Eulerianhydrodynamicschemess the EssentiallyNon-Oscillatoryclasg ENO)
andits descendeniVeightedEssentiallyNon-Oscillatory(WENO). To explain whattheseareit
is helpfulto stepbackanddiscusghe Lax-Wendrof method[165]. It is amethodfor a systemof
consenrationlaws in one spacedimension suchasthe Euler equationsjn the form of equation
(3.28). Thetwo-stepLax-Wendrof methodis a predictorcorrectormethod:

n+1/2 1 n n At n n
Uit = (U1t ) - gag (R F)
At
n+1 __ n n+1/2 n+1/2
Ut = - = (Rl - R - (3.33)

To conformto the notationin Richtmyers book[217] andthe WENO literature[135] the zone
centersare given integer spatialindicesand the edgeshave half-integer indices. We seethat
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the predictorequationfinds an edge-centeredolution vector at the half-time-steppoint using
the beginning-of-stepvaluesof the fluxesevaluatedat zonecenters.The correctorstepusesthe
edge-centerefluxesderived from the half-time-stepunknonvns to make the usualconserative
updateof thezone-centerednknowns.

The two-step Lax-Wendrof methodis secondorder and the dissipationis quite small,
O(AX?At?) [217]. The paperby Sod[242] shovs the numericalresultsfor this anda number
of other methodson his now well-known shocktube problem. While Goduna’s [102] first-
order methodsmearsthe shockand contactdiscontinuity slightly while avoiding ringing, the
second-ordetax-Wendrof methodhasfairly sharpjumpscombinedwith a substantiabmount
of ringing. Theringing hasgrown to be consideredunacceptableandthis wasa principal mo-
tivationfor developinghigherorderGoduna schemesn which theringing could be minimized
by monotonicityconstraintsandnon-linearfilters.

The ENO approachs anothempathtowardthis goalwhich avoidstheuseof a Riemanrsolver.
The consenration laws are written in a form in which spacehasbeendiscretizedbut time is
continuous:

dU; 1 /. .

d—tj = X <Fj—1/2 - Fj+1/2) , (3.34)
in which thefluxes lfj+1/2 comefrom the applicationof anappropriateoperatorto theU;. This
operatowill actonvaluesof U in perhapsseveralzonessurroundingheedgej + 1/2 in order
to obtain Fj11/2. Thenext essentiapartof the ENO concepiis the useof Runge-Kittamethods
for the integrationof equation(3.34). The predictorcorrectormethodis a kind of second-order
Runge-Kutta. The two-stepLax-Wendrof methoddepartsfrom a second-ordeRunge-Kutta
solutionof equation(3.34) by usinga spatiallystaggeregbredictorstep. Oneof the goalsin the
ENOandWENO schemess to avoid theintroductionof oscillations—ringing—hencthenames
of the methods. One aspectof this is the use of Total Variation Diminishing (TVD) or Total
VariationBounded(TVB) time integrators.TVD meansessentiallythatthe spatialfluctuationin
the solutionat the endof the time stepcannot be largerthanit wasat the beginning of thetime
step. TVB meansthat, while the fluctuationmay grow, it will always be lessthansomefixed
bound. SomeRunge-Kuttaintegrationschemesre TVD andsomearenot. A popularchoice,
referredto asRK3, is this third ordermethod:

u® = UM+ AtLUM (3.35)
1 1

U — Zuuzuﬂwzmuu(”] (3.36)
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U = 5)u +§u +§AtL[U 1. (3.37)

in which L[U] standdor the operatorthatyieldstheright-handsideof equation(3.34).
Theheartof the ENO andWENO schemegomesin choosingthe spatialdifferenceoperator
To begin with, this is aninterpolationproblem. Givendata,in this casethe F" = F(U}), that
representheaveragevaluesin thespatialzones xj 1,2, Xj 41,21, for acertainspanof zonesfind
the polynomialof suitableorderthatfits thesedata,andtherebyderive the edge-centeredalues
F-”+1/2. ThenL[U"] follows asin equation(3.34). For uniform spatialzoningandfor stencils
(thecollectionof zone-centerthatareusedfor theinterpolation)}thatconsistof somenumberof
contiguouszonestheformulaeareeasilywritten down. Thesingle-zonestencils:

Fit12 = Fj, Fit12 = Fjy1: (3.38)
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thetwo-zonestencils:

1 1
Fivyz =2 (=Fi-1+3F)), Fjrz= 3 (Fj +Fj+),
1
Fit12 = > (BFj41— Fj42) ; (3.39)
andthethree-zonestencils:
1
Fiti2= 5 (ZFJ 22— TFj_1+ 11FJ)
1
Fit12= 6 ( Fj_1+5F + 2Fj+1) ,
1
Fi+1/2= 5 (ZFJ +5Fj+1— FJ+2)
1
Fiti2= 5 (11Fj +1— TFj42 + 2F; +3) . (3.40)

The orderof the interpolationpolynomialis onelessthanthe numberof zonesin the stencilin
eachcasetheresultis anapproximatiorto L[U ] thatis accurateo anorderequalto thenumber
of zones.

Next we discussselectingamongthe stencils. As we know, stability of the methodis aided
by using preferentiallydataon the upwind sidein spacefor the calculationof the flux. For a
scalarequationthe wind blows in the directionindicatedby oy F(U): in the +x directionif
ou F(U) > 0, in the —x directionif 9y F(U) < 0. We thusdiscardone stencilfrom eachlist
of candidatesthelastonein eachgroupfor 9y F(U) > 0 andthefirst onefor oy F(U) < 0. If
F (U) is notamonotonefunctionthenit mustbesplitinto partsthatare:

FU)=FTWU)+F (), (3.41)

with 9y F*(U) > 0anday F~(U) < 0; theremay be several waysto do this. The value of
F is then calculatedby summingthe valuesof F*, calculatedon stencilshiasedtoward —x,
with F~ calculatedon stencilsbiasedtoward +x. For systemsof conserationslaws thereis
not just one derivative gy F(U) to examine, but the signsof the characteristicspeedswhich
arethe eigervaluesof the Jacobiarmatrix. The eigervectorsof the Jacobiarareformedinto a
groupwith positive characteristispeedandagroupwith negative characteristispeed Projection
operatorgor thepositive andnegative subspaceareformedfrom these andthefinal F is built by
combiningthe upwind stencilsfor eachgroupusingtheseoperatorsThisis notthe only method
for splitting F into F™ and F~. A simpleralternatie that seemsto work well is basedon the
Lax-Friedrich[164] method for which

FfU) = %(F(U) +aU) (3.42)

with @« = max|dy F (U)|, takenoverthefull sampledangeof U.

Now we cometo the ENO/WENO concept.Considerthe three-zonestencils,of which three
survive after droppingthe downwind-mostof the original four. A figure of meritis constructed
locally for eachstencil by combiningthe squaresof estimatesof the first and secondspatial
difference®f the Fs. The preferredstencilis the onefor which this figure of meritis least.Near
a shockor otherdiscontinuityin the flow, this stencilwill bethe onethatsampleghe properties
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downwind of the jump the least. For the ENO methodthe result,for this flux, is takento be the
onefrom the preferredstencilandthe othersare discarded.For the WENO methodthe flux is
givenby a weightedsumof the flux from the surviving stencils,with weightsinverselyrelated
to the figure of merit mentioned.Theseweightshave the effect, in smoothregions,of canceling
someof thetruncationerrorin theindividual stencils.Thuseachof thethree-zonestencilsgivesa
resultthatis third-orderaccuratetheweightedsumis fifth-orderaccurate For anr -zonestencil,
eachindividual is r -th orderaccurateandthe weightedsumis (2r — 1)-th orderaccurate.The
detailedexpressiongor the weightsandthe erroranalysisarefoundin [135]. Thisis thescheme
referredto asWENODS. Balsaraand Shu[23] have givena ninth-orde"WENO schemehatuses
five differentfive-zonestencils.Ninth orderpertainsto the spatialdifferencing;WENO9riastill
useshethird-orderRK3 Runge-Kuttatime integrationscheme.

ThetestresultsusingWENO5in [135] on Sod’s problemandsomeof Woodward's problems
[267] look quiteacceptableThecharacteristiprojectionmethodfor flux splitting hastheedgein
accurag overtheLax-Friedrichssplitting. Shi,ZhangandShu[237] shov WENO5andWENO9
resultsfor Woodward’s doubleMachreflectionproblemanda Rayleigh-Tylor instability prob-
lem thatcontaina profusionof small-scaldeaturesfor the high-ordemethods.

3.2.4 Adaptive Mesh Refinement—AMR

An Eulerianhydrodynamicsvariationis Adaptive Mesh Refinementor AMR. The conceptof

AMR is to provide greatergrid resolutionin the partsof the spatialdomainthat most needit

ary giventime. While AMR might be possiblein a Lagrangianframework, the needfor this

capabilityis lesssincethe Lagrangianzonesalreadyfollow the materialandtendto be where
they areneedechutomatically Thisis not completelytrue, sinceextra resolutionmaybe needed
nearshocks,for example,which move throughthe material. The secondreasonfor not using
Lagrangiam@AMR is thatit maybeexceedinglycumbersomeThe unstructured-mesbagrangian
codeswould bethebestLagrangianPAMR vehicle,but we will discusghatno further.

The seminalpaperdescribingblock-structuredAMR, a methodthat appliesrefinementin
rectangulasubdomaingpatches)js by BergerandColella[31]. Detailsof theimplementation
aregivenby Bell, ColellaandGlaz[29] andBell, etal. [30]. A very nice capsuledescriptionof
themethodhasbeengivenby GrauerandGermascheski [104]:

We startby integratingthe equationsunderconsideratioron a single grid with
fixed resolution. Then, we constantlyverify if the resolutionis still sufficient by
someappropriatecriterion. If it is not we mark all points wherethe resolutionis
insufficient. Next, we try to cover theseunderresoled points by a collection of
rectanglegor boxesin 3D) aseffectively aspossibleusingmethodsrom imagepro-
cessing.Thesenew rectanglesieedto be correctlyembeddedn their parentgrids,
otherwisethey have to be modifiedaccordingly Whentherectanglesrefilled with
datathey areintegratedusingadiscretizatiorlengthandtime stepdividedby certain
refinementfactors. In addition, all the stepsdescribedabore are performedrecur
sively. Importantis the communicatioramongthe grids. The necessarpoundary
dataare obtainedfrom neighboringgridsif presentand otherwisefrom the parent
grids. Similar treatmenis appliedto newly generatedjrids. Dataareobtainedfrom
theold gridsof thesamelevel wherepossible ptherwisefrom the parentgrids. This
allows for effectively following moving structures Finally, aftereachtime stepthe
coarsayridsareupdatedusingdatafrom finer grids.
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The AMR meshmay be thoughtof ashierarchical;at thetop level is a uniform fairly coarse
mesh calledthelevel 1 mesh.Portionsof this arerefinedto producea level 2 mesh,andsoonto
a maximumdepthof refinementperhapgo the 3rd level, perhapsnore. Thedatain any zoneat
a certainlevel aresupersededy the dataat the next level down if this zoneis in a patchthatis
refined. Therefinemenfactormay be chosenfor example,to befour. With arefinementactor
of two afew morelevelsareneeded Whatever refinementactoris usedspatially in eachof the
coordinatalirections thesamefactoris usedfor temporalrefinementThusa patchthatis refined
4x in spacds sub-gcledin thetime integration;four of the refinedtimesstepsarecomputedo
bringtherefinedpatchupto thesamenew time level asthecoarseregionin whichit isembedded.
This is donesothateachlevel of refinemenusesthe sameCourantratio. Of coursethisis also
donerecursvely whentherearesererallevelsof refinement.The maximumdepthof refinement
is a critical parametein the application.If thisis settoo small,thenimportantfeatureswill not
beresohed. If it is settoo large,thensomehydrodynamicgproblemswill “refine themselesto
death”becaus¢hecriterionfor acceptinghe currentmeshmaynotbesatisfieduntil theavailable
storagds exhausted The maximumrefinementepthmustbe choserby the skilled codeuserto
meettherequirement®f the problemathand.

The criterion for refinementJlik e the maximumdepthof refinementmustalsobe tunedto
fit the problem,andfor the samereason:insufiicient refinemendefeatshe hoped-foraccurag,
and excessve refinementstopsthe calculation. The generalcriteria, suchasthe Richardsors
extrapolationestimateof BergerandColella[3]], canbe useful,but without adjustmentanalso
leadto excessve refinementHereagain,theskill of the experiencedodeuseris necessary

SinceAMR putsthemeshwhereit is neededo resolhefeaturesn theflow, thetotalnumberof
zonescountingall thelevelsof refinementjs muchlessthanfor the uniform meshthatprovides
thesamemaximumresolution.Thatis, thisis the casef theareaf refinementrerelatively few
andlocalized. Thereare problems,suchashomogeneoulydrodynamicturbulence,for which
refinementvould be necessaryhroughouthe entire problem,andfor which AMR is therefore
of little value. Problemsof this kind benefitfrom PPMor the WENO methods.

One group of closely relatedAMR codesis describedby Klein, GreenoughHowell and
co-workers[252 144, 147, 253 14§. They useblock-structuredAMR asdescribedabove, and
employ the PLMDE Godunw method. Block-structuredAMR is not the only approach.The
RAGE codedevelopedby Gittings andothers[100, 11§ usescell-by-cellrefinement.All these
codeshave 3-D aswell as2-D versions.Thedirectionalsplitting canaseasilydothreedimensions
astwo.

3.3 ALE

The ALE methodswill not be describedn detail. The differencebetweenthe ALE equations
andthe Eulerianequationss slight, aswe seefrom a comparisorof equationg2.15)—(2.17with
equationg2.2),(2.3),(2.9) The computationaproceduran mostof the ALE codesfollows the
outline of thestaggered-meshulerianmethoddescribecdkarlier Onedifferencds that,sincethe
meshis distortedratherthanorthogonaksis the Eulerianmesh the computatiorof the pressure
gradientfollows the prescriptionusedin the Lagrangiancodes. The ALE modificationsto the
Eulerianequationsare treatedfully by Bowersand Wilson [36]. Whatis left unaddresseds
the very importantquestionof specifyingthe grid motion. The grid motion algorithmshave
the vital taskof following the materialascloselyaspossiblewhile at the sametime preventing
excessve distortionof thegrid. Therecipedor doingthis aremary, derivedfrom agreathnumber
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of hydrodynamicsimulationsthat failed and neededa new grid motion algorithmto succeed.
Unfortunatelythis experiencels poorly documented.Someinkling asto the algorithmscanbe
derivedfrom the users manualfor CALE, Tipton’s popular2-D ALE code[251].

3.4 3-D

Thediscussiorof 3-D codeswill alsobevery brief. The3-D AMR codeshave beenmentioned.
The extensionfrom 2-D to 3-D of orthogonal-mesltuleriancodesis relatively simple. There
are somenotablecomputerscienceissuesinvolved with maintainingthe datastructuredor the
hierarchicalmesh. The individual patchedeadto box objectsthat carry the information about
thecellsthey containandalsoabouthow they interfaceto theboxesin which they areembedded.
Therearemary moresuchitemsof informationfor the 3-D box thanin 2-D.

Besideshesewo codeghereis PPM,which hasbeendescribedlreadyandwhichexistsin a
3-Dversion.Thisis thecodethatwonthe1999GordonBell awardfor its teraflopperformancen
aproblemof RichtmyerMeshlov instability [190]. AnotheristheFLASH codedevelopedby the
ASCI Centerfor ThermonucleaFlashesatthe Universityof Chicago[97]. FLASH incorporates
PPMasoneof its hydrodynamimptions,but canalsouseblock-structuredAMR.

Thereareno goodexamplesof a strictly Lagrangiar3-D code. This s for the simplereason
that Lagrangiancodesfail to run pastthe point in time whenthe meshtangles,producingthe
bowtiesmentionedabove. In 3-D the opportunitiedo tanglearemuchricher, andthe Lagrangian
codessimply do not run long enoughto be useful. An exceptionmustbe madefor structural
dynamicscodessuchasDYNAS3D [10€]; thesedealwith solid materialsthat have strengthand
thatthereforecanresistthetanglingto which fluids aresusceptible.

Thereare3-D ALE codes.We will mentiontwo: the ARES code[27] andthe KULL code
[214], bothdevelopedat LawrencelivermoreNationalLaboratoryaspart of the Departmenbf
Enegy’s AdvancedSimulationand Computingeffort, which in fact supportsall the 3-D codes
mentionedabore aswell. ARESandKULL have mary similarities,but ARES hasa structured
meshthatis almostentirely built of hexahedrathatis, deformedcubes. The ARES meshcan
have a limited numberof pointsof irregularity wherethe connectwity is differentfrom thatfor
hexahedraThe MESH in KULL is unstructuredsoin principleit is built of arbitrarypolyhedra,
but in practiceKULL mostoftenusesa hexahedrameshlike ARES's.

3.5 Other methods— SPH and spectral methods

Two other computationaimethodsfor hydrodynamicsare currentthat avoid, either altogether
or largely, the useof finite-differenceor finite-elementequationson a spatialmesh. Theseare
SmoothedParticle Hydrodynamicg SPH) and the spectralmethod. Thereis no meshat all in
SPH, unlessself-gravity or MHD areto be included. In the spectralmethodthe meshthatis
usedis in Fourier (or Chebyshe) spaceandnormalspaces usedonly for evaluatingnon-linear
products.

The SPH methodwas introducedby Lucy [175] and Gingold and Monaghan[99]. Good
descriptionsof it are found in the papersby Monaghan[192], Hernquistand Katz [116] and
Rasio[213]. At first blushSPHis a Monte Carlomethod,sinceit usesa sampledsetof discrete
particlesto representhe continuoudieldsof densityandvelocity. But theinitial particlesarenot
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selectedandomly andthetime advancemenis completelydeterministic.SPHis bestthoughtof
asameshlestagrangiarmethod.

Thefollowing descriptionof SPHis basedargely on the article by Rasio[213]. Eachof the
N particlesin the simulationcarriesits particularvaluesof massm, velocity u, internalenegy e
andfor somemethodsalsothedensityp. Theparticlehasan“uncertaintycloud” thatis described
by thefunctionW(r —rj, h;), wherer; is thecurrentlocationof theparticleandh; is aparameter
that setsits spatialextent. If the densityis not an explicit attribute of the particlesit canbe
computedrom

pizzij(l’i—I‘j,hj). (3.43)
j

Thekernelfunction W mightbea Gaussianor this splinefunction:

3 2,3 3
1 1—2(%)3+z(%)» 0<p=1
W h = —= 132 f]. 1<p=<2 (3.44)
0 otherwise.

Thescalelengthh mustbechoserto be smallcomparedvith the sizeof featuresn thesolution,
but large enoughto encompassereral of the neighborsof eachparticle. Thesearethe same
criteriaonewould useto selecta zonesizein a mesh-basedimulation.

Theevolution equationdor ri, u; andg arethefollowing, for the simplestimplementation:

dr;

d_tl — . (3.45)
dui i j

bl _ij <ﬂ2+p—12)ViWij, (3.46)
dt j i I

de 1 pi Pj

whereWij = Wjij = W(rj —rj, h). (If h differsfor differentparticles,a symmetrizatiorpro-
cedureis required.) An importantaspectof the summationsover particlesthat appearin the
dynamicalequationss that,because¢he kernelW hasa finite range thereis avery limited num-
berof non-zerotermsin the sum. The sumexpressiorfor p; above introducesproblemsat free
boundariesandthe procedureof carrying p explicitly on eachparticlemay be preferred,using
thefollowing form for the equationof continuity:

%=ij(ui—uj)-ViWij, (3.48)
j
Thepressurep; is to be computedrom the equationof statein termsof p; ande.

Theseare the essentiakquationsof the method. The further detailsinvolve including vis-
cosity, constructinga dynamicalequationfor h;j, and otherrefinements.The TREESPHcode
describedby HernquistandKatz [116] addsthe additionalphysicsof self gravitation usingthe
treemethod.Thatis, a givenparticleexertsaforce onits closeneighborghatis calculatedrom
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theinverse-squarkaw, but for remoteparticlestheforceis givenby the gradientof a smoothed-
out potential. A hierarchyof meshess laid on the problemso thatthe cellsin which the given

particlelies, at all the levels of the hierarchy form one branchof a tree. For eachcell of the

hierarchya few of its multipole momentsare computed.Thesemultipole momentsprovide the

force on the given particlefrom the moreremotepartsof the problem. If N is the total number
of particles,thenthe numberof close-neighbomteractionss O(N), and,remarkably the cost

of the computationof the hierarchicalmultipole momentsandtheir useto provide the remote
contributionto theforceis only O(N log N).

The time integrationis commonlychosento be the secondorderleapfrogmethodfamiliar
from the staggered-meshagrangiancodes,cf., equationg(3.1),(3.2). Thereis a Courant-lile
limit to thetime stepfor stability of order0.5h/a. The spatialaccuray is first order, thatis, the
erroris O(h?), andso the methodis first-orderaccurateoverall. The SPHresultconvergesto
the continuumsolutionif h — 0 but alsothe numberof particlesNy within thevolume4rh3/3
tendsto infinity, which meanspf coursethatN — oco. Monaghar{192] describes numberof
teststo which SPHhasbeensubjectedincluding standardyasdynamicsproblemssuchasSod’s
shocktube and Woodward and Colella’s flow over a step;the resultsare acceptablewith the
errorsthatwould beexpectedor afirst-ordercode.Monagharalsoprovidesanimpressvelist of
astrophysicahpplicationsof SPH,rangingfrom tidal disruptionin binary starsystemsthrough
asteroidimpactson the earthand molecularcloud fragmentatiorto large-scalestructurein the
universe.

Spectraimethods pr morepreciselypseudo-spectrahethodshave a significantpresencen
theworld of turbulencesimulationsand Navier-Stokescalculations.A standardext on spectral
methodsn fluid dynamicss theoneby Canutoetal. [49], andanotherecentreferences Boyd's
book[37]. Themajorfeatureof the methodss the expansionof the unknovns p, u andsoforth
in termsof global basisfunctionssuchastrigonometricfunctions(Fourier series)or orthogonal
polynomials(Chebyshe series).Thespatialderivativesof theexpandedunctionsareeasilyeval-
uatedusingthe derivativesof the basisfunctions,which areavailableanalytically Thetechnical
distinctionbetweeri'spectral’and“pseudo-spectralinethodss in whethertheexpansiorshould
approximatehecontinuoussolutionin thesensef integral projectiongthe Galerkinconcept)—
thespectramethod— or shouldbeaccurateata certainsetof meshpoints(collocationpoints)—
the pseudo-spectrahethod.The equationf fluid dynamicsarenonlinear of course andterms
suchasu - Vu andVp/p in the Euler equationareonly corvenientlyevaluatedby combiningu
andVu or Vp andp atthe collocationpoints,but relying on Fourier or Chebyshe spacefor the
deriative calculations.

An idealfluid dynamicapplicationfor the pseudo-spectrahethodis directnumericalsimu-
lation (DNS) of homogeneousirbulenceatlow MachnumberusingtheincompressibléNavier-
Stokesequation

ou 1
— 4Uu-Vu=—=Vp+vVu, (3.49)
ot P
in which the densityp andthe kinematicviscosityv areconstantsandfor which the pressurds
to befoundfrom theincompressibilityconstraint,

V.u=0. (3.50)
Equation(3.49)canbewritten lik e this:

au
i Uxw — VIT+ vV2u, (3.51)
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in whichw = V xu is the vorticity andIT is the Bernoulli “constant’II = p/p + u?/2. The
divergenceof equation(3.51)leadsto this Poissorequatiorfor IT:

V2I = V- (Uxw) , (3.52)

sothat,in principle, IT canbeeliminatedfrom equation(3.51).
Poissors equatioris readilysolvedin Fourierspace We definethetransformof avariableX
by X = F«IX1= [[[d3 exp(ik - r)X(r). Thetransformof equation(3.52)gives

—K?f1 = —ik - s, (3.53)

in whichthe quantitysis thetransformof thenonlineartermu x . Thetransformof thevorticity
itself is givenby

&= —ikxd. (3.54)

Usingequation(3.53),11 canbeeliminatedfrom thetransformof equation(3.51),which leadsto

(% N vkz) - <| _ "k_';) s (3.55)

Thetensorl — kk /k? is the projectionoperatomperpendiculato k, soits effectis to make only
thetrans\erse(divergence-freetomponendf ux w appeain theacceleratiorequation.

The integration of equation(3.55) is doneby first choosinga uniform meshin r spaceto
which corresponds similarly shapedmeshin k space.An integrationmethodsuchasRunge-
Kuttais appliedto follow theevolution of G onthisk mesh.Theevaluationof dii/dt ateachstep
in theintegrationrequiredirst forming & from {, applyingFFTsto eachof theseto give u andw,
forming thecrossproduct,thenanother~FT to give s, from which dii/dt follows. An additional
FFT providesIT andhencep if desiredfor edit purposes.

A very large-scaleexampleof this approacho a DNS problemmaybefoundin ref. [269)].

3.6 Summary

Numericalhydrodynamicss a very rich field. It is a gardenwith mary beautifulflowers,and
it is not easyto comparethem. Someof the methodshave beendevelopedwithin a certain
areaof application,andthesemethodsare well suitedto their area. We think of SPHand its
astrophysicabpplicationsfor which a very robust Lagrangianmethodis highly desirableeven
if it is somavhatmoredissipatve thancompetingmethodsandif the difficultiesof addingother
typesof physicssuchasMHD or radiationtransportcanbe overcome.Spectraimethodsmight
bevery cumbersoméndeedif appliedto problemswith realmaterialpropertiesandcomplicated
structureshut for the ultimatein accurag, asin DNS, they areperfectlysuited. Thework-horse
1-D method for everythingfrom inertial fusion capsulémplosionsto pulsatingstarsandthebig
bang,is von Neumann-Richtmyestaggered-meshagrangiarhydrodynamicsin 2-D and3-D,
for the problemsthat do have real materialsor complicatedstructurestherearehardchoicesto
make. The ALE codesnaturallyputtheresolutionwhereit is neededn the spatialstructure their
down sideis a lack of robustnesghatis constantlybeingimprovedby moresophisticatedyrid-
motion algorithms. The Euleriancodesare muchmorerobust, but accurag andfreedomfrom
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numericaldiffusion have traditionally beentheir weak points. The Godune and ENO/WENO
methodsave definitelycorrectedhat. If asufficiently fine meshis usedto resoleall thefeatures
of interest,or with AMR to achiese that, Eulerianmethodsarequite attractve.

The Godunw vs. ENO/WENO competitionis in a stateof flux at this time, andthe best
methodanay not have beencreatedyet. It is interestingto look at the comparisonén the papers
by Liska andWendrof [174] andRider, GreenoughandKamm [218], aswell asthe examples
shawvn by Shi, ZhangandShu[237]. Liska andWendrof do notinclude PLMDE or ary AMR
codein thelist of testedcodes put they doincludeaWENO3code with simplifiedflux splitting,
andaWENOS5 codewith characteristic-basetlix splitting, aswell asPPMandothers.Thetest
suiteconsistof 17 Riemanrproblemsthe Noh problem[196], a Rayleigh-Tylor bubblegrowth
problem, an implosion problemand an explosion problem. As the authorspoint out, no one
codeis beston all the problems althoughWENOS5 andPPM are nearthe top on mostof them.
Interestingly WENODS5 crashedhttemptingto runthe Noh cylindrical stagnatiorproblem.Onthe
Rayleigh-Tylor bubble problemthe amountof fine-scalestructurethat developson the edges
of the bubble dueto secondanKelvin-Helmholtzinstability was quite differentin the various
codes. The low-order, ratherdissipatve codesshoved quite smoothbubbles,while PPM had
quite a large amountof suchstructure;WENOS5 lessso. This is alsosimilar to the resultin the
Holmes,etal. [118], paper wherethe AMR codeRAGE wascomparedvith PROMETHEUS,
acodequite similar to PPM, anda front-trackingcodeFronTier [105] on a RichtmyerMeshlov
instability growth problemrathersimilar to the Rayleigh-Tylor one. In this caseRAGE and
FronTier were relatively smoothand PROMETHEUS stood out for its amountof small-scale
structure. Shi, Zhangand Shualsoshav a Rayleigh-Tylor problemas computedoy WENO5
andWENOQ9;thefine-scalestructuren the highly-zonedWENO9calculationis prodigious.The
experimentdescribedy Holmes,etal., did nothave sufiicientspatialresolutionto selectbetween
the codeson the basisof thefine structure sothis issueremainsunsettled.

Rider, GreenougfandKamm[218] focuson comparison®f WENO5with several PLMDE
andPPM variants. The testproblemswerethe Sodshocktube,the Woodward and Colella col-
liding blastwave andthe ShuandOshel{238] steepeningvave train. Thehigh orderaccurag of
WENOS5did notresultin anappreciabljlower errorfor thoseproblemsfeaturinga strongshock.
NeitherwasWENOS5 muchworsethanthe others;the error measuregor the differentmethods
spanned surprisinglysmall range. An interestingcomparisorcanbe madeif the accurag re-
sultsare normalizedby the computingtime required. That is, the codesare comparedon the
basisof costto obtaina specifiedaccurag. Sincefor a givenmeshWENO requiresaboutthree
timesthe floating point operationsof a Goduna methodlike PLMDE, andthe accuray is not
very differentfor shockproblemsthe efficiency of WENOS5 comparegoorly with the PLM and
PPMmethods.It shouldbe notedthatthis statementis specificto shockproblems;in flows that
areeverywheresmooththe high-orderWENO performancas very good. Rider, Greenougland
Kamm alsoincludein their papera new methodthat addssomeextremum-preservindeatures
derived from WENO to the basicPPM schemethatis, the slopelimiting thatis a normalpart
of PPMis relaxed somavhat to avoid clipping the peaks. This methodturnedout to perform
exceptionallyon the testproblems,andto be efficient aswell. Time will tell whetherthis new
variationwill fulfill its earlypromise.

It doesseemthatthe high-accurag Eulerianmethodsare continuingto develop andto rep-
resentavery attractive alternatve to ALE methods As the scaleof computingsystemsexpands,
the ability of Euleriancodesto resole all therelevantspatialstructureswill improve,andwhen
thathappenshescaleswill tip stronglyin the Euleriandirection.
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Chapter 4

Description of radiation

We turn now to the subjectof radiationtransport. As muchas possible the presentgoal is to
de-mystifythis subject.Photonsarejust particleslik e the othersthat make up our systemsthey
just happento go fasterandfarther and are thereforeoften of specialimportancein carrying
enegy andmomentunfrom oneplaceto another In kinetic theorywe introducethephase-space
distribution functionfor the atoms,developthe theoryof the Boltzmanntransportequation.and
comeupwith somesatishctoryapproximatanethoddor solvingit. Radiationtransporis exactly
the same;the transportequationis aboutthe same,andthe approximatemethodsareaboutthe
sameaswell. Thedifferenceis thatthe subjectof radiationtransportwaselaboratedy different
peoplethanwaskinetic theory usingan entirely differentnotation,andwe have that difference
with ustoday In thelasttwo or threedecadegyet anothecommunityhasjoinedthediscussiorof
radiationtransportandthesearethenuclearengineerswho have evolvedacollectionof methods
for describingneutrontransport,methodsthat are usefulfor photonsaswell asneutrons.The
presentdiscussiorwill not attemptto shav, Rashomon-like, the samephysicalconceptsfrom
thevariedpointsof view of seseraldisciplines.We will stickwith one,mainly the astrophysical
notationfound, for example,in Mihalasand Mihalas[189]. The elementarydefinitionsof the
radiationfield quantitiesarefoundin mary astrophysicd®ooks.Onegoodtreatmenis Mihalas's
Stellar Atmosphees[186], andthis is alsofoundin [189]. The coordinate-freeequationsare
presentedy Pomraning206] andby Cox andGiuli in thefirst volumeof Principlesof Stellar
Structue[79].

4.1 Intensity; flux; energy density; stresstensor

Fig.4.1

Astrophysicalradiationtransportbegins with the intensity |, asthe fundamentalconcept
insteadof the phasespacedistribution function; the contentis equivalent,aswe will see.Histor-
ically, this might bedueto thefactthatyou candiscusgheintensityentirelyin thewave picture,
andnever make referenceo thosepesk quanta.With sufficienteffort it is possibleto derive the
transportequationdirectly from Maxwell’'s equationsof electromagnetisnand avoid quantum
theoryentirely. In the preseniday this seemdik e a silly thing to do, andcertainlymoretrouble
thanit is worth. As soonasonehasto dealwith matterradiationinteractionghequanturnpicture

55
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quickly becomesndispensableSo our presentiscussiorwill begin with the classicaintensity
I, but we will noticeright away thatit hasaninterpretationin termsof a distribution function
for photons.

Solet usdefinetheintensity It is a function of threespatialcoordinatestwo anglecoordi-
nates the radiationfrequeng, andtime, seven coordinatesn all. (Polarizationof the radiation
is describedwith an additionalcoordinate but for the momentwe will lump the polarizations
together) The anglecoordinatespecifywhich directionthe radiationis going, the spatialco-
ordinatesspecifythe locationof theintensitymeasurementThe frequeng coordinatesaysthat
we measurehe intensityin a small spectralbandaroundonefrequeng in the spectrum. The
intensityis in power units,enegy perunit time, but is alsoexpressegerunit area,perunit solid
angleandperunit frequeng bandwidth.

The perunit-areaandperunit-solid-angleattributeswork in this way: We make anideal ap-
paratusa pinholecamerato measuréntensityby settingup ascreeratthe placewherewe want
to know theintensitythatis opaquesxceptfor anaperturehathasanareaA;. Thisis illustrated
in Figure4.1. This screenis orientedperpendiculato the directionwe wantto measure.The
aperturehasa shutter and we will openthe shutterat time t andleave it openfor a duration
At. Onthe downstreanside of the screenwe arrangefor the matterto be clearedaway, sothe
radiationstreamdreely through.At a suitabledistanceaway from the screenwe setup a second
screenwhichis usedasa detector Thesecondscreerhasto beatadistancerom thefirst screen
thatis muchlargerthanthe size of the aperture.At alocationon the secondscreenexactly in
line with the ray throughthe aperturethatis goingin the desireddirection, thereis a sensitve
detectorareaof size A;. Thisis a clever detectorthatrespond®only to the frequeng bandwidth
Av aroundfrequeny v. Thesizeof Ay asviewedfrom A; hasto be large comparedwith the
diffractionanglefor theapertureadius.Thedefinitionof intensity|, is thattheenegy collected
by this detectoris

A1A2
v r 2

AE = | AtAv. (4.1)

The combinationA/r? is the solid angled$2 subtendedy A, at the aperture,so we say
the intensityis the enegy crossinga unit areaat a given point per unit time per unit frequeny
andperunit solid anglein the directionof interest.In this constructiorit is obviousthatwe can
increasethe distancer by afactor f, andenlage both of the lateraldimensionf the detector
by the samefactorthusincreasingA, by a factor f2, without changingd<2, and thereforethe
intensityis really a propertyof theradiationfield atthe placewherewe puttheaperture.

Thephotonghatcompriseour bundleof radiantenegy thatwill beregisteredby the detector
travel a distancecAt during the time the shutteris open. Thusat ary giventime they occupy
a cylindrical volume cAt long with a crosssection A1, and thereforea total volume cAj At.
Dividing AE by the volumetells usthatthereis a contribution to the radiationenegy per unit
volumeof (1, /c)(Az/r2)Av from the solid angle A»/r 2 andthefrequeny bandAv. Thusl, /c
is theradiationenegy densityperunit solid angleperunit frequeng. If thisquantityis integrated
overall directionsfor theradiationweightedby d2, we have thespectrabnegy density thetotal
radiationenegy densityper bandwidthin the spectrum.This quantityis sometimesienotecby
u, andsometimesy E,; we will adoptthelatternotation,sowe have

azlflmg (4.2)
C Jax
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If our ideal detectorrespondsequally to enegy of all frequenciesthen we measurethe
frequeng-integratedintensity and frequeng-integratedenegy density One notationfor this
is to simply dropthe suffix v. Thusthetotal radiationenegy densityof whateverkind is

E=3/m/ﬁm9. (4.3)
c A

Of course we may have droppedhesuffix for notationalsimplicity whenwe still arediscussing
the spectradensity;the context mustmalke it clear

If we wantto emphasizehe particle picture of the radiation,we canintroducethe quanta.
Eachoneof thelittle guyshasanenegy hv. Whenwe countan enegy AE thenthis consists
of AE/hv photons.Thereforel, /hv is the numberof photonscrossinga unit areaper unit fre-
gueng per unit solid anglein the specifieddirectionper unit time, and |,/ hvc is the number
densityof photonsperunit solid angleper unit frequeng. We canmalke the connectionwith ki-
netictheorycloserstill by observinghatthe photonmomenturris hv/c, andthatthemomentum
spacevolumeelementjn sphericaimomentum-spaceoordinatesis

3 h ¥ 2
d°p = <)V dvd€. (4.4)

Thatmeanghatif we divide 1,/ hvc by h3v2/c® we getthe phasespacedensity:

_dN
~dvd3p  h%3/c?’

(4.5)

whichis theusualunknowvn in the Boltzmanntransportequation.
Along with the intensity we will oftenwork with its anglemoments.Thefirst of thesehas
beenintroducedalready the enegy density:

1
5:_/|mg (4.6)
CJan
Thenext momentis the vectorflux
FU=/ nl,d<. 4.7)
A

If we consideranorientedareaelementrepresentetly thevectorA, andform F - A, thenwe see
thatit is thesumof contributionslike n - Al,,d€2, which give the signedflow of enegy from one
sideof the elementto the other, positive if goingtoward A, andnegative for going toward —A.

In otherwords,F, is a propereneny flux for radiationwith thefrequeng v perunit bandwidth.
Notice that the flux momentdoesnot containa factorc asdoesthe enegy density The ratio
of F, to E, is the “fluid velocity” of the radiationconsidereddy itself asa fluid. From the
integralsit is evidentthatits magnitudemustbenolargerthanc. As aconcepthis radiationfluid

velocity hasnot beenfound to be especiallyuseful, althoughthe parametef~/(CE) doesenter
someapproximatiorschemes.

Thethird momentis definedby

P, = —/ nnl,ds. (4.8)
4
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By appealingo our knowledgeof kinetictheorywe canrecognizethis asthepressurdensor,.e.,
the pressureger unit bandwidthdueto the radiationof frequeng v, to be exact. We have to be
carefulto remembethatlower casep is the materialpressureandcapital P refersto radiation.
Notice thatthe factorl/c thatwaspresentin the definition of enegy densityandabsentn the
definitionof flux is presentgainin the definition of theradiationpressure.

In muchof theastrophysicatadiative transferliteraturethe momentsaredefinedasaverages
oversolid angle,i.e., aredivided by 47, andthefactorsof ¢c areomitted. Thusthe quantitiesJ,,
H, andK, aredefinedby

1
J = — 1,dS2, (4.9
4 Jay
1
Hy = — [ nide, (4.10)
4 4
and
1
K, =— nnl,d<. (4.11)
T Jar

Thesedefinitionsremove someof the4r’s andc’s from radiative transfertheory atthe expense
of introducingthosefactorsinto the radiation-hydrodyneic equationsWe will stickwith E, F
andP.

The pressurdensorP, is representethy a 3 x 3 matrix. Thetraceof thatmatrix is defined
asthe sumof its diagonalelementsIf we performthatoperationon equation(4.8), the effectis
to replacethefactornn with n - n insidetheintegral. But n - n is 1 sincen is a unit vector, and
therefore

Tr(P,) = E,. (4.12)

Deepinsideanopaquematerialall directionsook the same sincethestuff farenoughaway from
ary givenobsenationpointto have differenttemperaturedensityandsoonis hiddenfrom view
by the opacity of the interveningmaterial. Thusthe radiationfield tendsto be isotropic, being
thesamen every direction. This makesthe pressurd¢ensora scalartensor thatis, onewhichis a
factortimesthe unit matrix. Thereasoningyoedlik e this: thediagonalelementshouldall bethe
samesincewe canturn x into y andvice-vesaby makinga suitablerotationof 90 degreesabout
the z axis, andthis rotationdoesnothingto the isotropicintensity Likewisefor x andz andy
andz. Theoff-diagonalelementshouldvanish,sinceotherwisea reflectionlike x — —x would
flip the signsof Pyxy and Py;; but this reflectionleavestheintensityunchangedndthereforethe
tensorelementshouldstaythe same Whenthe pressurdensoris a scalartensor say

P, = Py, (4.13)
thenthetraceis
Tr(P,) = 3P,. (4.14)
Sincethetraceis E, accordingto equation(4.12),thediagonalelementsreall equalto E, /3:

1
P = 3El. (4.15)
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(The unit matrix is denotedby | not | to avoid confusingit with theintensity) This relationfor
pressurandenegy densityis exactly thatfor ay = 4/3 idealgas.Radiationisay = 4/3ideal
gasif the meanfree pathsareshortenoughthattransporteffectsaresmall. This worksvery well
insidestars.

For afinal remarkon the intensity concept,let’s returnto the topic of wave-particleduality
andthe coarse-graininghat wasslippedin earlierwhenwe said, “take a distancearge enough
to avoid thediffractioneffects” Therewill notbesuchadistanceunlessthesystemis quitelarge
comparedvith thewavelength.And if we have chosematruly tiny bandwidthAv, thenthewave
trainwill beatleastl/Av in duration,sinceotherwisethe light pulsehassideband®utsidethe
choserbandwidth.It caneasilyhapperthat1/Av is longerthantheshuttertime At we selected.
In otherwords, the Fourier relationsbetweenocalizationin coordinatespaceand spreadingn
Fourier spaceandbetweeniocationin time andspreadingn frequeng, will make the classical
definition of theintensitygivenherenonsensenlessthe systemis very largecomparedvith the
wavelengthandthetimesof interestaremuchlongerthanthe wave period. Radiative transferis
ageometricabpticsconcepthatmakesno allowancefor wave optics.

4.2 Thetransport equation; absorptivity, emissvity

The ideaof the transportequationis very simple: the intensity doesnot changeasa bundle of
radiationtravels along. If we think againof that cylindrical chunk of radiationthat contains
atotal enegy |, AjAvAtdQ2, we seethat at a latertime t 4+ ¢ the samechunk of radiationis
locatedat a differentplace,but occupieshe samebandwidthAv andfills the samesolid angle
d<2; furthermoreit will take the sametime At to passby the new location. In otherwords,the
intensity at the displacedocationat the latertime is also |, unless,thatis, radiationhasbeen
gainedor lost by the chunkthroughinteractionwith the matterit hadto passthrough.

We needa notationfor thedirectionof the radiationpropagationWe will usethe unit vector
n for that. The vectorn canbe definedby two angles,suchas co-latitudeand longitude. We
mightsay

n = sinf cos¢ey + sind singey + cosde,, (4.16)

with 6 for the co-latitudeand ¢ for the longitude. In 3-D spacethe vectorsn traceout a unit
spheretheelemenwof areaon thatspherds d€2. In termsof the anglecoordinatesit is

dQ = sing dodg. (4.17)

The anglethetagoesfrom 0 to 7, and¢ goesfrom 0 to 2. It is easilychecledthatthe total
solid angle,the surfaceareaof the unit spherejs 4. Thereis a conceptuapitfall in usingthese
coordinate® and¢ for anglespace.We might confusethemfor the anglesthat are part of the
sphericalcoordinatesetin real space!In fact, they arecompletelyindependentOnesetis for
momentunspaceandthe otheris for configurationspaceor realspace Someauthorsuse® and
@ for the momentumcoordinatesandé and ¢ for the real spacecoordinateshopingto avoid
confusionthatway.

The othernew notationwe needis thenameof the positionvector,i.e., thevector(x, y, z) in
realspace We will user for that. The boldfacemattershere;vectorr is (X, y, z) while scalar is
the distancebetweertwo points. Returningto the chunkof radiation,we now have the notation
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to saythatl, doesnotchangeasthechunkmovesoverthetime z:
ly(r +nct,n, t+7) = l,(r,n,t). (4.18)

Next we Taylor-expandtheleft sidearoundthe pointr andtimet, anddiscardthetermsof order
2or higher Subtractheterm|,(r, n, t), divide by ct andwe haveit:

141,

T +n-Vl,=0. (4.19)
(The operatorV is the spatialgradientoperator andit will keepthat meaningfor us hereaftes)
This is the radiationtransportequation,minusthe sourceand sink terms,which comenext. If
this resembleghe Boltzmanntransportequation,that is not an accident. The latter equation
might have extra termsinvolving the momentumderivatives of the phasespacedensity which
areproportionalto the forcesactingon the particles. Thereareno forcesactingon our photons,
sothosetermsaremissinghere.

Next we considerthe absorptiorandemission Firsttheabsorption.Theempiricallaw is that
radiationimpinging on a thin slabof matteris attenuatedy a smallfraction. This is a definite
fractionthatdoesnot dependon the intensity soif theintensitydoublesso doesthe amountof
enepgy removedfrom the beam. Thefractionis alsoproportionalto the thicknessof the slab, if
thisis nottoo large. Sotheintensitychanges

Aly = —kyctly (4.20)

if noneof theabsorbednegy is replaced.The proportionalitycoeficientk, is theabsorptvity,
or absorptiorcoeficient?! If thismodelof pureattenuatioris appliedto athicker slab(thickness
L), theresultis

l, = 1 %exp(—k,L), (4.21)

which is called Beers law after an applicationin atmospherighysics. In the atomicmodel of
radiation-matteaction,we would saythatthereis a probability perunit lengthk, thata photon
will interactwith the matter For a thin slab ct thick, thereis a probability 1 — k,cz of no
interaction,so the photonmakesit throughto the otherside,anda probability k,cz of having
aninteraction,in which caseit is gonefrom this beam. The meanlossto |, is thenk,czl,, as
before.

Optical depth,a well-loved conceptin astrophysicsis definedto be the exponentin Beers
law: ky L, or [k,dl in general Theusualnotationfor opticaldepthis z, perhapswith asubscript
v, andwe will adoptthis in later sectionswhenwe are no longerusing r for the lag time in
discussinghetransportquation.

The emissvity determineghe amountof enegy addedby athin slabto a beamof radiation
thatis passinghroughit. Normally this doesnot dependn whattheintensityof the beamis, but
it doesdependonthethicknessof theslab:

Al, = +j,cr. (4.22)

IThereis a morepreciseterminologythatis usedwhenthe procesf scatteringjn which the radiationis modified
andredirectedy its interactionwith the matter is distinguishedrom true absorptionjn which theradiationis actually
removed. Thenthe coeficient of absorptiongives the probability of the secondprocessalone, while the combined
probability of both processes calledthe extinction coeficient.
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The emissvity or emissioncoeficient j, andthe absorptvity k, arenotin the sameunits. Ab-
sorptvity hasthedimension®f inverselength,while emissvity hasthedimensionf |, divided
by length,thatis, enegy perunit volumeperunit bandwidthperunit solid angleperunit time.

The consideratiorof whatthe absorptvity andemissvity actuallyarewill be takenup later
on; this is a topic in atomicphysics. We shouldmentionherethatthereare processeshatare
nonlinearin the intensity for example, multiphoton absorption,for which the enegy lossis
proportionalto two or morefactorsof theintensityfor differentfrequenciesanddirections.This
problemis so specializedhat it canbe treatedin its own context shouldthe needarise. One
importantprocessthat modifiesthis discussionis stimulatedemission. This will be treatedat
morelengthlater, but the endresultis that j, containsa partthatis proportionalto the intensity
in the beamto which j, is contributing, i.e., to 1,. This is exactly accountedor by makinga
subtractiorfrom k,, (“negative absorption”).In thermodynami@quilibriumthe subtractegiece
is exp(—hv/KT) timesthe original value,andthereforethe subtractioncanbe performedat the
outset.We will talk moreaboutscatteringateraswell, which is normally a linear processi.e.,
scatteringcontributessomethingo k,,, andthephotonshusremovedarereturnedat otherangles
andfrequenciegperhaps) andwhich thereforeappearasatermin j, involving anintegration
of I,, over angleandfrequeng. Stimulatedemissionraisesits headhereaswell, making the
out-scatteringandin-scatteringermsquadratidn theintensity For the presentwe will suppose
thatk, hasbeencorrectedor stimulatedemissionandthat j, haslumpedinto it any of themore
complex processesWe proceedo put thelossandgaintermsinto the intensity budget, Taylor
expandandcancelasbefore,andendup with theradiationtransportquationn themostgeneral
form we needright now:

141,

- VI, = j, — kyly. 4.23
< TN j (4.23)

If we preferto call out the scatteringorocessesxplicitly, thenthe equationtakesthis form (cf.,
§12.3)

18|”+n VI iy — kol + food’/ do' | — R/, vm 21, |1+ Cly +
—— . = - lof v — R@'n’, vn)—
C 8t Vv JU vy v 0 . \)/ v 2h‘)/3
R, v/l | 14 S0 (4.24)
’ v 2h\)3 E) .

in which j,, andk, now pertainonly to absorptve processesy, is the scatteringcoeficientand
the R functionis the (normalized)scatteringredistribution functionin frequeng andangle. As
we will discussin 888.3,12.3the frequeng shift in scatterings often negligible andthe cross-
producttermsdueto stimulatedscatteringcancelout; furthermore jsotropicscatteringcanbe a
goodapproximationln this casethetransportequatiorwith scatterings simpler:

14l,

S V= ot ouds = (ko). (4.25)

4.3 Radiation momentequations

Earlierwe discussedhefirst threeanglemomentsof theintensity namelytheenegy density the
flux andthe pressurdensor If we choseto, we could addtensorsof higherrankto this set,the
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momentsof rank 3, 4, ... . We canalsotake momentsof the transportequationby integrating
over anglesaftermultiplying by 1, n, nn, . ... Sadto say eachmomentof thetransportequation
introduceshe next highermomentof theintensity sothe setof momentequationsup througha
givenorderis alwaysoneequationshortof having asmary equationssthereareunknavns. The
systemof equationamustbe closedby usingan ad hoc relationthat givesthe highestmoment,
say asan expressiorinvolving lower moments.Thekinetic theoryof gasesandplasmaphysics
arericherin closuretheorieghanis radiationtransportjn thelattercaseno closuretheorybeyond
thepressurdensorhashadarny curreng. Ourdiscussiorherewill thereforebelimited to thefirst
two momentsof the transportequation. In the kinetic theory of gasestheseare preciselythe
momentghatleadto Euler’'s equationsafterthe pressuréensoris approximated.

We will starttaking integralsof the transportequation(4.23), but two pointsmustbe men-
tionedfirst. Thetransportequationis written above in a coordinate-freanotation. Its simplicity
in thatcaseis somavhatdeceptve. If acurvilinearsystemof spatialcoordinatess usedthenit is
not correctto think of n asa constantvectorduring spatialtransport.Insteadwe have to imagine
thatthevectorn is movedalongremainingparallelto itself in a physicalsensewhich meanghat
its componentalongthethreecoordinatedirectionsarechangingasit goes.This getsusinto the
businesof Riemanniargeometryin a majorway, which cannotbeundertalenin theseectures.
This is avoidedif we alwaysreferto a Cartesiarsystemof fixed-spaceoordinatesfor thenthe
component®f n truly areconstant.

Thesecondpointis thatisotropick, and j, is by no meangheonly possibility Theabsorp-
tivity candependon directionif the absorbersrepreferentiallyorienteda certainway, asis the
casewith ice crystalsin cirrusclouds,for example,sincethe crystalstendto float with their flat
sideshorizontal. Anotherexampleis givenby a highly magnetizeglasmafor whichthenormal
processesf atomicabsorptiorarehighly modifiedby the Zeemareffectanddependn the pho-
ton directionwith respecto the magneticfield. Anisotropy of the emissvity is morecommon,
sincescatterings in mostcasedifferentfor differentanglesbetweertheincomingandoutgoing
photons;sincethe intensityitself may be quite anisotropic the scatteredntensityis anisotropic
too. An additionalreasonfor anisotroy will be discussedelow, which is that absorptionand
emissionthat occurisotropically is the restframe of the materialfluid are not isotropicin the
fixed frame owing to the Dopplerand aberrationeffects. Having saidthis, we will proceedto
ignoretheseanisotropiegor now, but you werewarned.

As afirst stepto taking anglemomentswe take advantageof the constang of n andtake it
insidethe spatialderivative in thetransportequation:

191 .
Ea—t”+v-(nlv)=h—kv|v. (4.26)

Now we multiply successiely by 1 andn, andintegrateoverangles.Thefactorn passeshrough
thedivergenceby the sameargumentwe just gave. We immediatelyobtain

JoE,

o T VR = 4rj, —k,CE,, (4.27)
10F
c 8t”+CV-PU = —k,F,. (4.28)

SinceE,, F, andP, area properscalar vectorandtensor respectiely (notin space-timeas
we discusdater, but justin space)we arefreeto usecurvilinearcoordinategor thesemoment
equationsyhich arewrittenin coordinate-fredorm.
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Ratherthancommentingon the meaningof theseequationswe passon to their frequeng-
integratedform:

JE

s TVF = /dv(4nj,,—kucEv) (4.29)
19F
~—+4cV-P = - koFy. 4.
il /dv (4.30)

For a non-relatvistic gasthe first two momentequationsexpressmassconseration and mo-
mentumconsenration. The secondof the radiationmomentequationss indeedan expressiorof
consenationof radiationmomentum But photonshave no restmassandthefirst equationhere
is not aboutthe conserationof that. Rather it is aboutthe conseration of relative masswhich
is to say of enegy. Thetermson the left side of the first equationhave the normalconsera-
tion law form for anenegy densityandanenegy flux. Theintegral ontheright siderepresents
theratesof gainandlossof radiationenegy per unit volume. Emissvity is anenegy gainfor
theradiation;it would be a lossfor materialenegy. Likewisethe absorptvity termis a loss of
radiationenegy; it would bea gainfor the material.
Turningto the secondequationthefirst thing we needto dois divide by c:

10F F

§¥+V-P=_/dvkvcc—;. (4.31)
Now we readoff theterms: Theradiationmomentundensityis F/c? andtheradiationmomentum
flux (pressure)s P. Ontheright-handsidewe canregardk,c asthe absorptiorprobability per
unittime andF, /c? asthe spectraimomenturrdensity sothe integral is the momenturost per
unittime by theradiationandtransferredo thematter Importantcaveat: theneglectedanisotroyy

of absorptionrandemissionintroducesanimportantcorrectionto this termif the materialis not

atrest;thisis treatedn §6.3.

4.4 Diffusion approximation

Diffusionis by farthe mostimportantapproximatdreatmenbf radiationtransport;jt pertainsto

thelimit in which radiationis treatedasanidealfluid with smallcorrections Theapproximation
becomesccuratavhenthe photonmeanfree pathsaresmallcomparedvith otherlengthscales,
thatis, whenk, L > 1, wherel is atypical length. Diffusionis foundto be so muchsimpler
thansolving the full transportequationthat every effort is madeto adaptit to problemswhere
k,L < 1, for whichit is notexpectedto be accurateln this casethegoalis somavhatdifferent:
it is understoodhattheresultswill notbeprecise putthey maywell bequalitatively correct,and
theerror, perhap20-30%,maybetolerable.

The following developmentof the diffusion approximationis motivatedby the discussion
in Cox and Giuli [79], 86.3, anda similar discussionin Schwarzschilds book Structue and
Evolutionof the Stars [2373].

The diffusion approximationis an expansionin a small parameter— the meanfree pathor
1/k, — truncatedafterthefirst two terms.We begin by rearranginghetransportequationin this
way:

jv 1 /101,
T L (AT R 4.32
"k kv<c TR (4.32)
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Sincewe supposehatk, is largethe secondexpressioron theright handsideshouldbe a small
correctionto the first term. So we usethis equationas a basisfor obtainingl, by successie
approximationsThefirst approximationis

v

19= 22, 4.33

=i (4.33)
This is a local balanceapproximationwhich saysthat the radiationis in equilibrium with its
sourcesIf the sourceandsink termsarethosefor matterat a temperaturdr, then |2 shouldbe
the thermodynamiequilibrium radiationfield, which is the Planckfunction B, (T). The next
stepof the successie approximationss to put | 9 in for I,, ontheright handsideof (4.32),which
leadsto

|1=£_1[}31”/k”+n-vj—” (4.34)

"k, k,|c ot k,,] '
For the standarddiffusion approximationwe stop here. We could include more terms, but
thereis no goodreasorto do so. If k, is indeedlarge,thenthe next termwould be too smallto
careabout.If k, is notlarge,thenwe anticipatethatincluding moretermswill make the answer
worseratherthanbetter Theinfinite seriesis really anasymptoticexpansionandincludingone
termafteranotherwill make the answerbetterfor a while, thenit will startto diverge. Thuswe
may aswell stop after the secondterm. You will notice thatthis seriescontainsno reference
whatso®er to the possibleexistenceof a nearbyboundarythat may have a large effect on the
intensity; perhapghereis vacuumjust a shortdistanceaway, andthereforesomeof theradiation
that would have come from that directionif the mediumhad goneon indefinitely is actually
missing.A helpfulway of looking atthis is thatthe presencef a boundarymodifiesthe solution
for a certaindistanceinto the interior (SeeFig. 4.2.); this region of boundaryinfluenceis the
boundarylayer. The diffusionexpansionwill never give theright answerin the boundarylayer;
if we arelucky theerroris tolerable.Fartherinto theinterior of the problemis aregionwherethe
boundaryinfluenceis notfelt. It is herethatthediffusionapproximations valid.

At first sightwe would saythatthethicknessof aboundaryayershouldbeoneor two mean
free paths sincethatis the distancea photonis lik ely to penetratdeforebeingabsorbedindeed,
in mary caseshis is a good estimate. But we must mentionherethat scatteringcomplicates
this discussiorconsiderablyScatterings describedvith analbedo whichis the probabilitythat
the photonsurvivesoneinteractionwith the matter If the albedois very closeto unity, thena
photonwill survive alarge numberof scatteringdeforefinally beingdestrged. In this casethe
thicknesof theboundaryjayerbecomeshedistancehephotoncanmovein arandomwalk with
thatmary stepsthis canbemary meanfreepaths dependingnthealbedo.Thuswith scattering
the boundarylayersarethicker andencompass large part of whatwe might have thoughtwas
theinterior of the problem. In thelimit of unit albedothe problemis all boundarylayer. There
is nointerior atall in this casejust asthereis nonefor problemsin potentialtheory—Laplaces
equationdoesnot allow aninterior region free from the influenceof the boundary Fortunately
for us,the scatteringalbedoin the large majority of practicalproblemsis eithersmall,or in ary
casenot too closeto unity, sothe boundarylayersare only a small numberof meanfree paths
thick.

We turn againto thediffusionapproximation4.34)andconsidewhattheradiationmoments
becoman this case.For theenepgy density:

4z |, dr 9 (.
E, = v T2 (v} 4.35
"7 ¢k, k2ot (ku) (4.35)
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Thegradienttermcancelsn E, sincen is odd andits angleaveragevanishes.Theintegralsfor
F, andP, arefacilitatedby noticingthattheangleaverageof thetensomnis1/3. Then- V() term
canbechangedo V-(n()), andthenwhenanotherfactorof n is putin, for obtainingtheflux, the
termbecomesv.(nn()). As noted,averagingover angleschangesn into 1/3, andwe canuse
the factthatthe divergenceof a scalartensoris the gradientof oneof the diagonalelements.n
theflux integral this particulartermis theonly onethatsurvives:

AT _j,

Fo=—2-V".
3k, Ky

(4.36)
For the pressurenomentthe odd term goesaway andthe eventermssurvive. All the even
termsleadto the angleaverageof nn, andso

1 [4nj, 47 3 (],
p,— 1|22 _ — (). 4.37
"3 |:C k, k,c2ot (k,, (4.37)
This resultis crucial: the first two termsin the diffusion approximationlead to an isotropic
pressurdensor The intensityitself is not isotropicbecausef the first ordergradientterm, but
to this orderthereis no anisotropiccorrectionto | thatis evenin n. This would appeatin the

next term in the asymptoticseries,of order1/ kf. Thusthe diffusion approximationleadsto
Eddingtonsapproximation

P, = }Evl. (4.38)
3

It is importantto distinguishEddingtons approximationfrom the diffusion approximation.
Thediffusionapproximatioris strongerthatis to say a moresesereapproximation Eddingtons
approximatiorfollows from the diffusionapproximationaswe have seen put the reverseis not
true. In the examplediscussedabove, whereit was notedthat scatteringwith an albedovery
closeto unity resultsin thick boundarylayersin which the radiationfield is stronglyinfluenced
by theboundaryit would befoundthatEddingtons approximatiorwould be valid in mostof the
boundarylayer exceptthe oneor two meandree pathsnext to the boundary Scatteringquickly
producessotropy of theintensity eventhoughthe meanintensitymightbefar from thediffusion
value.

We will leave the diffusionapproximatiomasidefor now andlook at theimplicationsof Ed-
dington’s approximatiorfor the radiationmomentequations We substituteequation(4.38)into
equation(4.28)andfind

10F, ¢

c ot + 3VE,, = —k,F,. (4.39)
Equationg4.27)and(4.39)form aclosedsetfor themomentsE, andF,,, sothesecanbesolved,
possiblyin conjunctionwith the hydrodynamicequations.The radiationequationghemseles
form ahyperbolicsystem.If wedropthe j, andk, termstemporarily(notagoodideain general,
sinceEddingtons approximations basednk, L > 1!) we cangetasingleequationfor E, by
combiningthetime derivative of (4.27)with thedivergenceof (4.39),

9%E, ¢
8t2U - §V2Ev =0. (4.40)
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Thisis thewave equatiorfor awave speedf ¢/+/3. It is thewrongvacuumsolution,of course.
In reality, takingthe j, andk, termsinto accountthec/+/3 wavescannever be obsenedunless
the equationsareappliedto a casefor which Eddingtons approximations notvalid. Beforethe
wave can have propagatedne wavelengthit will have beenabsorbedsincek, x wavelength
shouldbelarge. The dF/dt term senesto keepthe informationpropagatiorboundedno signal
will propagatefasterthanc/+/3. But if this limit is being exercised,the solutionis probably
wrong.

As analternatve to the hyperbolicsystemwe considemodifying the secondnomentequa-
tion (4.39)by discardinghe dF, /dt termto get

ZVE, = —k/F.. (4.42)

By doing this we have lost the finite propagationspeed,and we have also lost the radiation
momentumdensity; whenradiationimparts somemomentumto the matterusingthis picture,
thereis no compensatiorn radiationmomentum,so thereis an error in the total momentum
budget. The radiationequationsare now substantiallysimpler The flux neednot be keptasa
separatevariable,but it canbe eliminatedbetweenequationg4.27) and (4.41), which take the
combinedform

88Et” _v. (%VEU) = 47, — k,CE,. (4.42)
Thisis anequationof parabolictype, lik e the equatiorfor the diffusionof heat.If theabsorption
andemissiontermsaredroppedemporarily thenthetermsthatareleft correspondo aradiation
wave thatspreadsaccordingto x ~ ./ct/(3k,), which is plausible.Evenso, the propagatiorof
radiationfrom a pulseatt = 0 canbefasterthanthe speedf light atearlytime whenk,ct < 1,
andthetransportin reality is not diffusive. This is relatedto the factthatthereis no limit to the
flux givenby equation(4.41). Ad hocmethoddor preventingnumericalcalculationgrom giving
unphysicakesultson this accountwhenthey adoptanequationlik e (4.42) arereferredto asflux
limiting. Thesearediscussedaterin §11.5.For additionalreadingonthemeritsof theEddington
closureof theradiationmomentequationsseeMihalasandMihalas[189] andalsotheliterature
thathasdevelopedon flux limiting (cf., §11.5),especiallyPomranings [208].

4.5 Coupling termsin Euler’sequations

The topic of the coupling of radiationand matterconcernghe source-sinkermsin the conser
vation equations.In this discussionwve generallyfollow Mihalasand Mihalas[189] 8§94, with
somepartsfrom Castor{56]. We have alreadydiscussedhow theright handsideof thetransport
equationthatis, j, —k, 1,, is theenegy gainedby theradiationfield atthe expenseof the matter
perunit volumeperunit time perunit bandwidthandper unit solid angle. This is quite general,
evenwhenthereareanisotropiesDopplershifts, andsoforth. Thereforethe quantitiesg® andg
definedby

g0=/du/ dQ (ju — ko ly) (4.43)
4
and

g= }/dv den(j, — koly) (4.44)
c 54
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arethe correctenegy andmomentumexchangerates. We shouldput the negativesof theseon
theright handsideof the materialtotal enegy andmomentumequations:

] 1 1
—(pe+ =pu?) + V-(puh + = puu?) = —¢°, (4.45)
at 2 2

apu

We have left outthe non-radiatve bodyforce andheatdepositiontermsfor simplicity. Summing
thefrequeng-integratedradiationmomentequationsandthe materialequationgjivesthe overall
conserationlaws

3 1 1
e+ E+ Epuz) + V-(puh + Epuu2 +F) = 0, (4.47)

Il
©

0 F
— <pu + ?> + V.(puu+P) + Vp (4.48)

ot
Here againwe seethat we have to choosebetweenkeepingthe awkward radiationmomentum
densitytermor not having exactmomentunmconsenration.

Oneremarkshouldbe madeaboutthe radiation-matteenegy exchange We often seetreat-
mentsthatuse—V-F for the matterheatingrate. Thatis incorrect,sinceit fails to accountfor
therate of changeof theradiationenegy density In fact,—V-F is a contribution to the rate of
increaseof the densityof matterenegy plusradiationenengy, asshovn by equation(4.47). The
correctmatterheatingratedueto theradiationis —g°. In a steadystateV-F andg® areequal,as
shavn by equationg4.29)and(4.43).
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Chapter 5

Steady-statetransfer

In this chaptermwe will review someof the standardesultsof radiative transport/transfetheory
A large part of the theoreticaldevelopmenthasbeendonefor the steady-stateaseandfor slab
geometry Within theseapproximationghe resultscan be madequite refinedin the senseof
avoiding approximationgo the angledependencef the radiationfield suchasdiffusionor Ed-
dington’s approximation.Theseresultsleadto conceptshatarehelpful in understandingnore
complicatectases.

5.1 Formal solutionin 3-D

Sincethetransportequation(4.23)saysin effectthat

dl

ds
alongtheray path,wherej andk arethelocalin spaceandtime emissvity andabsorptvity, the
solutionis just

S S S
| =lgexp (—/ ds’ k(s’)) +/ ds’ exp (—/ ds” k(s”)) j(sh;: (5.2)
SB SB s

see,for example,Pomraning206]. The notationsv andn have beenomitted here,sincethese
parameterareconstanin this fixed-framepicture. The suffix “B” denotesa point on the spatial
boundaryof theproblem,or apointattheinitial time,wheretheboundaryor initial dataprescribe
Ig. Thevaluesof j andk insidethe integralsover s’ or s” are at the displacedlocationand
retardedtime given, for example,byr’ =r —n(s—s’) andt’ =t — (s — §')/c. Thusamore
notationallycompletebut harderto readversionof the sameformal solutionis

i — Kl (5.1)

I(r,t) = I(r—(s—sg)n,t—(s—sp)/C) x
S
exp (—/ ds'k(r — (s—sHn,t —(s— s’)/c)) +
sB
S S
/ ds’ exp (—/ ds"k(r — (s—9’)n,t — (s— s”)/c)) X
SB s
jor—(s—9)Hn,t —(s—¢s)/c). (5.3)

69
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This form of the transportequationis not too usefulasit standsbut after making the simpli-
fications of time independenceand slab symmetrywe will geta form that lendsitself to the
theoreticaklaborationshatwerepromised.Equation(5.3) asit standscorrespondsvell with the
Monte Carloapproacho radiationtransporthatwill betouchedon later.

5.2 Time-independentslab geometry

We assumeanow thatour problemis in a steadystateandthatthereis translationabymmetryin x
andy, sothez coordinatés theonly non-trivial one. Thisalsoresultsin theproblembeingaxially
symmetricaboutthe z axis. Radiatie transferin this kind of geometry—slalyeometry—hasan
extensive literature,includingthe olderbooksby Chandrasekhd65] andKourganof [150], and
moregeneraktellaratmospheretextslike[186]. Thenotationin theseworksis standardandhas
beenfollowedhere.As aresultof the symmetrytheintensitycandependnly onthecomponent
of n in thez direction. In astrophysicdt is traditionalto includea minussignhere,soa positive
direction cosinewill referto propagationtoward —z. The reasonis that z is thoughtof asa
coordinatemeasuredrom the outsideinward toward the centerof a star but a positive direction
cosineis usedfor theradiationthe externalobsenerviews. Sowe take

Nz=—u, (54)

andusep asourlabelfor angles.

We alsointroducethe optical depthvariablet atthis point. Thereis a powerful justification
for this, whichis thata variety of transferproblemswhich differ from eachotherjustin how the
opacityis distributedin the z coordinatebecomethe sameproblemwhenviewedin r spaceThe
notationalproblemof carryingfactorsof k(z) vanishesAt theendit is very simpleto transform
backto physicalspace. The variablez is reckonedfrom the outsideof the starinward, in the
samesenseasz, but in thedirectionof negative . Thus

z
r=/ dZ k(Z). (5.5)

Theassumptiornereis thatthestar(cloud,. .. ) hasan“outside” beyondwhichthereis vacuum,
andthe zero point of 7 is locatedthere. If the startrails off graduallyto infinite radius, it is
assumedhatthe optical depthintegral corvergesin thatlimit. If thisis not the right picture, if
insteada “wall” of somekind is encounteredn the outside thenthis mustbe accountedor in
the boundarycondition. We mentionagainthat all quantitiesarein factfrequeny dependent,
whichwill notbeshavn explicitly unlessit is necessaryo do so.

In T spacethe equationof transfer,which is whatwe call transportin the steady-statease,
becomes

dl ]
e = I % (5.6)

The mappingto t spaceallows us to largely ignore the spatialvariation of k(z); we male this
completeby introducingthe sourcefunction S definedby

S (5.7)

|-
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Thedisadwantageof having to remembethe meaningof yet anothersymbolis compensatetly
thegreatersimplicity of the equationsbesidesvhichit hasbeenfoundby old handsof radiative
transferthatthe sourcefunctionconcepts actuallyanaid to understanding.

In thermodynamiequilibriumtheradiationfield is in equilibriumwith its sourcesandthere-
foretheright-handsideof equation(5.6) mustbezero.Also in this casetheintensityis thePlanck
function,andthereforethe sourcefunctionbecomeshe Planckfunctionin thermodynami@qui-
librium. Sincej andk arepropertiesof the matter—scatteringaside which we discussext—the
sourcefunctionis the Planckfunctionwheneverthe stateof thematteris the sameasif it actually
werein thermodynamiequilibrium,whethertheintensity | is the Planckfunction or not. This
is the conceptof Local Thermodynamid&quilibriumor LTE.

Scatteringcomplicateghis picture. Theatomicbasisof scatteringwill bediscussedater, but
herewe cansimply saythat a scatteringprocessis onein which a photonthatis removed by
theinteractionis returnedto the radiationfield instantlyinsteadof causingan excitation of the
atoms.Theemissvity dueto this processlependslirectly ontheactualradiationfield ratherthan
onthestateof the matter andthereforethe correspondingourcefunctionneednot bethe Planck
functionevenwhenthe matteris in LTE.

Theemissvity dueto scatteringcanoftenbetreatedasisotropic,andfor purescatteringevery
photonremovedfrom theradiationfield by a scatteringorocesscomeshackat someotherangle.
The consequencef thesetwo conditionsis thatthe scatteringsourcefunctionis givenby

1
S=}/ dul ()= 3= SE. (5.8)
2/

47

Onecommenthatmustbe madehereconcernghefrequenciesEnegy is conseredoverall
in ascatteringorocessandwe areconsideringorocessethatleave thescatterefelectronor atom)
in the samestateafter the eventasbefore. The only way thatenegy canbe lost by the photon
(or concevably gained)is in the recoil kinetic enegy of the scattererThis effectis exceedingly
smallexceptfor x-raysandgamma-ray$eingscatteredy electronsandfor Ramanscattering.
For electronscatteringprocesses the IR, opticalandUV it is avery goodassumptiorthatthere
is no frequeng changein the scattering. That meansthat the monochromaticsourcefunction
in equation(5.8) dependson I, J or E at exactly the samefrequeng. The relaxationof this
assumptiorfor Comptonscatteringof x-raysby electronswill be discussedbelow.

Whenthe absorptvity and emissvity include both scatteringprocessesind what is called
“true” absorptionj.e., everythingthatis not scatteringthenthe emissvity in the LTE casecan
beexpresseds

j = kS=kaB + keJ, (5.9)

wherekj is the absorptvity for “true” absorptionandks is the absorptvity for scattering.Thus
thetotal sourcefunctionis
ka ks ka
S= B+ J= B
Ka + ks Ka + ks Ka + ks
Theratioks/(ka +ks) mightbecalledthesingle-scatteringlbedq althoughsometimeshatterm

is reseredfor thingslik e scatteringof light by dirty waterdroplets.|If we denotethe albedoby
@ thenwe canwrite

+ ks }/ld I (1) (5.10)
ka + ks 2 ,1“ - '

1
S=(1-w)B+ %/ldu | (). (5.11)
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Theformalintegral (5.3) turnsinto thefollowing form with our simplifiedgeometry:

lg exp(r/w) + [ 45 exp((c —t)/wWS(t) 1 <0

29 exp((z — ') /) S(T') pn>0"

T u

(5.12)

If thesourcefunctionis alreadyknown, e.qg., it is the Planckfunction,thejob is doneatthis point.
Otherwise asfor instancen thecasethat Sis givenby arelationlike (5.11),we proceedurther.
SinceS dependsn suchcaseon B, whichis known, andon J, whichis unknavn, we will want
theexpressiorfor J thatcanbe derivedfrom equation(5.12),andwhile we areatit, we will get
the flux and pressurenomentsaswell. The integralsover i of the exponentialfunctionslike
exp(—x/u) aredefinedin termsof the specialfunctionscalled exponentialintegral functions.
Thegenericexponentialintegral functionis En(x) definedby

00 g=Xy
En(X) = dy. 5.13
2(X) /1 - dy (5.13)

The propertiesof the exponential-intgral functionsare describedat lengthin Abramowitz and
Steggun[1]. Anotherform thatis usefulhereis

1
En(x) = / t"2e X/t dt. (5.14)
0

Thesefunctionsobeystherecursiorrelations
En() = —En_1(X), (5.15)

and

1
En(X) = — (e™ = xEn_1(X)) . (5.16)

It is sometimesisefulto know thatthe Ej, functionsarerelatedto theincompletegammafunction.
Formingthe momentof | (1) givenby equation(5.12)leadsto

J(r) = ¢k _ }Ez(r)ls + }f de’ E1(|7' — t))S(t), (5.17)
47 2 2 Jo

F 1 1 0 I i i s

HO = — = —TEm)lp + —/ dr’ sgrr’ — 1) (e’ — T)S(T), (5.18)
A 2 2 Jo
and

K(r) = P _ }E4(r)ls + }/ dr’ Ez(j7" — 1)) S(r"), (5.19)

47 2 2 Jo

which alsoidentically obey the momentequations

H
d— =J-S (5.20)
dr
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and

dK
dr
All thefunctionsE,(x) behae atlarge x asexp(—x)/x. Thereforewhenrt is significantly
largerthanl, sayt > 4, theboundarytermsin J, H andK arenegligible, andthe lower limits
of theintegralsin equationg5.17)—(5.19)canbe extendedto —oo without affectingthe answer
Thusit is asif the mediumwereinfinitely extended.Thesearethe hallmarksof the interior part
of theproblem.If Sis slowly varyingthere,asit shouldbe,thentheintegralsin the expressions

for J andK canbe approximatedy taking S outsidethe integral andevaluatingit at . Since
also

H. (5.21)

o 2
f En(IXDdx = —, (5.22)
0 n
theconclusionis thatK ~ J/3, which is Eddingtons approximation.In otherwords,the radia-
tion becomessotropiconcer > 1.

Anotherinsightinto the behavior of the transferequationis obtainedby taking S out of the
integralin equation(5.17) whetherr is large or not. Theresultingrelation

1 1o ,
I A —Ez(r>|B+S—/ Ex(|7’ — ¢y de
> 2 Jo

= %Ez(‘[)lg + (11— %Ez(‘[))s (5.23)

is calledthe escape-pobability approximation.The expression

Pesc= %Ez(f) (5.24)
is called the escapeprobability, or the two-sidedsingle-flight escapeprobability, to be more
precise We canregardthis asthe averageof the one-sidedscapgrobabilitygoingtowardlarger
7, namelyzero, andthe one-sidedescapeprobability going toward smallerz, which is Ex(7).
The E; functiongoesbetweerthelimits of 1 and0 ast goesfrom 0 to oo, soit is reasonabléo
think of it asa probability. We will returnto escaperobabilitiesin §6.8and811.8.

5.3 Milne’ sequation

Someof the standardoroblemsin radiative transfertheoryinvolve solving for J in the caseof
a semi-infiniteatmospherevith no externally-incidentradiation,whenthereis a relationof the
kind in equation(5.11) betweenS and J. Thuslg = 0 andthereis a vacuumboundaryat
7 = 0 but the problemextendsto infinity is the positive t direction. The simplestof theseis the
homogeneouMlilne problem

S=J]= %_/00 S(z))Ei(|t' — 7)) dr. (5.25)
0

This arisesin consenative scatteringj.e., whenthereis no absorptiomat all. It alsois a model
for an atmospherén radiative enegy balance for which the absorptionand emissionratesare
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just equal,with a frequeng-independen(gray) opacity that permitsintegrating all the radia-
tion quantitiesover frequeng. This problemis describecdat lengthby Chandrasekhd65] and
Kourganof [150], andthe latter referencegivesthe exact solution obtainedusing the Wiener
Hopf method.

Sometimesve needa notationfor thekernelin equation(5.25),andfor thiswe useK1(7):

1
Ki(®) = 3Ea(lz). (5.26)
In aninfinite mediumproblemthelower limit of integrationin equation(5.25)would be —oo not
0, andthenwe seethat the equationwould have a displacemenkernel,i.e., be of corvolution

type. We would wantto know the Fouriertransformof the kernel. We canreadily calculatethat
from the definition of the E; function,asfollows:

K1(k)

00 1
}/ dr eXP(—ikr)/ Y eep(—r1/u)
2J) o u

o[ G)]]

1 du tan 1k
= /01+k2u2= — (5.27)

Equation(5.25)is a Fredholmequationof the secondckind on a half-spaceThis s thekind
of equatiorfor whichthe WienerHopf methodwasdesignedandthe solutionhasbeenobtained
in termsof definiteintegrals.SinceJ = S, equation(5.20)saysthatthetotal flux H is constant,
in which caseequation(5.21)canbeintegratedto give

K = H(r + constant (5.28)

The Eddingtonapproximationshouldbecomeaccurateat large ¢, so the solutionfor J canbe
written

J=3H(t +q(1)), (5.29)

whereq(t), calledthe Hopf function,tendsto aconstanttlarget.
Theconstanwalueof theflux F = 47 H definegheeffectivetemperaturef astaraccording
to

F =0T (5.30)

Furthermorethe frequeng-integratedmeanintensity J andthe sourcefunction S are both the
samejn thegrayatmospher@roblem?! asthefrequeng-integratedPlanckfunction B, whichis

B=2T4 (5.31)
T

Thereforeequation(5.29)givesthetemperaturelistribution in thegrayatmosphere

T4 = ngﬁ(r +q(1)). (5.32)

lWhenthe opacityis gray, i.e., independenbf frequeny, the radiatize equilibrium conditionbecomes) = B, and
thereforeS = B in thatcase.
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TheHopf functionis the mainresultof Milne’s problem.As we see,in Eddingtons approxi-
mationit is replacedy aconstantThevalueof the constants derivedfrom therelationimposed
att = 0, of thekind

HO _ 1 _ forl @ wdp _
JO 390 10, wdu

(5.33)

Differentestimatesf (1) have beenproposedeachwith its correspondingalueof q(z). If |
is approximatelyconstanton the range[0, 1] then (i) turnsout to be 1/2, and so the constant
valueof q(z) shouldbe2/3. A quadraturdor theintegralsbasedn 2-pointGaussiamuadrature
(abscissaat+1/+/3) leadsto (1) = 1/+/3andtoq(zr) = 1/+/3. Neitherestimateof q(z) is per
fect. Theexactfunctionis shovnin Figure5.1. Thevalueof q(t) for t — 00is0.71044609...
As it happensthe exactvalueof q(0) is 1/+/3 = 0.57735..., but the estimateq(z) = 2/3 is
closerto the exactsolutionin the average.The exactfunctionis very nearlyconstanfor t > 4
asexpectedbasedon the earlierdiscussion.In fact,q(z) is within 1% of g for ¢ > 1.3, and
within 0.1%o0f g, for ¢ > 3.

5.4 Eddington factor

The ratio of the zz componenibf the radiationpressureo the enegy density i.e., of K to J,
definesthe Eddingtonfactor:

f=-2=2, (5.34)

It is avariable,notaconstantunlessthe Eddingtonapproximations beingmade,in which case
it hasthevalue1/3. If the Eddingtonfactoris somehav alreadyknown, thenthe systemof the
first two momentequationss closed just asin the Eddingtonapproximation.Furthermoreijf f
is known thenprobablythe meancosine fy = () in equation(5.33)is alsoknown. This allows
usto write down theanswerto the Milne problemimmediately:

fJ:HG+f@). (5.35)

fH

This s theideabehindVariable-Eddington-&ctorapproximatiormethods aboutwhich we will
saymorelater For the Milne problemthereis a simplerelationbetweenthe Eddingtonfactor
andthe Hopf function,whichis

T+qoo

3f(r) = 100

(5.36)

Thisresultfor f basedontheexactHopf functionis alsoshovnin Figure5.1.

5.5 Milne’ ssecondequation—thermalization

The next standardoroblemis the inhomogeneousersionof thefirst. The modelin this caseis
thatthereis a specifiedPlanckfunction, that may dependon positionin the atmosphereanda
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scatteringalbedothatis smallerthanunity, w < 1. Theobjectve is to solve for Sin this case.
Theintegral equationis

o
S(t) = (1 - @)B(z) + %/0 Ei(|7" — 7)) S(z"), (5.37)
a Fredholmequationof thefirst kind. The solutionin termsof integralshasbeenderived using
anotherapplicationof the WienerHopf method,andalso,by Soboler [241], using“elementary”
methods,which is to say without using analytic function theory The generalsolutionis too
complicatedo derive here.lt is givenin theform of integralsfor theresohentfunction R(z, t’)

in termsof which the solutionto equation(5.37)is

S(t)=(1-@)B@)+ @ /OO R(z, ) B(7)). (5.38)
0

The secondMilne equationandthe theory of the resohent are discussedat lengthin Sobole,
andvery similar materialpertainingto spectralline transportis foundin Ivanos's book [133].
The WienerHopf theoryis basedon the factorizationof a function T (z) relatedto the Fourier
transformof thekernel:

T@=1-woKi(i/2)=1—wzcoth 1z, (5.39)

wherethe last equality comesfrom equation(5.27). The non-trivial partis to factor T (z) into
partsthatareanalyticandnon-vanishingin theleft andright half-planes,

1

" HaHey

(5.40)

wherethe H-function,introducedby Chandrasekhéris analyticandnon-vanishingin %z > 0.
Finding H(z) canbe doneformally, by applying Cauchys integral formula to log(T (z)), or
computationallyusing the methodof discreteordinatesor a numericalinversionof anintegral
equationsatisfiedby H. The resultfor the resohent function is givenin termsof its double
Laplacetransform,.e., transformedvith respecto botht andz’:

Bip.q) = 1-o H1/p)H(1/9) 1‘ (5.41)
2 p+dq
Theintegralformulasby which R(z, r’) canbeobtainedrom its doubletransformaredeveloped
in theradiative transfediterature,e.g., thebooksby Soboles andlvanov.

The physicalinterpretationof equation(5.38) is the following. The first termin Sis the
contribution from thelocal source thatis, the photonsemittedfor thefirst time at this location.
Thesecondermis theintensityat the locationt of the photonsfirst emittedat anotherocation
7’ by the primary source which thentravel from ¢’ to = in ary numberof flights with scattering
eventsbetweensuccessie flights. Now imaginewe time-reversethis picture. A collection of
photonsat z will containsomethataredestroyedonthespotby absorptionandothersthattravel
from 7 to 7’ in any numberof flights beforebeingdestroyedatthatlocation. Thisfinal destruction
of a photonafter perhapsa large numberof scatteringds the processcalled thermalizationof
the radiation. The meaningof R(z, t’) is thereforethe conditional probability distribution of

2alsoattributedto V. A. Ambartsumian
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thermalizationpositionst’ given that a photonoriginatesat z. It is not too hardto show that
R(z, ") = R(7’, 7), andthereforeR is alsothe conditionalprobability of thermalizatiorat = for
photonscreatedat z’.

Whenthealbedais small, Ris nearlythesameasE; (|t —1|)/2, in otherwords,it is sharply
pealedatt’ = . Asthealbedoapproache4 thedistribution become$roadermandbroader The
typical extentof Rin |t’ — 7| is referredto asthe thermalizationlength andit tendsto infinity
asw — 1.

This progressiorin R asthe albedoapproachesinity is easiesto illustratefor the infinite
medium,for which all theintegralsaretakenover therange—oo to co. Theintegral equationis
thena corvolution integral andits solutionis easilyfound usingFourier transformstheinverse
transformto obtain R(z” — t) canbe doneby the methodof residues.Figure 5.2 shavs how
R progressessthe albedois raisedfrom zeroto 0.9999. Whene = 1 — w is smalltheentire
contritutionto R comesfrom asinglepolein R(k). This poleis locatedatk = i« wherekyg is
theroot of

—1
tanh™ kg _ i (5.42)
KO0 w
whichalsomeanghatz = 1/«g is azeroof T (z). This rootappearsn variousguisesin asymp-
totic diffusiontheory For smalle therootis approximately

ko ~ v/ 3e. (5.43)

This is identicalto whatwould be obtainedusingthe Eddingtonapproximationandin factthe
whole solution R(z) tendsto the Eddingtonapproximationresultwhene is small. In the half-
spacecaseonly thelong-rangepartof R is well approximatedy Eddington,andtheshort-range
partshavs someeffectsof angle-dependemtansfer

Thehalf-width of R(z) atthe1/e point,in thesmalle casejs just

1
L N (5.44)
andthisis asgooda definition of the thermalizatiorlengthasary. This expressiorhasa simple
interpretation. Sincee is the probability thata photonwill be absorbedn ary single material
interaction,thenthe meannumberof timesit will survive scatteringis 1/e¢ — 1, andthe mean
numberof total flights is 1/e. Thermsdisplacemenin 7 perflight is 1/+/3. Thusin arandom
walk with 1/¢ stepsthe netdisplacemenin = will be1/+/3e.

In summarytheresultsfor theinhomogeneoulilne problemarethefollowing. Thesolution
for the sourcefunctiondependsothlocally andnon-locallyon the primary sourcewhichiis the
Planckfunctionin this case.Thenon-localtermis expressedy aresolhentfunction. Whenthe
albedois closeto unity the resohentincludesthe effect of a large numberof scatteringsand
thetypical extentof theresohentin optical depthspaces whatyou would expectfor a random
walk with a large numberof steps. This extent variesin proportionto 1/./¢, wheree is the
destructiorprobability perscattering1— thescatteringalbedo.ln alargebut finite volumefilled
with scattererandwith a smoothlydistributed primary sourceof photons,the sourcefunction
andthe meanintensitywill be depressedrom the local equilibrium valuefor all pointsthatare
within athermalizatiordepthof theboundary This maybe quiteathick layer. But exceptwithin
oneor two meanfree pathsof theboundarytheradiationwill benearlyisotropic,albeitperturbed
in magnitudeowing to the presencef theboundary

Fig. 5.2
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5.6 The Feautrier or even-parity equation

A simple manipulationof the equationof transferin slabgeometryturnsout to be very useful
in numericalsolutionmethods.This is to definethe evenandodd combinationsof the intensity
I () andl (—uw). For0 < n < 1thosetwo variablesarereplacedyy the combinations

. 1 1
Jw) =) + 1 (=), h(n) = ) =1 (=w). (5.45)

Theusagej for theeven-paritycombinationshouldnot be confusedwith the emissvity function
jv; the notationhereis meantto suggesthat j (1) is like anangle-dependent andh(u) is like
anangle-dependert . In fact,they arerelatedin this way

1 1
J =/O duj(n), H =/0 duh(u). (5.46)

We now introducethe importantassumptiorthatthe absorptioncoeficient andthe sourcefunc-

tion areisotropic. Taking the even and odd combinationsof equation(5.6) for +u, giventhis
assumptionleadsto thefollowing:

dh dj

Har = Far =

Now it is obviousthath caneasilybe eliminatedto producethis second-ordeequation:

j=S, h. (5.47)

28 _
dr?
Equation(5.48)is theheartof Feautriers method[87]. Sometimeshisis calledthesecond-order

form of the transferequationwhile equation(5.6) is calledthefirst-orderform. The greatvirtue
of this equationis thatit lendsitself to this simpleandaccuratdinite-differenceform:

j—S. (5.48)

2 Ji—1k — 2Jik + Ji+1k
:u’k A 2 =
T

jik—S. (5.49)

for a uniformly-spacegrid in z, in whichi is the index of ¢ points,andk is the index for u
values,which all lie in therangeO — 1. Thereis a simple extensionof this to non-equally-
spacedr values.This discretizations second-ordeaccurateandthe solution j; k is guaranteed
to bepositivefor all i andk if thesourcefunctionvaluesS areall positive. As it turnsout, these
two propertiesaredifficult to obtainsimultaneouslyvith finite-differenceformsof thefirst-order
equation(5.6). Thelargemajority of thework in astrophysicaladiatve transferfor slabgeometry
since1964 hasusedFeautriers equation(5.48). Many of the exceptionshave beenwhenfluid
motion effects are included, which causethe absorptioncoeficient to dependon direction, or
with non-isotropicscatteringor angle-dependeritequeng redistritutionin lines, for which the
sourcefunctionis angle-dependent.

5.7 Eddington-Barbier relation

We now addresghe question,Whatintensitydoesan externalobsener seewhenhe looks into
anatmospheravith a certaintemperaturalistribution? The rigorousresultrequiressolving the



5.7. EDDINGTON-BARBIER RELATION 79

generalMilne equationfor the sourcefunction, thendoing an additionalintegrationto getthe

emegentintensity But a useful semi-quantitatie formula canbe found by supposinghatthe

Planckfunctionvariesslowly with opticaldepth,andthatis theonein thetitle of this section.
We considerthe casewithout scatterindirst. Theemepentintensityis

> d
10, ) = fo = exp(—t/1)B(r) (5.50)

Now supposeave adoptalinearapproximatiorfor B(z), namely
B(r) ~ a+ br. (5.51)
Thenit is easyto seethat
I (0, u) ~a+bu=B(u. (5.52)

Theintensityseenby the observeris the Pland functiononemeanfreepathinto theatmosphes
as measued alongtheray. This is the basicform of the Eddington-Barbierelation. Another
relationgivesthe valueof thetotal flux leaving the atmospheret the surface,which we getby
multiplying theintensityby 2 u andintegratingover w:

F(O)%n(a—%gb) :nB<E>, (5.53)
3 3

in otherwords,theflux is = timesthe Planckfunction2/3 meanfreepathinto theatmosphereNot
coincidentally the value of the temperatureat optical depth2/3 is just the effective temperature,
if therelation(5.32)is usedandq(z) ~ 2/3.

The Eddington-Barbierrelationis dueto Barbier[25], and a good discussionis given by
Kourganof [150], §18. Thesetwo relationsarefoundto be very usefulin understandingjuali-
tatively whatthe spectrunshouldlook lik e for atmospherewith complicatedemperaturestruc-
ture,like the sun,whenthe opacityis very differentat differentfrequencies.

When scatteringis includedthe resultsare more complicated. The Planckfunction should
bereplacedy thesourcefunction S(t) in equation(5.50),from which we seethatthe emegent
intensityapartfrom afactor u is the Laplacetransformof the sourcefunctionat p = 1/u. We
cangetthis for the casethatthe Planckfunctionis givenby (5.51)from the doubletransformof
theresohent,equation(5.41),by a suitablelimiting procedurey — 0. Whatwe getis

1(0,1) = eH(u) [a+b<u+ ﬁalﬂ

= JeH(u)B <u + 12—\/5(11) . (5.54)

HereH (n) is the Chandrasekhat -functionintroducedearlier whichdepend®ne = 1— @ in
additionto u, andey is its first moment:

1
o = /O dut uH (). (5.55)

Thefunction H () is identically 1 whenthereis no scatteringe = 1, andin thatcasewe see
thatequation(5.54) reducego equation(5.52). The scattering-dominatedase with analbedo
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thatapproaches soe is small,is moreinteresting.The H functiontendsto alimit, thefunction
for conserative scatteringwhich is roughly equalto 1 + /3. Theexactvalueof «; for this
limiting H functionis 2/+/3. We seethat the emegentintensity dependsn this limit on the
Planckfunction at a large value of 7, which is approximatelythe thermalizationdepth1/+/3¢
sincetheaddederm i is negligible. Thusfor ¢ — 0 theemepentintensityis

1
1 (0, w) ~ +/eH (B <—> . 5.56
Ne (5.56)
We alsonotethatthe emepgentintensityis a lot smallerthanthe Planckfunctionat the thermal-
izationdepth.We canalsoobtainan expressiorfor the emegentflux by doingtheintegral over
27 ndu asbefore.We notethattheintegral of H becomesyy, for which we substitute2/+/3. We

find
F(0) ~ 471\/EB <i) (5.57)
3 =) )

Thereis a cartoon-leel way of understandingquation(5.56),whichis thefollowing. While
in reality the primary sourceterm € B actsthroughoutthe whole problem,includingin the ther
malizationlayer, the cartoonversionis to supposehatin the whole of this layer, down to the
thermalizationdepth,thereis only consenrative scatteringbut from the thermalizatiordepthon
down theradiationfield is thermalizedi.e., exactly Planckian.Thentheintensitythatemegesat
thesurfaceis of radiationthatwasradiatedoutwardat thethermalizatiordepth,andwhichthere-
fore would be Planckian but which alsosurvived multiple scatteringn the layer betweerthere
andthe surface—whichthereforewasdiffusely transmittedby that scatteringayer. For a thick
scatteringayer we know that the fraction of radiationthatis reflectedis almost100% andthe
transmittedractionis small,of orderthereciprocalof the opticaldepth.For our problemthe op-
tical thicknessof the layeris thethermalizatiordepth,~ 1/+/3¢, andsothediffusetransmission
fractionis abouty/3e. Exceptfor the numericalfactors this givesequation(5.56).



Chapter 6

The comoving-framepicture

Thereis just onegoodreasorfor viewing the radiationfield in the comoving frameof thefluid,
anddevelopingequationsdasedon this picture,andit is animportantone. It is thatowing to the
Dopplerandaberratioreffectsit is only in thecomoving framethattheemissvity andabsorptvity
have thevaluesspecifiedoy atomicphysics.Whenthe photorecombinatioprocessesultsin the
emissionof photons,only in the comaving framewill this emissionbe isotropic. Only in the
comoving framedoesthe photoionizatioredgeappeatin the absorptvity atthe samefrequeny
for everyangle andis thatfrequeng theonein thetablesof atomicabsorptiorenegies.Isotropic
emissionand absorptionin the comoving frame meansthat the equilibrium intensity equation
(4.33),will beisotropic,andthatthereforethe flux will vanish. As mentionedbefore,the flux
F in the fixed frame doesnot vanishno matterhow opaquethe mediummay be. The plan
of this chapteris to presentthe transformatiorrelationsfor the variousradiationquantitiesfor
going from the comaoving frameto the fixed frame (or vice-versa),andto follow throughsome
of theimplicationsof theserelations.The developmentwill becarriedout only to orderu/c, not
becausehe relatvistic treatmentis especiallyhard, but becauseve have no usefor this when
we areusingNewtonianmechanicdor the fluid equations.We notethatall the compleities of
comoving-frametransporiarisefrom the spaceandtime variationof thefluid velocity. Indeed.if
thevelocityis a uniform constanthenthe comoving frameis aninertial frameandall the earlier
simplerelationsapplyin it, justasin ary otherinertial frame.

Thismaterialis admittedlycomplicated Thereadeiis encouragetb find theotherreferences,
includingthekey paperof L. H. Thomag248] andthereportby Frasef91]. Thistopicis Chapter
7 in MihalasandMihalas[189], andthe presentdiscussioralsodrans on Castor56].

6.1 The Doppler and aberration transformations

We have to dip into the regime of relatiistic kinematicsfor a little while. We will talk about
the positionfour-vector (x*) = (t,r). The Greekindex u runsfrom 0 to 3, with the 0 value
designatinghe time componentind 1, 2 and 3 designatinghe spacecomponentslf a particle
movesfrom (t, r) to (t + dt, r + dr) in the (relative) time dt, thenthe amountof propertime
elapsedn its own frameis ds givenby

dr?

2 _ 2
ds” = dt® - —-. (6.1)

81
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Theparticle’s four-velocity is
dt
(dx*/ds) = £(1, V) =(y,yV), (6.2)

wherey = 1/,/1 — v2/c2 (notto beconfusedwith theratio of specificheats) Its four-momentum
is

" dx#

(p") = md— = (my, myv). (6.3)
S

We will usem only for the restmasse®f particles.Thetime componentf thefour-momentum

is E/c?, whereE is therelativistic enegy of the particle. For photonswhosespeeds c, v is cn,

but y tendsto infinity. However the restmassalsovanishesandmy tendsto afinite limit such

thatE is hv, i.e., my = hv/c2. Thusthe photonfour-momenturris

h
(p") = c_:(l’ nc). (6.4)

Now the Lorentz transformation. We want the transformatiorfrom one setof coordinates
(xfg)) = (to, ro) to the(t, r) setsuchthata pointwith afixedrg is moving with thevelocityu in
the(t, r) coordinatesWe quotetheresult:

Xt = AX, (6.5)

(usingthe summatiorcorvention)where(AY) is the4 x 4 matrix givenby

Hy Yu ]/uUT/Cz
M= ()/uU |+ (u — 1)uuT/u2> : (6.6)

The velocity u is representedy a columnvectorhere,andits transposés the row vectoru” .
Thescalary, is 1/4/1 — u2/c2. The 3 x 3 matrix in the lower right corneris arrangedo leave
unchangedh vector it multiplies thatis perpendiculato u, andto multiply by y, onethatis
parallelto u.

Theverypointof theLorentztransformations to leave the propertime elementds unchanged
in the transformation so the transformatiorrelation for a four-velocity is the sameas for the
coordinates,

dx* _ A”’ dXéLO)

— = A —. 6.7

ds * ds (6.7)
Thereforethe sameis truefor the four-momentum:

P = AP (6.8)

Now we canapplythis to photonsandgetthe Dopplerandaberratiorrelations

_ N - u

v o= voyu<1+—c ) (6.9)

N — U/CHNE + (ra = DN - wu/u? (6.10)

yu(l+n() -u/c)
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For smallvaluesof therelative velocity u of thetwo framestheserelationssimplify considerably
In that casewe can neglect all the u?/c? terms, which meansthat y, can be replacedby 1.
Therefore

_ N - U
Vo= V0 (1+ e ) (6.11)
M. (6.12)
1+nq-u/c

Theserelationswill beadequatdor most(all?) of the subsequendiscussion.

6.2 Transforming I, k, j

Phase-spacégensityfunctionsfor relativistic gasegequirea little moreof our relatvistic kine-
matics. The reasoris thatthe momentumspacevolumeelementd3p is nota Lorentzinvariant.
Therearegooddiscussion®f thisin Synge[247], andin MihalasandMihalas. We will givethe
quick versionhere. All of the possiblefour-momentunmvaluesp# thatareallowed for a given
kind of particledo notfill up space-timesincethey mustall be consistenwith the valueof the
propermassandtherefore

(p%)? — p?/c? = m*. (6.13)
Thusthe allowed four-momentumvaluesform a hypersurface(massshell) in space-time.An
infinitesimal piece of the massshell is an oriented3-volumein spacetime, just asa patchon
an ordinary surfacein spaceis an oriented2-dimensionaklement. Orientedmeansthat it is
associatedvith a particularvectorperpendiculato it, namelythe surfacenormalat that point.
The oriented3-volumeelementfor aninfinitesimalpieceof the massshellis a goodfour-vector
thatpointsalongthe hypersurfacenormalfor the massshellatthemomentunvaluein question.
Whatdirectionis that? The answeiis thatit is along p* itself. Thereasons that p* is afour-
vectorof constaniength,asindicatedby (6.13), andthereforethe allowed displacements p#
consistenwith stayingon the massshellareperpendiculato p* (in the senseof the Minkowski
metric). The surfacenormalis the onevectorperpendiculato all the allowed displacementn
thesurface thereforeit is along p~.

Thusthe oriented3-volume elementfor the massshell is one good four-vector and p“ is
anothemgoodfour-vector andwe now know thatthey areparallel. Theconstantf proportionality
betweerthemis thereforea Lorentzinvariant,andthisis theinvariantmassshellvolumeelement.
In a particularframe, the time-like componenbf the oriented3-volumeis justd3p if we choose
to use pt, p? and p2 asthe coordinate®n the hypersurfice. Sincethe time-like componenbf
p* is proportionalto therelativistic enegy E, this combinationis a Lorentzinvariant:

d3p
= (6.14)
For photonsthe momentum-spaceolumeelementis proportionalto v2dvd (cf., [4.4]), andE
is proportionalto v, sotheinvariantvolumeelements vdvd<.

What aboutthe ordinary spatialvolume elementd®r? This is not Lorentzinvarianteither
In a particularcoordinateframe, 3-spaces a slice throughspace-timeat a constantvalueof the
appropriatdime variable;it is anotherhypersurfce.The hypersurcenormalis in the direction
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of the four-velocity correspondingo the velocity of thatframe. Lets call thatfour-velocity U#.
In this oneframeU* hasthe componentg1, 0, 0, 0). We concludethat the oriented3-volume
elementfor this time sliceis d3rU*. We next make useof the fact that dot productsof four-
vectorsare Lorentzinvariant. Since p* is onefour vectorandd®rU*# is anothey we conclude
that Ed®r is invariant. Here E is the enegy of oneparticularphotonin the framefor which dr
is the correct3-spacevolumeelement.

Notice thatwe have to divide the momentunmspacevolumeelementy E to getaninvariant
andwe have to multiply the coordinatevolumeelementy E to getaninvariant. Thatmeanghat
the phasespacevolumeelementd®rd3p is aninvariantby itself. We recall from the discussion
above thatthe phasespacedensityof photonss

by (6.15)
h4v3/c2” '
If we changethe units hereto measureghe numberpervolumeh? in phasespace anddivide by
two to find the averagenumberpermodeof polarizationwe get

ly
=—a 6.16
" 2hv3/c? (6.16)
for the Lorentz-irvariantintensity. This is exactly the quantity referredto asthe numberof
photonsper mode. This is the centralquantityin the generalcovariantformulationof radiation
transportby Lindquist[173]. Sinced, is invariant,the rule for transformingthe intensitywhen
goingbetweerdifferentframesis just
b \3
l, = (—) 1@, (6.17)
Vo

We cangettherulesfor transformingthe absorptvity andemissvity by consideringwo time
slicesseparatetby dt, with matching3-volumesd®r oneachjn additionto amomentumvolume
d3p. Thenumberof photonsaddedto d3r duringdt thatlie in d®p is equalto

iv 3 Jv 3 3
AN = — Q= . .
N hvd rdtdvd h4v3/c3d rdtd°p (6.18)

Theproductd®rdt by itself is thefour-volumeelementandit is invariant. Thusd®rdtd3p is not
invariant,but d3rdtd3p/ E is, in view of the earlierresult. Sowe rearrang€6.18)as

jv  dirdtd3p

AN = 6.19

h3v2/c3  hv (6.19)
andsinceA N shouldbeinvariant,we concludethat
Civ

is Lorentzinvariant. The samereasoningppliesto k, 1, therefore

h
a, = Eukv (6.21)
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is invariant. (The constanfactorsincludedin thesedefinitionsarefor the purposeof makingeq.
[6.24] below consistentvith our prior notation.) This givesthetransformationrelations

2
(1) j© (6.22)
Vo

k = kO, (6.23)
Vv

Jv

More discussiorof the covariantabsorptiorandemissionis foundin Linquist[173].
As afinal noteto the businessof Lorentztransformation®f the intensity we quotethe co-
variantform of thetransportequatiorfor Cartesiarcoordinatesystemgcf., Lindquist[173)):

pulv,u =€y — avdy. (6.24)

Thecommasubscriphereindicatethatthefollowing subscriptslenotethe coordinatesy which
this quantityis differentiated. Thus f , meansaf/dx*. Puttingin the appropriatgpowersof v
shavsthatthisis identicalto the onewe usuallyuse,equation(4.23).

6.3 Transforming E, FandP

Themomentf theradiationfield integratedoverfrequeny have anaturalphysicalinterpretation
asthe partsof the stress-engy tensor.Thetensoris definedby

d3
The = f?p P P, (6.25)
This is a good contravariant second-rankensorsinceit is built from the productof two con-

travariantfour-vectorsmultiplied by scalars We evaluatethe integral usingtherelationswe just
derivedandfind, afterdiscardingsomeirrelevantfactorsof h andc,

2 1, v2dvdQ
(THy = C/Aﬂ<nlc) (1 nTo) (E) EU : (6.26)
_ 1/c nT
- /dvA”dQIV<n nnTc) (6.27)
T
(E cF2P)' (6.28)

Thusthetime-timepartof T*# is the enegy density,the time-spacepartis the flux vector,and
thespace-spacpartis the pressurdensorapartfrom factorsof c for unit corversion.

We arefamiliarwith stress-engy tensordik e thisin otherfields. Theelectromagnetistress-
enepy tensoris of this kind (cf., Panofsky and Philips [201]). Its time-time partis the electro-
magneticenegy density

1
— (82 + 3?), (6.29)
8n
the space-timgpartis the Poynting vector, andthe space-spacpartis the Maxwell stressensor.

As amatterof fact,theradiationstress-engy tensoris the electromagnetistress-engy tensor
aftercoarse-graining.
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Since T** is a good tensor we canusethe Lorentz transformationmatrix A to obtain its
components$n the fixed framefrom thosein the comaoving frame. Therule is to multiply the T
matrix by onefactorof A from theleft andby onefactorof A from theright. We carrythis out
for thesmallu caseanddiscardtermsof orderu?/c? andhigher Theresultis

<E FT)_< Eo+ % - Fo (Fo—l—qu—l—u~Po)T>

6.30
F c°P Fo+UEo+u-Po ¢?Po+ Fou' +uFj (6.30)

The transformatiorrelationfor the flux is the onethat was usedearlierin discussinghe total
enegy equatiorfor matterandradiation.

The quantitiesckE, F andcP are potentiallyall the sameorder of magnitude. In diffusion
regionsthe flux will be smallerthanthe othertwo, however. Sothe velocity correctionsto the
momentsareformally orderof u/c, butin adiffusionregiontherelatve magnitudeof thecorrec-
tion to the flux may be muchlargerthanthat, while therelative correctiongo the enegy density
andpressurareevensmallerthanu/c. In otherwords,thecorrectionto theflux is theimportant
oneto keepin mind.

The next interestingthing that we cando with the stress-en@y tensoris to form its diver-
gence,

TS =g (6.31)

The four-vectorg# is madeup of the enegy andmomentunsourceratesfor theradiationfield.
We canfind an expressionfor g* by multiplying the invarianttransportequation(6.24) by p*
andthenintegratingwith d3p/E. This leadsto

(Ti“)=f/ (1)(J‘u—kulu)dvd9, (6.32)
’ 4 nc
andtherefore
902// (jv — kv 1,)dvdQ (6.33)
4
and
9=(g‘)=// nc(jy — kyly)dvd€2, (6.34)
A

exactly asgivenearlier in equationg4.43)and(4.44). Writing outthe component®f thetensor
divergencein the fixed frame and substitutingtheseresultsfor g# into equation(6.31) recov-
ers equations(4.27) and (4.28) discussedearlier Whatis new is the realizationthat g* is a
four-vector, and that thereforeit can be evaluatedby going to the comoving frame wherethe
atomic propertiesare known, and then transformingbackto the fixed frame; seeMihalasand
Mihalas[189], §91. The Lorentztransformatiorto first orderin u/c is

u
® = g?0)+?~g<0) (6.35)

g = 9o+ ugy- (6.36)

The secondermon the right handside of the g equationis anotherof thosepesk/ onesthat
do not have ananalogin non-relatvistic mechanicslt comesaboutbecausehe additionof en-
ergy increasesherelativistic massdensityandthereforealsothe relativistic momentundensity.
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Whenwe treatthe materialfluid non-relatvistically thereis no similar termin the materialmo-
mentumequationto compensat¢his one. Fortunatelyit is smallandwe candiscardit or hideit
somavhere. Thevelocity termin the g° equationdoeshave a non-relatvistic meaning.lt is the
rateof doingwork by theforce exertedon theradiationby the matter.

The component®f g# in thefluid frameare easilyfound from the atomicpropertiesof the
matter withouttheneedfor DopplerandaberratiortransformationsFurthermorewe canalmost
alwaysassumésotropy of theabsorptvity andemissvity in thefluid frame. With thatassumption
we obtain

9 = / dv (47j @ — kOcE?) (6.37)
do = -C / dvkQF©, (6.38)

Thesearethe sameexpressionghatwe usedfor theright-handsidesof the fixed-framemoment
equationsearlier only repeatechereusingthe fluid-frame absorptiity and emissvity andthe
fluid-frameradiationmoments. The importantdifferenceis that the earlierfixed-frameexpres-
sionsarewrongif thereis anappreciablerelocity while thefluid-frameexpressionsrecorrectas
long asthe velocity is non-relatvistic. The componentg® andg obtainedby substituting(6.37)
and(6.38)into (6.35)and(6.36) give the correctquantitiesto put on the right-handsidesof the
fixed-framemomentequations.

We have not describedransforminghe monochromaticadiationmomentsgrom the comov-
ing frameto the fixed frame. Thatis becauseéhe monochromatianomentsare not space-time
tensorsandthereforethe Lorentztransformatiorrulesdo not apply. Thatis one mathematical
reason.A secondmathematicateasons thatananglemomentat a constantvalue of thefixed-
framefrequeng is an integral over a differentslice throughphotonmomentumspacethanan
anglemomentat ary constanfluid-framefrequeng. In otherwords,thereis no simplerelation
betweenthe two kinds of moments. The relationsthat have beenobtainedinvolve substituting
the transformatiorrelationsfor the intensity and the directionvectorinto the integralsfor the
fixed-framemomentsthenusingTaylor expansiongo first orderof | (9 to performthemappings
vo — v andng — n. Theresultswill notbegivenherebecausehis Taylor expansiorntechnique
is averypooridea.lt makestheimplicit assumptionthatv/c < Av/v, whereAv is thewidth of
the narravestfeaturein the spectrum.lt is easyto think of importantexamplesthatviolate this
limit by awide mamgin: supern@aeandstellarwinds,to namejust two.

6.4 The comoving-frame transport equation

Therearetwo basicallydifferentapproacheso solving radiationtransportproblemsinvolving
time dependenfiows. Thefirst is to solve partialdifferentialequationgor theradiationintensity
or its momentsasviewedin afixedframeof reference The seconds to let the unknovn bethe
radiationfield in the comoving frame of the fluid. Thereare advantagesand disadwantagesof
eachapproachThefixed-framemethodhasthe advantageof simplicity in the partial differential
equation,andthe disadwantageof compleity in the absorptionand emissioncoeficients, and
in the correspondingnegy/momentuntermsfor the matter For the treatmentwvith comoving-
frameradiationthe advantagesainddisadwantagesreexchangedIn this sectionwe examinethe
comoving-frameview of theradiation.
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Therearealsotwo approacheto deriving the comaoving-frametransportequation.Oneis to
substitutethe transformatiorrelationsfor the radiationvariablesinto the fixed-frametransport
equationand perform the necessaryexpansions(Buchler [42, 43]). The otheris to treatthe
Lagrangiarframeasa curvilinearcoordinatesystemwork out the appropriatanetrictensorand
write thetransporequatiorusingacurvilineargeneralizatiorof equation(6.24). (SeeCastof56]
and Mihalas and Mihalas[189], 895.). In sphericalsymmetrythe secondapproachis in fact
somavhatsimplerthanthefirst, andis anaid to understandinghe problem.This techniquefails
to generalizeto higherdimensionalcaseshowever. The reasonis interesting: The curvilinear
coordinatesysteris very awkwardto dealwith unlesghemetrictensoiis diagonal sothatlocally
it agreeswith a Lorentztransformatiorfrom thefixed space.Thisimposesertainconditionson
the mappingfrom fixed spaceto comaoving spaceandit turnsout that theseareimpossibleto
satisfyif thefluid velocityis rotational.Ratherthandiscusshis further, we will turnimmediately
to thetechniqueof transformingthe fixed-frametransportequation.

Theobjective is very simple: Substituteherelations(6.11),(6.12),(6.17),(6.22)and(6.23)
into thetransporequation(4.23)andexpand discardingall thetermsthatare O (u?/c?) or highet
This resultis obtained:

n 1910 u
(1+—O-u) (——+E-VI(O) +no-vI©@ —

c c ot
Vo /a 0
?(E+no-Vu)-Vuon0I()+
3/Nnp-a .
E< 22 no- Vung) 10 = j© — K1 ©, (6.39)

It wasfirst givenin this form by Buchler[43]. For simplicity hereandbelow, the subscripts
indicatingthatall the frequeny dependentuantitiesin the comaoving frameareevaluatedat vg
have beenomitted. Therearetwo featuresof this equationon which we shouldcommentfirst.
Thetermng - u/c in the coeficient of thefirst termwould go away if the transformatiorfrom
the fixedframeto the comoving framehadreally beena Lorentztransformationsincea spatial
derivative at constantime in the moving frameis notthe sameasa spatialderivative at constant
timein thefixedframeowing to therelativity of time. But we arenotalteringthetime coordinate
in our procedureso this termis left over. The termsinvolving the accelerationa, arisefrom
du/ot. The actualacceleratioris du/at + u - Vu, of course,so we might wonderaboutthe
otherpiece. But the extra partswould bring in termsthatareof orderu?/c?, andall suchterms
have beendiscarded.lt is our opinion thatthe acceleratiorterms,aswell astheng - u/c part
of the coeficient of thefirst term, shouldbe discarded.The reasonings asfollows. In a fluid
flow problemthetime derivative andthe flow derivative u - V aregenerallyof the sameorderof
magnitudeIf theaccelerationermsabove areorderedn this way thenall of themareseerto be
of orderu?/c? comparedwith thedominanterms,andmaybediscarded The sameis trueof the
No - u/c termmultiplying 1@ /at.

We suggesthatequation(6.39)be retainedfor thoseproblemsinvolving non-relatvistic ve-
locities that evolve on a light-transittime scale,andwe simplify this equationby droppingthe
subjecttermsfor problemswith thefluid-flow time scale.Carryingout the simplificationleadsto

1DI©
c Dt

Vo
+no-v1©@ — N0 VU Vigno | ©4

3
Mo~ VU ol O = jO _k©@0, (6.40)
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TheoperatoD /Dt thatappearsereis theLagrangiartime derivativediscusseéh §2.2,D /Dt =
3/dt +n. V.

We have sofar not commentedn the gradientwith respecto momentumcomponentsThe
reasonfor this termis simple. A photonwith a fixed momentumtravels alongits ray and, as
the local fluid velocity changesso do its momentumcomponentsvhenreferredto the local
comoving frame. Thusthe transportoperatormustaccountfor this changewith a gradientterm
multiplied by the rate of changeof the comoving momentumalongthe ray. We normally use
sphericalcoordinatesthatis, vg andng, ratherthanCartesiarcoordinategor momentunspace.
Solet's separat¢hevectorng - Vu into its radialandangularcomponentsn momentunspace:

No- Vu = (ng- VU-ng)ng + Ng - Vu - (I — ngnp). (6.41)

Whendottedwith themomentum-spacgradientthefirst termpicksup theradialderivative,i.e.,
d/dvg, andthesecondnepicksup 1/vg timestheanglegradientthegradienton the unit sphere.
We endup with aform lik e this:

91O

1DI©@ 1
+no-VI® — Zng- Vu- noug — Zno- Vu- (I — ngng) - V| @
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c Dt

3 :
+< Mo - Vu - nol © =0 _x©00 (6.42)

The projection operatorterm here looks more complicatedthan it really is. The frequeng-
derivative term hereis the Doppler correction,and the angle-denative term is the abberation
correction.

Wewill givethemonochromatiandfrequeng-integratedmomentquationghatfollow from
thiscomaoving-frametransporequatiorasthey werederivedby Buchler[43]. Theonly fussypart
of thederivationis anintegrationby partsof theangle-denativeterm. Thefrequeng-dependen
momentequationdaseddn equation(6.39)arefoundto be

IE 1D-F (WP
V+V-(UEU)+?M+V-FU+<PV— (; “)>:Vu

ot Dt v
1 da(vF .
L (FV— (v ”)).a=4n1v—kuch, (6.43)
c ov
and
1F, 1 1D-P,) a 1
-V —V' F - V.P —E —F V -
cor TV U LT TV R R LR AR W
19 10(vP
— (UQV):VU - — (v ‘)) ca= _kau- (644)
c ov c odv

To avoid thedreadfulprofusionof superscriptandsubscriptghedesignations® or ) havebeen
omittedfrom all the quantities.The objectQ,, is the symmetricthird-ranktensor

Q, = | d@nnnl,. (6.45)

Thecolon“:” operatotindicatessummingthe productof thetensoron theleft with thetensoron
theright overtwo indices,viz.,

R:S = R;jSj. (6.46)
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Thefactorsaresymmetricain theirindicesin suchcases.
Thefrequeng-integratedmomentequationsare

0E 1 Du-F a
— +V.uE)+ 55—~ +V-F+PW+ — -F=
8t+ (u )+C2 Dt + + u+C2
/dv(4ﬂjv_kaEU) = gﬁo), (6.47)
and
10F 1 1D(u-P) a 1
—— 4+ =V-(uUF) + - CV-P+-E+ -F-Vu=
c ot + c R+ c Dt + + c + c
—/dvkaU - g(_(:))' (6.48)

Thethird-ranktensorQ goesaway in thefrequengy integration.

After consideringheorderingof thetermsin severaldifferenthydrodynamiaegimes,Buch-
ler [43] suggestshatcertainof thetermscanbe droppedhatwould notbe of relative magnitude
u/c or largerin ary regime. His suggestionsreto dropall termswith ¢? in the denominatoin
(6.39)(thusreducingit to [6.40]), thetermswith ¢ in thedenominatoin (6.43)andthetermsin
(6.44)with cin thedenominatootherthanthedF, /dt term. His suggestefrequeng-dependent
momentequationsaretherefore

9E (P
Y + V-(UE,) + V-F, + <P,,— (; ")):Vu

ot v
= 47j, — k,CE, (6.49)
and
10F, 1
<otV UR) +CVPy = -k (6.50)

The Othmomentequation(6.49)follows exactly from (6.40),but the 1stmomentequation(6.50)
doesnot. Termsof orderF, V-u andQ,:Vu aredroppedn gettingto equation(6.50). Buchler’s
simplifiedformsof thefrequeng-integratedequationsare

oE
Fr + V.(UE) + V-F+P:Vu = /du (4rj, — k,CE,) = 9?0)’ (6.51)
and
10F 1 90
4+ IV-.(UF V.P=— k,F, = ==. .52
i (UF) +c¢ /dv c (6.52)

6.5 A common-senssummary

After spendingpageafter pageof messyalgebraderiving all the u/c correctionsto radiation
transport,it is easyto lose sight of the fact that someof the correctionsreally are significant
while othersarelessso. Herearesomeof the mainpoints:
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e Ignoringthe Dopplereffect entirely andusingthe fixed-frametransportequationwith the
absorptvity andemissvity appropriatefor matterat restgivesthe wrong answerfor the
radiationwhenthe velocity is supersoni@andline radiationmatters,andit alsogetsthe
radiation-matteenegy couplingwrong.

e The couplingtermsare correctly given by the usualrelationsegs. (6.33,6.34) but those
valuesarein thefluid frame. Thetransformation®qg. (6.35)andeq. (6.36)have to beused
to getthe correctcouplingtermsfor thefixed-frameequations.

e Thecouplingtermin the materialinternalenegy equatioris indeedthefluid-frameenegy
term 9?0) from eq. (6.37),but in the materialtotal enegy equationit getscombinedwith
the work doneby the radiationforce, which turnsit into the fixed-frameenegy termeq.
(6.35).

e Thediffusionlimit givesaFick’slaw form (F o« —VE) for theflux in thefluid frame,not
thefixedframe.In thefixedframethe corvective flux of radiationenthalpy is addedon.

e Confusionof the correct framesfor the couplingtermsand the Fick’s law flux are more
seriousthanthe othermodeante correctionsthe u/c termsgive

e The velocity termsin the comaving-frameenegy equation(6.49) matter especiallythe
Dopplekrshift frequeny derivativeterm;the onesin thecomoving-framemomentunequa-
tion arelessimportant. The aberration(anglederivative) termin the transportequation
doesnotsurvive in theenegy momentanddoesnot matterin theflux momentsothis can
bedroppedwith little consequence.

The remainingpart of this chapteris concernedvith the problemof solving the comoving-
frameequationif the choiceis madeto take I‘EO) or its momentsasthe basicvariable(s).

6.6 The CMF equationasa boundary-value problem

Froma mathematicapoint of view the comoving-frametransportequation sayequation(6.40),
is a partialdifferentialequatiorfor onescalardependenvariablein sevenindependenvariables,
namelyx, vy, z, v, the two anglesthat describen andt. By contrastthe fixed-frameequation
hasonly four independenvariablesx, y, z andt, andthe threephotonmomentumcoordinates
enteronly as parametersnot as differentiationvariables. The seven-dimensionaproblemhas
not beenattacled yet, but efforts have beenmadeto solve the CMF equationin casesof lower
dimensionality

To illustrate the ideasin this casewe will considera problemwith one spatialdimension,
andfor which photonflight time canbe neglected which allows usto dropthetime derivatives.
Sphericalgeometryis the interestingcase but we will discussslabgeometryfor simplicity. Let
thenon-trivial spacecoordinatebe x. If we particularizethe simplified transportequation(6.40)
to this case andalsodroptheangle-denative term,we endup with

Ux al v 2 duX ol o
(Mt 2) 5~ Sy gy = I ol (6.53)
The seven independent/ariableshave beenreducedto two by the symmetryassumptionsand
by neglectingaberration. It is now quite feasibleto apply a numericaltechniquefor solving a
hyperbolicequationin 2-D to equation(6.53).
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The conceptof characteristicappliesto equation(6.53). In fact, the fixed-frametransport
equationis alreadyin characteristidorm, so the characteristicequationfor (6.53) is just the
equationfor the Dopplereffect:

(nx+u—cx)dl = (ju — ko D)dx
dv v o dux

= . .54
dx chy + Uy X dx (6.54)

The characteristislopeherecanbe simplified by droppingthe uy termin the denominatorthe
differencethis makesis O(u?/c?). Theslopebecomes

dv v duy
ax T c™ax
We will continueto discussequation(6.54). We seethat the directionthe radiationflows is

toward—+x if nx+uy/c > Oandtoward—x if nx+uy/c < 0. In eithercasehesignof thechange
in dv is the sign of —duy/dx. Thatis, the comoving-framefrequeny decreasesalongthe ray
if uyx increasesandincreasesf uy decreaseskigure6.lillustratesthreecasef characteristic
morphologydependingon whetherduy /dx is positive, negative or indefinite. We canimagine
thatthe ordinateis log v in thesefigures,sothe characteristicareparallelcurves. Sinceuy /c is
mostoftenrelatively smallthe slopesof the characteristicaremodest.This suggestsolvingthe
PDE asaninitial-valueproblemwith x asthetime-like variable.If ny > 0 we cansweepin the
directionof increasingx, solvingfor oneslicein thev directionateachstep.This procedurewill
be subjectto a Courant-like condition

(6.55)

AX|duy/dX|

cAlogv (6.56)

unlessimplicit x-differencingis used,which requiressolving a systemof equationsat eachv
slice. Normally this would not be a problem,since|uy| « c. However, in orderto solve transfer
problemsinvolving spectralineswe maywantto useveryfine frequengy meshesandif theflow
is supersoniccondition (6.56) may be violatedby a large factor We canthenturn to implicit
differencingwhich ensurestability, but accurag may still be badly compromised.

Thealternatve to a spatialsweepis a frequengy sweep.The questionis, in which direction?
If uyx is monotonicallyincreasingwith x, thena sweepfrom high frequeng to low works. If
ux is decreasinga sweepfrom low frequeng to high works. The direction of the sweepalso
agreeswith thefrequeng boundaryon whichwe cangive “initial” valuesthatmake theproblem
well-posed.Thisboundarymustbean“inflow” boundaryIn orderto have awell-posedoroblem,
we shouldspecifyoneandonly one conditionon eachcharacteristicat a placewhereit enters
the problemon eithera spatialor a frequeng boundary With ny > 0 anddux/dx > O that
will be eitherthelower boundaryin x or the upperboundaryin v, dependingon which onethe
characteristiintersectslf duy/dx < Othelowerfrequeng boundaryis usedinstead.Thenwhat
aboutthe non-monotoniorelocity case?The frequeny sweepis simply notfeasiblein thatcase,
andwe have to fall backon the spatialsweep,anduseimplicit x-differencingif necessaryin
thenon-monotonicasethe samecharacteristicaneasilyintersecthe samefrequeny boundary
two or moretimes,which makesthe problembadly posed.

This discussiorhasbeenbasedon the transportequation,i.e., the equationfor I,SO). Very
similar considerationsariseif thesystenof comoving-framemomentequationss solvedinstead.
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The two equationdor E? and F(? (in 1-D) canbe rearrangedy additionandsubtractionto
give two equationgmathematicallysimilar to the transportequation,onewith ny > 0 andone
with ny < 0, to whichthe precedingemarksapply:.

The successfubipplicationsof the CMF transferor momentequationshave beento cases Fig. 6.1
with a monotonicvelocity.

6.7 Diffusion in the comoving frame

We have mentionedseveraltimesnow thatthe diffusionapproximatiorshouldbe appliedin the
comoving frameif theintentis to obtainaflux thattendsto zeroasthemeanfree pathgetssmall,
thatis, onewhich obeys Fick’s law. We will substantiatéhat claim by re-derving the diffusion
resultsbeginningwith the CMF transporequation.Thepresentiscussioris new, andis intended
asacomplemento §97 of MihalasandMihalas[189].

We begin with equation(6.39),whichwe arrangen theform

i@ 1 No 1910 gy
|(0)=J ——{(1+—-U> I v LR R v O
k©® kO c c ot c °

Vo /a 3/np-a
—O<—+n0-VU>-Vu0nO|(O)+—< 0
c c c

- +no-Vu- no) |<°>}. (6.57)

The Oth approximationis that | (@ is j© /k© which we identify with the thermodynamiequi-
librium value,the Planckfunction,

j ©)

@ = Bu(M. (6.58)

Making this replacementor | ©© in equation(6.57)leadsto

1 No 10B u
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+no-Vu-no>Bv} . (6.59)

Now the taskis to expandequation(6.59) and keeptermsof first orderin the velocity. The
Planckfunctionis isotropic,but it doeshave spatialandtemporalgradientsIts momentum-space
gradientis

0B
Viono By = Bv“no. (6.60)
Whatresultsis

1[dB,/1DT no-uDT

|(0)=B___v__ no- VT —
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——( 0+I’lo-Vu-no) Vo 8‘)‘)4—6( 0 —|—n0-VU-no) Bv:|. (6.61)
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Integrating (6.61) over anglesleadsto the diffusion formula for the CMF monochromatic
enegy density

47 B 47 [dB, DT V.u dB
EO _ v 2= E Y (3 " . 6.62
v ¢ kPc2| dT Dt T3 Y (6.62)

By virtue of Wien's displacemenkaw, whichis

B,(T) = v x function(v/T), (6.63)
it followsthat
9B, dB,
3B, — =T, 6.64
v ov dT ( )

Making this replacemenin (6.62)leadsto the simpleform

(6.65)

“Oedr ot T s

! c kOc2 dT '

A frequeng integration of (6.65) leadsto the following expressionfor the total CMF enegy
density

47 B 4 (1DT V.

wherethe Rosselangneanhasbeenputin to replaceits definingintegral,

(0
1 [dv ki )dB,/dT (6.67)
Kr fdvdB,/dT

andwherethe notationB = [dv B, hasbeenused.In fact,4x B/c is just the thermodynamic-
equilibrium radiationenegy densityaT#, andthe factthatdB/dT = 4B/ T hasbeenusedin
getting (6.66). If the characteristidengthscalefor the problemis L andthe characteristi¢cime
scaleis 7, thenthecorrectiontermin (6.66)is of orderir/(c min(z, L /u)), whereir denoteghe
Rosselandaneanof the meanfree path. Soif theflow time L /u is longerthanthe characteristic
time r thentheorderof thecorrectionis Ar/(ct), while if theflow time is shortetthenthe order
is (Ar/L)(u/c). If thecharacteristidcime is so shortthatit is comparablawith the light-transit
timec/L, thentheorderis just Lr/L. Whentheflow time is shortesthe sizeof the correctionis
theproductof two smallquantitiesAr/L andu/c. Thisis why MihalasandMihalas[189], §97,
referto this orderof diffusionexpansionas“secondorderdiffusion’
Themonochromatidlux derivedfrom equation(6.61)is

47 dB uDT a
©_ _ 4 d5 ubt a
FO = 2O dT (VT + 2ot CZT>, (6.68)

wherewe have againbeenableto useWien's displacemeniaw (6.64). We have theproblemnow
of finding the physicalexplanationsfor the at-first-sightpuzzlingtermsin the velocity andthe
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acceleration.The velocity oneis relatively easy We needto recall thatwe areusingthe fixed-
framecoordinatesandthatin the Lorentztransformatiorto a locally comoving framenot only
doesthetime derivative transformaccordingto

d D d

s~ =" 4u.v, 6.69

at Dt at + ( )
but the spatialderivative changesrom one at constantt to one at constantcomaving time t’
accordingto theotherLorentzrelation

ua
czot’
As we see theu termin equation(6.68)is absorbedn changingVT to V'T, apartfrom anerror
thatis O(u2/c?). In short, this velocity termis real and represents relativistic effect on the
diffusionflux. The accelerationnerm hasa physicalinterpretationraswell. The meanfree path
1/ kf,o) correspondso aflight time 1/(k§°)c) during which the local fluid velocity hasincreased
by anamounta/ (kEO)c). The incrementaboostby this velocity changemakesa contribution to
the flux of —a/(kﬁo)c) timesthe sumof E andP, which givesthe termin question. To put it
anotherway, if theflux is zeroat the time whenthe photonflight begins, thenby the endof the
flight thefluid hasacceleratedway from the restframeof thatradiation,which producesa flux
in the new fluid restframein the directionoppositeto the acceleratiorthatis proportionalto the
accelerationimestheflight time.
Thefrequeng-integratedfux is simply

4 dB a
O _ _ !
FO = — e dT (V T+ CZT), (6.71)

VoV =V4 (6.70)

which, sinceB = acT#/(4x), canbewritten
o _ ' a
F _—KR(VT+?T), (6.72)
in termsof the Rosseland-mearadiative conductvity
_ 47 dB _ 4acT®
T 3krdT  3kg

Thegradientoperatothereis the Lorentz-correctednefrom equation(6.70).
Beforewriting the resultfor the pressurgensorwe have to obtainthe fully symmetricangle
averageof the productof four ns. In otherwords,we wantto evaluate

1
4 Jay

Kgr (6.73)

dQninjngn;. (6.74)

First we notethatat leasttwo of the four indicesmustbe equal,sincetherearefour indicesand
only threepossiblevaluesthey cantake on. If onepairout of thefour areequal,sayi = j, then
it mustbetruethatthe otherpairis equalaswell, k = |, or otherwisetheintegral vanishesThus
onecontrikution to the integral is proportionalto §ij 8. By choosingthe first pair in the three
possiblewaysandaddingtheresultswe gettherequiredfully-symmetricform

8ij ok + dikdjl + i1 djk. (6.75)
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The integral mustbe proportionalto this. We get the proportionalityfactor by taking the case

i = j = k =1 = 1, for which the angleaverageof n} is seento be 1/5 by doingtheintegral in
thatcase andfor which the sumof deltafunctionsis 3. Thus
1 1
y 4ﬂd§2 ninjngn; = I (8”8k| + Sikdj| +8i|8jk) . (6.76)

Now we cando theintegrationsto find the monochromatigressurdensor:

oo _ (4B, _ 4r dB, DT\ |
v c kPc2 dT Dt ) 3
4 dB,
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15k§°>c2T = (Vu—l—(Vu) v ul) (6.77)

andthefrequeng-integratedform
1 4 1DT
PO — Zar (1 — ———) |
3
4aT*

B 15kRC

The form of this pressurdensorimplies that radiationin the diffusion limit contributesnormal
andbulk viscositycoeficients(cf., [2.19])

(Vu + (V)T +V.u |) . (6.78)

4aT4
= ) 6.79
HR= 15 ¢ (6.79)
and
5 4aT4
= — = 6.80
(R 3"R = Gk (6.80)

to themixedfluid. Thebulk viscosityin this pictureis notatall closeto zero,whichis a causeof
consternatiorin view of somevery generalrelativistic results.MihalasandMihalasdiscusghis
subtlepoint andits explanationby Weinbeg in termsof a slight renormalizatiorof the definition
of temperature.

The order of magnitudeof the shearstresscontritution to P comparedwith the isotropic
pressurés O(Aru/(Lc)) in thenotationusedabove. In otherwords,isotropy of P is averygood
approximatiorin adiffusionregime owing to the smallnes®f bothir/L andu/c.

We wantto comparethe size of the radiative viscositywith the gas-kineticviscosity of the
matter and also estimatethe size of a Reynolds numberbasedon radiative viscosity For gas-
kinetic viscositywe useanestimateu = pAguth, Whereiq is a gas-kinetiomeanfree path,and
vth iIsthemeanthermalspeedf agasparticle.In plasmagheelectronandion contributionsmust
be summedput it turnsout thattheion contribution dominateddy a factor~ /my/m, where
my is the hydrogen-atonmass. Thusthe v, thatis appropriatds comparablewith the sound
speed.An estimateof p)g is my /oc, whereoc ~ (€?/KT)? is the Coulombscatteringcross
section.Working outtheratio of ur to ug givesthis estimate

4
KR 0caT7Cs (6.81)
Mg OR Pg C
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whereor is the Rosselandneanphotocrosssection, pg is the gaspressureandcs is the (gas)
speedof sound. Radiatve viscosityis only relevantin a diffusion region, which meansinside
a staras opposeduo high in its atmospheré. As a resultthe radiationpressuremay be a few
timeslargerthangaspressureput not ordersof magnitudelarger. The Coulombcrosssection
canbe ordersof magnitudelargerthanthe photocrosssection,however. For example,deepin
a stellarervelope,saywherekT is about100eV, oc is around10~1’ cn? while the Rosseland
meanphoto crosssectionis only 10-24-10-23, Thusthe ratio of the crosssectionscan be of
order10®. Theratio of thesoundspeedo the speedf light is the smallfactor about5 x 10~ at
100eV. Theeffect of thelarge crosssectionratio morethanmakesup for the speedatio, andwe
seethatradiative viscositydominategasviscosityunlessthe radiationpressurés muchsmaller
thanthe gaspressure.
Theestimateof the Reynoldsnumberbasedn radiative viscosityis

L
Ro= Ph AkpL o VS (6.82)
S

We seethat Re > 1is quitelikely whenever diffusionis valid, sincethenthe optical depthkrL
is large,theratio of gaspressureo radiationpressuras notverysmall,theMachnumberv/cs is
nottoo small,andc/cs is large, perhapsO (10°%).

6.8 Soboler approximation

In a numberof astrophysicaérvironments suchasactive galacticnuclei, molecularcloudsand
somecircumstellaroutflows, aswell asin laboratoryplasmasthat may be generatedy high
powerlasersor magnetiginchesaflow speedhatis highly supersoniés combinedwith spectral
line transport.This is the regime that Sobole’s approximationraddressesThe original work on
thehigh-velocity-gradienapproximatioris thatof Soboler [240]. Thepresendiscussioriollows
Castor[55, 58]. Why a specialtopic is neededn this caseis becausavhenthe flow velocity is
supersoniche commonapproximationof forgettingaboutthe Dopplershiftsin calculatingthe
opacityis quite wrong. An alternatve approximationof fully accountingfor the fluid velocity
butignoringsomespatialgradientsjs bettersuitedto theseproblems.Thisapproximationgalled
afterthefirstto studyit, offersarelatively easyway to analyzeanon-LTE problemwith amyriad
of lines and level populationsto be computed. It hasalsoled to a simple but useful way of
approximatingheforce onthe stellarmaterialdueto thelarge numberof lines,andsomesimple
but realisticstellarwind models(cf., §12.5).

Theenvironmentto which we applythe Soboler approximatioris afluid flow with avelocity
field u and a correspondingate-of-straintensorvVu. A restrictionthat hasto be imposedat
the outsetis that the principal strainsall have the samesignin all partsof the flow. In other
words,eitherthewholeflow is expandingor it is contracting but nowhereis therestretchin one
directionandcompressiorin another (This casewhich introduceson-localcoupling,is treated
by Rybicki andHummer[223].) We supposehatthe velocity is not soterribly large, perhapsat
mosta few percentof ¢, somostof the u/c correctionsto transportare relatively unimportant.
Theradiation-enthalp-adwectioncorrectionis probablyimportant,but thatis notthe onewe are
goingto talk abouthere.We will focuson line transportandontherole the Dopplerfrequeng-
derivative term playsin line transportwhenthe velocity is supersoniclf we let our imagination

IThemomentuneffectsof radiationmaybelargefor v « 1, but viscosityis nota usefulway of treatingthem.
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work on atypical ray cutting throughthe flow, andsupposehatwe follow a photonasit tracks
alongthe ray, we seethat the photonchangests local comoving-framefrequeny asit goes,
andthe whole rangeit scansis typical of the flow velocity. Sincethe flow is supersonicthat
rangeis largerthana typical line width. For someof thewind models,andfor supernwae,the
flow is actuallyaroundMach 100, which meanghatnot only doestherangeof comaoving-frame
frequenciesover oneline, it canspanthe spacingbetweenlines, and so the photonmay even
visit thefrequencie®f severallinesasit movesalongasinglepath.
We quotethe comoving-frametransporiequationagain:

1Dl n-Vvi 1n Vu-n ol 1n Vu-(l—=nn)-vyl
c Dt "¢ "av ¢ n
3 .
+En-Vu~nIU=JU—kUIu, (6.83)

wherefrom now onwe will understandhatthecomaoving frameis usedwithout explicitly adding
superscriptso indicatethis. In particular v will bethe comaving-framefrequeng.

As we just mentioned,the 1/c termsare relatively unimportantwith the exceptionof the
frequeng-derivative term that expresseshe Dopplereffect. Sowe will first of all discardthe
time-dervative, angle-denative and dilation termsand keeponly the spatialtransportandthe
frequeng-derivative termson the left-handside. The dimensionakstimateof the ratio of these
is

frequeng-dervative  u v

. =——, (6.84)
spatialtransport CcAv

where Av is the scaleof the variationswith frequeng; we have assumedhat the spatialscale
lengthsfor the velocity andthe co-moving intensityarethe sameorder Thusin the flows being
discussedfor which the velocity is larger thanthe line width corvertedto velocity units, the
spatialtransportermis dominatedy thefrequeng-derivativeterm. Droppingthe smallerspatial
termleadsto the Soboler equation

1 al .
—Zn-Vu-nv—=j, —kyly. (6.85)
c ov

Thiscanbeintegratedmmediately but first we wantto discussvhatwe shouldintegrateover.
We will handleindividual linessingly usingequation(6.85),which meanswe selectafrequengy
bandthat containsthatline, with the endpointdocatedin stretchesf continuousspectrumjust
outsidetheline. Dependingon the straintensorvu, the comoving photonfrequeny eitherde-
creasessthe photontravelsits path (expansion)or increasegcompression)We pick aninitial
valuefor theintensityon the high frequeng sidein thefirst caseandon the low frequeng side
in the secondcase.We call thatvalue I, wherethe ¢ standsfor “continuum”. We assumehat
the opacityandemissvity aredueto theline alone,becausg¢heline mostoften quite dominates
the total opacity at frequencieswithin the line. The additionof a backgroundcontinuumadds
othertermsthatHummerandRybicki have discussedi130]. Theexpressiondor absorptvity and
emissvity of aline weregivenearlier equationg9.4)and(9.5). We write themhereas

ko = ko) (6.86)
v = KLSLoW). (6.87)
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The quantityk,. depend®on the upperandlower level populationsandthe oscillatorstrengthof
theline:

we? Ne Ny hv
kL = —(of — — — ) = — (N¢gBgy — NyBue) , 6.88
L me (9f)eu (gz gu) s (N¢Beu uBue) ( )
and S is the line sourcefunction which is eitherthe Planckfunction or the resultof a non-
LTE kineticsmodel,asin the caseof resonancéine scattering.Theline profile function¢ (v) is
normalizedover frequeng,

/dv o(v)=1 (6.89)

andis givenvery oftenby the Dopplerbroadeningormula,a GaussianThatis whatwe will as-
sumehere.The Gaussiarmprofile providessharpedgedo theline bandwidth,andavoidsconcerns
abouttheeffect of anextendedail of the profile functionthatcomplicatesr eveninvalidateshe
integrationover frequeng.

We needa variablefor theindefiniteintegral of the profile function. We let this be y defined

by

_ [vwdv/¢(v/) n-vu-n>0
Y= {fvoodv/qb(v’) n-vu-n<o’ (6.90)

thatis, the beginning pointfor y is on the sideof the line wheretheinitial value I is specified.
The variationof y is from y = 0 on the incoming side of the line to y = 1 on the outgoing
side. Whenintegratingequation(6.85) over frequeng we neglectthe variation of the factorv

that multiplies the frequeng derivative andreplaceit with the line-centerfrequeng vg. Using
thevariabley in placeof v givesthisresultfor thedifferentialequation:

voln-Vu-n|dl(y)

=k —1 , 6.91
c dy L(S (y) ( )
whichis immediatelyintegratedusingthe boundarycondition| = I aty = O:
L(y) = lcexp(—=t(n)y) + SL.[1 — exp(—t(My)], (6.92)
wherer (n), adirection-dependerguantity is the Sobole optical depth definedby
k|_C

This differs from the usualoptical depththatincreasedgrom one spatialside of the problemto
the otherin that this is a strictly local variable. It is a measureof the optical thicknessof the
resonanceonealonga givenray wherea particularphotonmight be absorbedy theline. This
resonanceoneis quitelimited in extent,becaus¢hevelocity gradientis large,whenthe Soboles
approximatioris appropriate.

We find the quantity J to which the photoabsorptiomateis proportionalby integrating | (y)
fromy = 0to y = 1, whichis equivalentto first multiplying by ¢ (v) thenintegratingover v, and
thenforming the averageover direction. Thefirst integrationgives

F(n) = le(mpBn) + SLIL— BN, (6.94)
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in which B(n) is whatwe shallcall theangle-dependergscapeorobability,

_ 1-ep-t()

p(n) e (6.95)
Theangleaveragegives
- 1
J= ym dQpmlc(n) +(1-B)S., (6.96)
T Jax
andg, the Sobole escapegorobability, is theangleaverageof g(n):
_ 1 _1 1-exp(=z(n)
B=- 47Td£2ﬁ(n) = Aﬂdsz = ) (6.97)

We have allowedfor the directiondependencef the continuumintensity I c(n).

The Sobole escapgrobabilityresult(6.96)wasgivenin three-dimensiondbrm by Rybicki
andHummer[224], andearlierfor sphericalgeometryby Castor[55]. Equation(6.96)hasthe
samestructureasthe staticescapgrobabilityapproximatiorn(5.23)andalsothe ALI acceleration
ansatz(11.142).In all the escapgorobabilityapproximationsincluding ALI which usessuchan
approximationasthe acceleratioroperator J is replacedby a linear expressionn termsof the
local sourcefunction. Among thesemethods the Sobole approximationis uniquein that the
approximationis actuallyaccuratein the circumstance$or which it is intended— high Mach
numberflows. It hasbeenappliedextensiely to thestudyof stellarwindsandsupern@aeaspart
of non-LTE modelingof the spectrausingmulti-level modelatoms.

A further applicationof the Soboles approximationis to the calculationof the body force
associateavith the absorptionof radiationby the lines. We recall that the body force (per unit
mass)s givenby (cf., eq. (6.38))

1 [o°
gR:,O_C o dvk,F,. (6.98)

The contributionto gr from a singleline treatedin the Soboler approximationcanbe evaluated
by usingthe Soboler expressiorfor the intensityandforming the integral over frequeng before
integratingover direction. Whatresultsis

k
gr = —LA den{lsmBM) + SLIL— M)} (6.99)

pC
We obsenethatg(n) is anevenfunctionof angle,andthatthereforethe contrilbution of thelocal
emissiongo the flux, andthereforeto the netforce, vanishes.This becomes someavhatsubtle
point when we examinethe diffusion-like correctionsto the Soboles approximation,because
a moderategradientin the sourcefunction producesanotherforce contritution in the opposite
direction. The sizeof thelatter contritution comparedwith the Soboler formulais proportional
to theratio vin/u andis thereforesmallin a hypersonidlow. We dropthe S termin the force
andobtain

kL

OrR = —/ dQnlc(n)B(n). (6.100)
0C Jag
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The Soboler approximatiorhasthereforegiven a formulafor the force that requiresno further

calculationsf I¢(n) is justthefree-streamingadiationof a stellarphotospherefor instance.
The applicationsof Soboler theoryhave so far beenalmostexclusively to sphericallysym-

metricproblems We recallthatthe straintensorin sphericalcoordinatesookslike

oo
dr u
(8 6 ) , (6.101)

andthatthereforethe strainrateprojectedon theray directionis

Sle O O

d
n-Vu-n:uzd—$+(1—u2)$. (6.102)
We introduceanauxiliary quantityo, nota crosssection by
r du
= _1 6.103
7T udr ( )
sowe canwrite the projectedstrainrateas
n-Vu-n= r5(1+(m2). (6.104)
This meanghatthedirectionalSoboler opticaldepthis
70
= , 6.105
T =1 o2 ( )
in whichtheangle-independempticaldepthzg is
k
— (6.106)
vou
Theformulafor the escapgrobabilitythenbecomes
1 140pu? 70
=1/ d 1- -— . 6.107
p= [ an I 1o (-2 )| (6.107)

For the usefulcasethatthe continuumintensityis uniform within a coneu > ¢, which arises
whenthecontinuumradiationis supposedo comefrom awell-definedphotospherevith nolimb
darkening,theintegralfor the I contributionto J canbeexpressedn termsof 3:

1
4—/ dQ B(n)le(n) = fBele (6.108)
T Jan
with
1
Be(z0, 0) = 5(B(10,0) — e (vo, oud)). (6.109)

The behaior of B(zo, o) is simple. Whenthe optical depthis zerothe escapgrobabilityis
unity. For large opticaldepththeintegral (6.107)becomes
1+0/3

B~ . (6.110)
70
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The variationasthe inverseof the optical depthis reminiscentof line scatteringwith complete
redistrikution overa Dopplerprofile, althoughthe meaningof opticaldepthis differentin thetwo
casesThestaticatmosphergray escapgrobability decaysexponentiallyat large opticaldepth,
sothatis quite unlike eithercaseof line transfer

The integral for 8(zo, o) cannot be donein termsof elementaryfunctionsor the common
specialfunctions, but someexcellent numericalapproximationsare available. Resultsfor the
3-dimensionakaseare given by Rybicki and Hummerasa single integral involving complete
elliptic integrals of the first kind. Rybicki (private communication,August, 1978) suggested
a very useful methodof approximatingB(zo, o). It is basedon a rational approximationto
(1 —exp(—=x))/x:

1 - exp(—x) ~ Pr—1(X)
X Qn(x) ’

in which P,_1 is apolynomialof the (n — 1)stdegreeand Qy, is a polynomialof the nth degree.
Thezeroeof Qn arecomple in general A partial-fractionsexpansionof P,_1/Qy leadsto

(6.111)

1— eXIo( X
lz vt (6.112)

If this approximatioris insertednto equation(6.107),theintegrationover u canbedoneanalyt-
ically, with theresult

n
~-$ 10 log (= 11
o) =3 1 52oe(157)] 6113)
in which
f = % (;_f’ - 1) . (6.114)

The complex squareroot andlogarithmfunctionsare neededn theseexpressions.Then = 2
approximatiorof this kind, constrainedo beaccurateatx = 0 andx — o0, is

1— exp(—x) _ 1+ cix
X " 14 Cox 4 Cix

S(L+€(x), (6.115)

with |e(X)| < 1.61 x 10~2. Thecoeficientsarec; = 0.42226andc, = 0.82047.Thereis one
complex-conjugatepair of rootsz, givenby

r
z=—-0.971515F 1.193464 , 5= —0.5+0.01193391. (6.116)

Sincethe rootsandresiduesare complex conjugatesit is sufficient to calculatejust one of the
termsin equation(6.113) and keeptwice the real part. The approximationfor B(zg, o) has
the sameglobal relative accurag asthe rationalapproximationfor (1 — exp(—x))/X, hamely
1.61 per cent. If moreaccurag is neededthe next good approximation,for n = 4, may be
used. The accuray in that caseis 1.5 x 10~4, andtherearetwo comple-conjugatepairs of
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rootsandresidues,z = —1.9153944+ 1.201751 with r/z = —0.492975+ 0.216820, and
z = —0.048093+ 3.655564 withr /z = —0.007025+ 0.050338.

Returningto thegeneraliscussionywe wantto evaluatetheradiationforce. Thereductionof
theformulafor gr in sphericalgeometrygives

2rvpdu 1 1+ ou? 70
= | 1-— —— . A17
gr o2 dr [ludu c(w) 7o [ exp( 1+0u2>] (6.117)

Whenthe continuumflux is confinedto a narrov coneaboutthe radial directionit is a good
approximatiorto evaluatel + o u? as1 + o insidetheintegral, which thendependsn

70 k|_C
frad= 1, T o(duydr)” (6.118)
In this radial-beamingpproximatiorgr is afunctionof theradialvelocity gradient.We seethat
opticallythin linescontributeanamountk, F,,/c) thatdepend®ntheopacityandthecontinuum
flux, but not on the velocity gradient.Optically thick lines contribute anamountthatdepend®n
theflux andthevelocity gradientbut notontheopacity The physicalinterpretatiorof thislatter
resultis important.It saysthatabandAv of the continuousspectrumwhich containsa momen-
tumflux AvFc/c, givesits momentumnto thematchingsphericakhellin theexpandingervelope.
The columnthicknessof thatshellis pAr = pcAv/(vdu/dr), anddividing the momentunby
themassthicknessgivesthe bodyforce (vF¢/pc?)du/dr.

6.9 Expansionopacity

Expansioropacityis a concepthatgrows out of Soboler escapgrobabilitytheory It wasintro-
ducedwith thatnameby Karp, Lasher ChanandSalpete{140]. Theconceptreatsthe situation
in which the spectrumis filled with aforestof lines;thereis afluid velocity giving a significant
strain-rateensorVu asdiscussedn the previoussection;andthelinesarespacedn logv by an
amountthatis comparablgo or smallerthanu/c. Whentheseconditionsoccur, a photonmayfly
alonguntil it hits resonancevith oneof thelines. If thestrain-ratén the mediumcorrespond$o
expansionj.e., theeigervaluesof thestrain-ratdensorarepositive, thenthe photonsfluid-frame
frequeng getssteadilylessasit goesalongits path. Whenit hits resonancé getsabsorbecdbr
scatteredvith a probability 1 — exp(—z (n)), wheret (n) is the Soboler optical depthdiscussed
earlier cf., equation(6.93). If this doesoccur thenthe photonmay be re-emittedor scattered
with a new direction, andit againsteadilymarchesdown in frequeng. If we conceve of the
distributionsof linesin frequeny asstochasticthe whole procesdooks like a randomwalk or
diffusion. Theexpansionopacityis definedby identifying the meanfree pathin thisrandomwalk

asl/(kexpp)-

6.9.1 TheKarp, et al., model

The Karp, etal. [140], formulationis slightly differentin flavor from the precedingparagraph.
Karp, et al., do not adopta stochasticpicture, and they also include the effect of continuous
opacity(electronscattering) Their basicresultis

. -1
N j—1
Kexp(v) =01 {1 — [1 — exp(—rj)] (vj/v)*exp (— Z ‘L’i) } . (6.119)
j=J i=J
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Theparametes thatappearssanexponentof vj /v in equation(6.119)is definedas

ot pC

_ o 6.120
= Quyde (6.120)

whereoT is the Thomsonscatteringopacityanddu/d¢ = n - Vu - n. In termsof s the Sobole
optical depth(equation[6.93]) is (n) = k.S/oTpvo. Thelist of lines{vj, j = 1,...,N}is
arrangedn descendingrderof frequeng, and J is the index of thefirst line in the list with a
frequeng lessthanv.

In orderto gainalittle moreinsightinto equation(6.119),we canwork outthesimplifiedcase
introducedin their paper We supposéehatthelinesall have the samestrength sotheir Soboles
opticaldepthis a constantr, which we do not assumeés small. We supposéhe linesareequally
spaceddy A in frequeng. We will assumesA /v « 1. Equation(6.119)canbe expressedas
kexp(vV) = o1/(1 —€,), in which, is the summatiorin the denominatoof theright-handside.
In this simplified casethe sumbecomes geometricakeries andleadsto

1 —exp(=1)](vy/v)®

= . 6.121
T exp—sA/v—1) (6.121)
To first orderin thesmallquantitysA /v this resultis the sameas
SA  exp(—1) (v—vys]?
=1+ — . 6.122
€v |: + v 1—exp(—r)+ v ] ( )
This resultleadsto thefollowing expressiorfor the expansionopacity:
-1
Kop = o1 + 1Y exp(r) (6.123)

s A+ (v—vylexp(r) —1]°

In the small-r limit this is the resultgiven by Karp, et al.. The expansionopacityin this limit
is not dependenbn 7, nor on the spacingof thelines, but solely on the frequeng displacement
from the next-lower line in thelist: kexp ~ o1 + v/(v — vy). If T isfinite butwe sety = vy the
resultsfor theline contribution to ke would beorv/(sA)[exp(r) — 1.

Blinnikov [34] hasgiven a criticism of Karp, et al. [140], basedon a Boltzmannequation
solution. He finds thatthe propermeanfree pathcalculationof the photonshouldaverageover
its history in the upwind direction, not in the downwind directionasin Karp, etal.. Thisis
pointedout by Pinto andEastmar{205]. But, asa matterof fact, Blinnikov's result(20) for the
expansionopacity whenevaluatedfor the caseof equally spacelines of uniform strength,and
with sA /v « 1 ands > 1 asbefore,leadsto the sameresultfor ¢, asin Karp’s model,except
thatv — vy isreplacedoy v — v; theindex L is thatof theclosestine in thelist with frequeny
largerthanv, justasJ is theindex of the closestine with frequeng smallerthanv. Blinnikov’s
modelandthatof Karp, etal., areequivalentapartfrom reversingthe orderof theline list.

Thenext stepin the useof the monochromatie@xpansionopacityis to evaluateits Rosseland
meanover afrequeng bandthatis large comparedvith theline spacingthisis the quantitythat
entersdiffusioncalculationsn the Soboler regime. We find, following Karp, etal., that

oT

=1—(e), (6.124)

KR,exp
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wherethe braclets signify the averageover the frequeng band. Using equation(6.122) for
equally-spacedonstant-strengtlinesleadsto

1— exp(— SA

(e) = —log o) + SA/v . (6.125)
SA | 1 —exp(—1) + (SA/v) exp(—1)
Thecorrespondingalueof the Rosselandneandepend®n how larger is:
auidudl o 1

" o 1 6.126
KRexp ~ ) 24 vduzag LT K (6.126)

ot T v(lfgj—LﬁJ/CdAEI :

The first casehereis whenthe lines are optically thick in the Soboles sense. The Rosseland
absorptiorcoeficient, per unit length,becomedwice the probability of encountering line per
unit pathlength. Thisfactortwo is relatedto the choiceof equally-spacetnes. We will comment
onthisfactorbelaw, in thediscussiorof theWehrse etal. [259], paper Thesecondcaseapplies
if thelinesareoptically thin in the Soboler senseyetthe smeared-ouine opacityis still greater
thanthe continuumabsorptiorcoeficient. Thisonly appliesif the continuumopticaldepthof the
typical pathlengthbetweerline encountersAc/(vdu/d¢), is small, the usualcase(andassured
if SA /v <« 1). In thethird casethe smeared-ouine opacityis lessthanthe continuumopacity
andthe Rosselananeanis unafectedby lines.

6.9.2 Friend and Castor

The stochastiapproacho line transferwith a forestof linestreatedin the Soboler approxima-
tion is presentedy Friendand Castor[94]. The statisticalmodelof the line distribution is that
the lines with variousvaluesof the line strengthk, have independenfPoissondistributionsin

frequeng, sothatthe meannumberof linesin afrequeng intenal [v, v + Av] andin astrength
interval [k, k. + Ak Tis w(kr, v) Ak Av. If we now considera photonof frequeng v traveling
in thedirectionn, the probabilitythatit will encountegrline in this strengthrangein traveling a
distanced? is

de
1k, v)AKL an Vu-n. (6.127)

Theprobabilitythattherewill beaninteractiongiventhataline is encountereds 1—exp(—t (n)),
with the Soboler optical depthgivenby equation(6.93)in termsof k. andn - Vu - n. Summing
over the line strengthdistribution givesthe total probability of encounteringa line and being
absorbedr scatteredn d¢:

ke, u)dkL%n VU - n[1 — exp(—z(n))1de, (6.128)

from which the effective opacity the sameaswe meanby the expansionopacityandincluding
now the continuousopacity is seento be

Kep(V) = picn VU nfo ke, v[1 — exp(—z ()] dky + o, (6.129)

where,in theintegrand,z (n) shouldbesubstitutedisingequation(6.93). Theresult(6.129)is ex-
pressedn termsof the hypotheticaPoissordistribution of linesof differentstrengthsThatturns
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outto beveryusefulwhentheline statisticshave beenexpressedn analyticform, andthefurther
developmenin [94] makesuseof thisto evaluatethe overlappindine effectonradiatively-driven
stellarwinds(cf., §12.5).But we canalsoestimatethe line densitiedy usingthe actualline list;

the densityis approximatedoy summingthe lines within a bandwidthAv anddividing by the
bandwidth.This givesequation(9) of [94], which takesthis form in the presennotation:

v
PCAV

n-vu-nY [1-exp(-t(n)]+or. (6.130)
Av

Kexp(v) =

6.9.3 Eastmanand Pinto; Wehrse,Baschekand von Waldenfels

In an ambitiousstudy of non-LTE spectrummodelingof superneae, Eastmanand Pinto [86]
employ expansionopacityto treat,in anapproximatewvay, the effect of the forestof weaklines
for which a detailedtransfersolutionis not feasible. They independentlyderive the expansion
opacity formula(4.2) in their paper whichis identicalwith equation(6.130). The moregeneral
result,in which the Soboler approximatiorhasnot beenmade,is their equation(23), in which
the Ieft-handsideshouldread/cgl. This equatioragreeswith Blinnikov’'s equation(14).

The paperby Wehrse Baschekandvon Waldenfels[259] discussednethodicallythe calcu-
lation of the expansionopacity andthe generalissueof the diffusion approximationfor a flow
with velocity gradients.They considetbotha deterministicdistribution of lines,anda stochastic
distribution of lines, aswell asbothinfinitely narrown lines (Soboles limit) andlineswith finite
widths. Their resultsfor the monochromatiopacitywith infinitely narrav linesreproduceBlin-
nikov’s expressionsandwith finite line widthsthe Wehrse gt al., expressionsreessentiallythe
sameasBlinnikov’s; bothimply alocal harmonicmeanopacity

o0 §
ke (v) "t = — <f exp (—if K(;)d;> dn> : (6.131)
oT 0 oT Je—p

in which & = —logv, the variablen is definedin termsof the pathlength¢ by n = o7 0¢/s,
andthe anglebracletssignify anaverageover a moderatebandwidthcenteredat v. In theinner
integral x (¢) is themonochromati@pacityatv = exp(—¢) calculatedwithout thefluid velocity
but includingall the otherline broadeningnechanisms.

For the stochasticinfinitely narrow line casejn whichthelinesform a Poissorpoint process
asdescribedabove, Wehrse,et al., give a resultfor the effective opacity thatis equivalentto
equation(6.129)or (6.130),andthusalsoin agreementvith the EastmarandPinto[86] formula
andPintoandEastmari205] equation(9). Wehrse gtal., give resultsusingthe stochastienodel
in the particularcasethatthe line strengthgfollow a power-law model . (k., v) o k%, justas
in the CAK stellarwind model[59] (cf., 812.5),andasusedin [94]. Theexponentx in Wehrse,
etal., is 1 — o asusedby CAK. Wehrse et al., usehigh andlow cutoffs in k;_in evaluatingthe
effective opacity;thisis unnecessarif 0 < o < 1.

Someclarification is neededon the differencesbetweenthe monochromatidarp, et al.,
opacity andthe stochastionodel opacity The former is a strongfunction of frequeng in the
spacesdetweerlines. Thelatter, which is a constanin a given medium-scaldrequeny band?
actually correspondso the expectationvalue of the meanfree pathwith respecto realizations
of the Poissonprocesshat producesthe line spectrum. Friend and Castor[94] arguethat the

2Asin equation(6.130);a bandlarge enoughto includemary lines, but smallin comparisorwith thefrequeny itself
or theintenal over whichtheline statisticschangesubstantially
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expectationof the monochromatidntensity can be calculatedfrom the opacity as definedby

equation(6.129). The calculationby Wehrse,et al., of the diffusion flux for infinitely narrav

Poissonlines givesa resultconsistentwith equation(6.129),in confirmationof this algument.
Thusthe local Rosselandneanexpansionopacity, in the infinitely narrov stochastidine case,
is the samequantity given by equation(6.129)or (6.130),EastmarandPinto[86] andEastman
[205] equation(9).

We now returnto the factortwo differencebetweenthe Rosselandgverageof the expansion
opacity for equally-spacedtronglines, and the Poissonaverageopacity for stronglines with
the samemeandensityin frequeng. In fact, this is the differencebetweerthe Poissonstatistics
andequallyspacedines. A propertyof the Poissornprocesss thatif afrequeng is selectedat
random,andthefrequeny displacemenis foundto the next higherfrequeng in arealizationof
the Poissordistribution, thenthe meanvalueof thatinterval is just equalto the reciprocalof the
line density But if this samefrequeng is comparedwith thelist of equally-spacedines, then
themeandisplacemenis onehalf of theline spacingn thelist. This is the factorof two. These
resultsareverified by a simple Monte Carlo calculation which alsoshavs thatequation(6.119)
doesleadto (1 — ¢,) = sA /v for stronglineswith a meanspacingn frequeng of A, twice the
resultfor equallyspacedines.

In summarythe stochastianodelis a usefultool for simulationsof spectrawhenthereis a
denseforestof lines andthe Soboles approximationis valid, suchasin novaeandsuperneae,
stellarwinds,andhigh-velocity laserplasmaexperiments.

6.9.4 expansionopacity example:the iron spectrum

The ideasof expansionopacityarebestillustratedusinganidealizedbut realisticexample. We
have choserthe spectrunof theionsFell, Fell andFelV ascalculatedn LTE atatemperature
T = 3eV andelectrondensityNe = 10 cm 3. Iron is assumedo have the numberatundance
4 % 107" relative to hydrogen For simplicity thethreeionsareassumedo have equalabundance.
The dataof Kurucz[153] are usedfor the line frequenciesgnepy levels, oscillator strengths
andthe radiative and Stark dampingconstants. Eachof the lines hasa Voigt profile basedon
the thermalDopplerwidth andthe dampingconstant. The total numberof iron lines treatedis
about37,000,and of these836 lie within the rangeof Figure 6.2(a),which shows a portion of
the synthesizedpacity spectrumbetween213and222 nm. In orderto producethe expansion
opacitiesa larger region, from 182 to 222 nm, hadto be synthesizedirst, to provide the data
for equationg(6.124),(6.130)and (6.131). We calculatethe harmonicmeanopacity over the
bandillustratedin Figure 6.2(a),accountingfor the velocity gradient,in threeways: (1) using
theKarp/Blinnikov formula(6.119)with equation(6.124);(2) usingthe Friend-Castor/Eastman-
Pintoformula(6.130);and(3) usingthe Blinnikov/Wehrse gt al., formula (6.131)for lineswith
finite widths. Theseresultsfor ke in this bandareshovn asfunctionsof s in Figure6.2(b).

It is apparenthatthe calculationsof ke thatomit the intrinsic line widths, thatis, in  Fig. 6.2
the Soboler approximationconsiderablyunderestimat¢he effective opacity unlessthe velocity
gradientis quitelarge, i.e., s is lessthansomeamount.In this casethatvalueof s is about10°.
Thisis thes for which abouthalf thelinesin thefrequeng bandin questiorhave Soboler optical
depthdessthanunity. Thetwo Soboler calculationsshovn in Figure6.2(b)agreewell with each
other Sinceoneis a deterministicformulathat makes no assumptioraboutthe line statistics,
andthe otherassumeshatthe lines have a Poissordistribution, the agreemenindicatesthatthe

Swe aregratefulto R. L. Kuruczandthe SmithsoniarAstrophysicalObsenatory for makingthesedataavailable.



108 CHAPTER6. THE COMOVING-FRAMEPICTURE

stochasti@pproactyivesa quite usableanswer

The larges and smalls limits of kef have naturalinterpretations.The large-s limit is the
harmonicmeanor Rosselandneanfor this bandof thedu/d¢ = 0 spectralopacity or at least
it shouldbe if the approximatiornwere accurate. The smalls limit is the arithmeticor Planck
meanfor this band.As s — 0, theregion over which the averageis taken getslargerandlarger
for equationg6.124)and(6.131),which accountdor differenceghat are seenin the different
modelsat small s, owing alsoto the factthatthe line densityvariessomeavhatwith frequeng.
Thevaluesof theharmonicandarithmeticmeansare2.23and86 cm? g~ for this band.

An adhocmodificationof theSobole calculationghatmakesthemsubstantiallymoreusable
is to replacethe addedquantity ot in equation(6.130)with the actualharmonicmeanopacity
calculatedwithout the velocity gradient. The Soboler resultfor the line opacity alonetendsto
zeroasthe velocity gradientbecomessmall, while we know that with the intrinsic line widths
takeninto accountheharmonicmeancanbesignificantlylargerthanot owingto line blanketing,
i.e., bandwidthconstriction. The fourth curve plottedin Figure 6.2(b) shaws the resultusing
equation(6.130)with ot replacedy ke (du/d¢ = 0). The agreementith equation(6.131)is
goodovertheentirerange.



Chapter 7

Hydr odynamicswith radiation:
wavesand stability

Thegoalof this chapteiis to exploretheeffectonthehydrodynamiequationf thetermsrepre-
sentingexchangeof enegy andmomenturrbetweermatterandradiation. The presentliscussion
will be rathergeneral;mostof the specificexampleswill be taken up after discussingvelocity
effectsontransporandnumericaimethods Backgroundnformationonthe propertieof thermal
equilibriumradiationis presentedby, for example,CoxandGiuli [79].

7.1 Imprisoned equilibrium radiation

We note one suspiciousthing aboutthe overall enegy equation(4.47), which is that the flux
termincludesan enthalfy flux for matter but thereis no enthaljy flux for the radiation. Since
our claim is thatthereis no intrinsic differencebetweenmaterialparticlesand photons why is
therethis apparendifferencethat would persisteven whenthe opacityis so greatthatthe flux
vanishes?The explanationwasfoundin Chapter6. In brief, it is thatthe flux dependsn the
referencdrame. The sameis true for the enegy densityandthe radiationpressurebut for these
variableghe correctionsaresmall. We have seerthat

F=Fo+UuUEg+u-Pg (7.1)

to first orderin u/c, whereEg, Fo andPg areevaluatedin the comoving frame. In thelimit of
vanishingmeanfree pathit is Fo thatgoesto zero,not F. WhatF tendsto in thatlimit is the
corvective radiationenthaly flux. If we make useof this in equation(4.47), we seethat the
symmetrybetweermmatterandradiationis restored.

Thisis thestellarinteriorsmodelof radiation. Theintensityequalshe Planckfunctionatthe
local temperaturewhich impliesthatthe enegy densityandradiationpressureregivenby

E=aT? (7.2)
and
1
P= éaT“. (7.3)
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Theradiationenthalfy whoseflux is addedto the materialenthalgy flux in thetotal enegy equa-
tion is (4/3)aT*. Theenegy andenthalfy hereareperunit volume;the specificinternalenegy

andenthalpy contributionsareobtainedby dividing by p. Thespecificradiationentropy s comes
from thefirst law of thermodynamics:

T4 T4 (1 T3dT 4 _,d
o o () + 2T (1) —aa 0T dares 7.
P 3 p o 3
SO
4aTs
S=3— (7.5)
0

All theseradiationcontributionscanjust be addedto their materialcounterparts The radiation
makesa differenceto the equationof state.The y for radiationis 4/3, lessthanthatfor the non-
relativistic monatomicideal gas,which is 5/3. Thusradiationsoftensthe equationof state. In
massve starsEddingtonshaved yearsagothata large part of the weight of the stellarmaterial
is supportedby radiationpressureandthe effective spring constantof the starfor radial oscil-
lations,which is proportionalto y — 4/3, getssmallerandsmallerasthe stars massincreases.
Abovesomemassghestellaroscillationsaresoeasilyexcited by themodulationof nuclearenegy
generationn the interior thatthe starbecomesinstableto pulsationsandis eitherdisruptedor
becomesanunusuakind of objectinsteadof a quiescenmainsequencestar Radiationpressure
is alsoa several percenteffectin the pulsatingcepheidvariables.Thereductionof y — 4/3 due
to radiationappreciablylengthengheir pulsationperiods which arevery well studiedandoneof
thebase®f theextragalactiadistancescale.

7.2 Non-adiabatic waves

We will considersomeexamplesof wavesthatcoupleto aradiationfield thatis neitheroptically
thick nor optically thin. The first examplewill be the cooling modethatwas discusseckarlier
usinga Newton’s coolingmodel. For now we will omit thefluid motionpartof thatproblemand
just considerthe zerosoundspeedimit. This discussiordravs on MihalasandMihalas[189],
§897,10landCastor[{56]. Whatwe areinterestedn is thethermalresponsethatis, whatis the
decayrate of temperaturdluctuationsof differentwavelengths.Earlier on we found the decay
ratel/z for thecoolingmode,wherel/t wasthe coeficientin thecoolinglaw (Eq.[2.53]). We
write theenegy couplingterm —g° as

—g% = kp(CE — acT?), (7.6)

where the emissvity hasbeenexpressedn termsof the thermalequilibrium enegy density
andthe frequeng integration hasbeenperformedusing an appropriateaveragevalue (Planck
mean)of the absorpwity, kp. If E is heldfixedwhile T is perturbedthenthe perturbationof
—g%is —kp4acT3AT. Dividing the coeficient of AT, namelykp4acT?, by pC,, whereC, is
the specificheatat constantvolume, givesthe dampingconstantl/z. Thuswe identify T with
pC,/(kpdacT?3).

In thegeneratasean which E respondso thetemperaturductuationghelinearizedcoupling
termis

—59° = kp(cSE — 4acT3sT). (7.7)
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We usethe frequeng integratedform of the combinedmomentequation(4.42),andtake for the
unperturbedstatean infinite homogeneousmediumin which E = aT*. Theright handsideof
theintegratedmomentequationis just g°, thus

0E c
— —Vv.[=—VE]) =¢" 7.8
ot (SKR > g (7.:8)

The frequeng integral of the flux divergenceterm is approximatechere using the Rosseland
mean(q.v, section6.7)kr of k,. We dropthetime derivative term,whichis to saywe neglectthe
photontime of flight. Whenthe equatioris linearizedandwhenspatialdependencexp(ik - r) is
assumedt gives

k2
K CSE = —Kp(CSE — 4acT3sT). (7.9)
e

Therespons®f theradiationfield to thetemperaturdluctuationss thereforegivenby

4aT3sT

E=——+———.
) 1+ k2/(3krkp)

(7.10)

This saysthatif thewavelengthis very long, theenegy densitytracksthetemperaturgerfectly
but thatif the wavelengthis shortthe enegy densityhardly varies. The roll-over occurswhere
thewavenumbeis comparabléo the geometricneanof thetwo differentmeanabsorptiorcoef-
ficients,in otherwords, wherethe wavelengthis aboutone meanfree path. The valueof —s5g°
thatresultswhen$ E is substitutednto (7.9)is

k?/(3krkp)
—89% = —kpdacT3sT — > — " 7.11
g P K2/ (3krkp) (7.11)
Thusthe coolingtime is modifiedto
3krkp 0Cy 1 3kr
1 — = 4 =R 7.12
T%T(+ k2 ) 4aCT3<kp+k2> (7.12)

by theresponsef theradiationfield to thetemperaturdluctuations.

It is interestingto considerthe radiative coolingtime in differentpartsof a starin response
to afixed wavelength. In the tenuousupperatmospherghe Planckmeanabsorptioncoeficient
will becomevery small, and the cooling time will be long; the coupling betweenthe matter
and radiationis simply weak. In the deepinterior the Rosselandneanabsorptioncoeficient
becomewery large andthe coolingtime againbecomedong, but this time because¢he leakage
of radiationthroughthe opaquematerialis sluggish.The minimumcoolingtimeis attainedf the
wavenumbeiis comparablevith the geometricmean,asjust mentioned.The minimumvalueof

it is approximately
2pCyA
min = 22c73° (7.13)

wherea is the spatialwavelength.This is comparabldo thetime it would take the radiationflux
o T* to radiatetheinternalenegy contentof awavelength-thickslabof materialsinces = ac/4.
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7.3 Atmospheric oscillationswith radiation pressue

An extensionof the wave propagationideasof the previous sectionis the the problemof the
oscillationsof a hydrostatidsothermaktmospherefor which the equilibriumconditionis anex-
ponentialstratificationof the density p o« exp(—x/H). This problemwastreated with respect
to theverticaloscillations by Lamb[154]. It becomesnoreinterestingwhenthe horizontalmo-
tionsareincluded,aremoreinterestingstill whenthe effect of the radiationpressurés included
asa momentumcouplingtermin the optically thin approximation. This ideafor atmospheric
instability in luminousstarswasadvancedoy Hearn[112, 113 underthe name“radiation-driven
soundwaves’ It providesan opportunityto look critically at whatis meantby instability of an
unboundedystemsuchasa stellaratmosphere.

Consideffirst the casewithout the radiationpressurgerm. The discussiorof soundwavesin
§2.7needgo bemodifiedto accounfor thestratification.In this discussiorthe notationwill also
bemodified:thevariablep’ will denotetheperturbatiorof p dividedby p, thatis, thelogarithmic
perturbation Likewisefor p’. The continuityequation(2.2) whenlinearizednow becomes

8/
a—/;+V-u+u-V|n(,o) =0
or
op’ Y
— +Vau+ 5g-u = 0. 7.14
o TVuUt 59 (7.14)

Hereg is the downward-directedgravity vector, a is the adiabaticspeedof soundandy is the
ratio of specificheats,soa/,/y is theisothermalspeedof sound,and a?/(yQ) is H, the scale
heightof the staticatmosphereThe perturbednomentumequation(2.3) becomes

au a2
P o'g+ pg+ 7Vp’ =0, (7.15)

andthelinearizationof theinternalenegy equation,jncluding Newton’s coolingasin 82.7with
atime constant, is

op |y ' y? p—p
— + 50 U—y— — 50-U=— .
ot a2g Y ot a29 T

(7.16)

Thesystemof equationg7.14—7.16¥or theunknonvnsp’, u and p’ hasconstantcoeficients,and
thereforeit is relatively simpleto eliminatetwo of the unknavnsto obtaina partial differential
equationfor theremainingone,sayp’. Thisis

{[ 1 (y —1)a?

1
1 2, a2 RYY:
R+ )+ o }(ax )+ )0

1 1 1., 1
——9 —)3; — 3@ + =)o =0. 7.17
F = ¥t D o (747

The approacho solving this equationis to first take the Laplacetransformwith respecto
time, which givesanequationof this form:

[VTAV+ 26TV + c] i =S, (7.18)
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in which S is a certaincubic polynomialin the transformvariables that containsthe initial
conditionsfor p’, u and p'—cubic becausehe equation(7.17)is fourth orderin time—andthe
coeficientsA, b andc aredefinedby

1 (y=1a?
A= 0 s+ 75) + L 0 : (7.19)
1
0 0 S8+ %)
0

b= . 0 NE (7.20)

—WS(S‘F P

and
3

s’(s+1/7)

== (7.21)

Thevariables’ is thetransformof p’, the operatorV representshe columnvector (dy, dy, )T
and' denoteshe transpose.The sameequationwould be found for u and p’; only the initial
conditionfunction Swould differ.

Somegeneralconditionsthat canbe imposedon the coeficientsin equation(7.18)are: (1)
A is symmetric;(2) A ~ s"B for s — oo for somen, whereB is positive definite; (3) ¢ =
O(s?||A]]) for s — oo; (4) ||b]|?/(]|Al|c) = o(s) for s — oo. Theseconditionsaresufiicientto
ensurehatthe original systemof PDEsis hyperbolic,andaremetin this example.

If a solutionfor 5 is in hand,thenthe solution of equation(7.17) for p’ is given by the
Laplaceinversionformula

'"(X,Y,2,1) ! d+iooeSt 5’ ds (7.22)
Py 2 271 Jociee L '

whered is a positive real constansufficiently largeto ensurethatthe contourpasseso the right
of all the singularitiesof the integrandin the complec s plane. For large, real positive s, A is
positive definiteandcanbefactored:

A=M"M, (7.23)

whereM is a non-singulareal matrix. The coordinatevectorr = (x, y, )" canbetransformed
usingM to anew setof coordinates definedby r = MT&. In this way equation(7.18) may be
turnedinto Helmholtz's equationin £-spacefor which the Greens functionis known. Thesteps
of thetransformatiorwill be omitted;theresultfor thesolutiong’ is foundto be

o = // G(r —r)SrHdv, (7.24)
Vv

wheretheintegrationvolumeincludesthat partof threedimensionakpacewheretheinitial con-
ditionsarenorvanishingandthe Greens functionis

1 exp {—bTA—lr —[(TA"1h — c)rTA—er]l/z}
G =——
4 [del(A)rTAflr]l/2

(7.25)
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We now argueasfollows aboutthe behavior of the solutionp’ obtainedfrom applyingequa-
tions (7.22)and(7.25): The Greens function givenby equation(7.25)is analyticallycontinued
from large,real, positive s in the negative realdirection. At somevalueof % (s) singularitieswill
be encountered.The constantd in the Laplaceinversioncanbe setto any numberlarger than
the largesti(s) of ary of the singularities. If d turnsoutto be negative, then p’ tendsto zero
fort — oo if theinitial conditionsvanishoutsidea compactvolume. If d is positive, then o’
will becomeexponentiallylargefor t — oo. If the singularitiesof G lie ontherealaxisamore
carefulanalysisis requiredto decidewhetherp’ grows or not.

This notion of stability is calledabsolutestability. A dynamicalproblemis absolutelystable
if theresponséo aninitial disturbanceta pointin spaceeventuallydiesaway at ary otherfixed
pointin spacelt maystill betruethatnomatternow larget maybe,thereis apointin spacevhere
theresponsat this time is large, andthatast increaseshe maximumresponsdecomedarger
andlarger. This is consistentwith absolutestability if the location of the maximumresponse
moves fartherand fartherfrom the site of the initial disturbance.Corvectiveinstability is the
termappliedto this situation! A dynamicalproblemis corvectively stableor unstabledepending
on whetherthe maximumresponsever all spaceto an initial disturbancedecaysor grows in
time. Corvective stability guaranteesbsolutestability, but the reverseis not true. A third kind
of stability, called global stability, pertainsto dynamicalsystemsin a boundeddomain, with
specificboundaryconditions. Imposingthe boundaryconditionsturns equation(7.18) into an
eigervalueproblem.The signsof thereal partsof all the discreteeigervaluesdeterminestability
andinstability in this case.

In otherwords,the possiblesingularitiesof G determinewhetherthe problemis absolutely
stableor unstable Corvective stability canbe diagnosedy finding solutionsof the dispersion
relationfor all real propagatiorvectors,s’ ~ exp(ik - r). It may be possibleto relateglobal
stability to absolutestability.

By inspectionof equation(7.25)we canderive threeconditionswhenG would besingular:

€) dettA) =0 (7.26)
() b'Ab—c=0 (7.27)
(¢ r'A7lr=o0. (7.28)

We canestablishabsolutestability or instability by examiningthereal partsof all thevaluesof s
thatobey ary of equationg7.26—7.28).
We returnto our specificproblem,with thedefinitions(7.19—-7.21) Condition(a) abore gives

2
1 1 — 1)a?
s(s+—) [s(s+—)+7(y 5 )2 } =0. (7.29)
YT YT y<H
Condition(b) gives
1 2 a2
3
Zs+-——s+—— =0. 7.
S +rs+4H25+4yH2r 0 (7.30)
And condition(c):
22 2
Xty z (7.31)

=0
S5+ L) 1 (7 —DaZ/(y2H?) T s+ 1)

1Theterm“convective instability” shouldnot be confusedwith theinstability associateavith thermalconvection. In
fact,thelattercould perhapde calledanabsolutdnstability of thegravity wave modes.
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Condition(c) determinegootss thatdependon the vectorr = (X, y, z). Thisis interpretedas
follows: If oneof theserootshasa positive real part,thenG(r) will grow exponentiallyfor that
r. Absolutestability requiresG to decayatall r, andthereforeoneof the conditionis thatall the
rootsof condition(c) shouldhave a non-positive real part, whateverthevaluesof x, y andz.

Therootsof equation(7.29)ares = 0, s = —1/(y 1) andtherootsof the quadratics(s +
1/(y1)) + (¥ — Da?)/(y?H? = 0. Sincethereareno sign changesn the coeficientsof the
latter, thoserootshave negative real parts. Thusall the rootsfor condition (a) indicatestability
exceptfor the marginally stabletrivial root p = 0.

The cubic equation(7.30) alsohasonly positive coeficients,andthereforeits rootshave
negative real parts,andcondition(b) alsoindicatesabsolutestability. It is interestingto examine
therootsof thecubicin therealisticlimit thatz is smallcomparedvith H /a. (In theatmosphere
of atypical hot starthe dynamictime H/a is of order10°® secondswhile the coolingtime is of
orderl0seconds.A helpfultool for doingthisis to sketchthe overall power of T thateachterm
in the equationrepresentsersusthe exponentn in a hypotheticalrelations = ", asin Figure
7.1. A possiblevalueof n mustbe wheretwo or moretermsin the cubic have the sameoverall
power of 7, sinceotherwisethetermscannotbalancesachother Furthermoresincer is asmall
parameterthe overall power thesetermshave mustbe smallerthanthe powersof theremaining
terms,otherwisethetermsthatmatchwill notbethedominantones.LookingatFigure7.1shavs
usthatthe crossingpointsatn = 0, wherethe quadraticterm balanceghe constanterm, and
atn = —1, wherethe cubicterm balanceghe quadraticterm, mustdescribetheroots. Thefirst
crossingpointgivestwo rootsandthesecondnegivesasingleroot, thusaccountingor thethree
roots. Whenthe dominantpart of a givenroot hasbeendeterminedn this way, the remaining
termscanbe evaluatedto provide a first-ordercorrectionto the dominantone, if desired. The
rootsarethusfoundto be

ia (y — Da’t
2,/yH 8yH2
Theserootscanbe physicallyidentifiedwith endpointsof brancheof the wave spectrum.The
comple conjugatepairaretheendpointof theacoustidoranchesandtherealrootis anendpoint
of thethermalmodebranch. Sincetr « a/H, thedampingof thethermalmodeis very large,
while the dampingof the acoustianodeis slight.
Condition(c) in equation(7.31)canbere-expressedsthis quadraticequation

1 — 1a’cos 0
S(s+ )+ LZDESO (7.33)
YT y<H

wheref is theanglebetweerr andthevertical. Therootsall have negative real part, exceptthat
s = 0Oisarootif 6 = /2. As 0 rangesrom 0 to 7 /2 theserootsfill in the spacebetweerthe
rootsderived from condition(a). They are physicallyassociatedvith the gravity modewaves,
but, like the acousticmode,they aremixedwith the thermalmode. Therootsarecomplex only
if T > H/(2a/y — 1)| sed|. If thecoolingis too efficient the buoyangy forcethat providesthe
“spring” for gravity wavesis suppressedndthe wavesdo not oscillate. In the adiabaticlimit,
7 > a/H, thed = 0 endpointf the gravity branchesreats = +i/y — 1(a/y H), of which
theimaginarypartis the Brunt-Vaisala frequeng. Thesearesimilar to, but just slightly smaller
in magnitudethan,theendpointstia/(2H) of theacoustidbranchesn the adiabatidimit.

In summarythe oscillationsof the exponentialatmospherareabsolutelystable. The atmo-
sphereis certainly not corvectively stable,sincethe pulse producedby the initial disturbance
increase$n amplitudeasexp(z/(2H)) asit risesthroughthe atmospherat the speedh.

~
~ ~ —

1 (7.32)
T

Fig. 7.1
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We turn now to the casethatthe body force on the matterdueto absorptionor scatteringof
radiationis includedin the materialmomentunbalance We sav earlierthatthis force shouldbe
the negative of g givenby equation(4.44). Whenexpressedgerunit massof materialit is

1
OrR = —/dv denkyl, — jy). (7.34)
pC 4

If theemissvity j, isisotropicthattermin gr vanishesandif k,, isisotropicit canbetakenoutof
theintegraloverangle whichbecomeshetotalmonochromatidlux, F,. For astellaratmosphere
with slabsymmetrytheflux is a vectorin the 4z direction. For the presenfpurposewe assume
thatthe frequeng-dependenabsorptioncoeficient canbe replacedoy the flux-weightedmean,
kgp. Thuswewill use
keF
Or = Y €, (7.35)
wherexk is the flux-meanopacityand F is the total radiative flux, which we will assumeo be
constantTheratio of gr = |gr| to thenormalgravity g will bedenotecby a new variablel™:?
krF
r=-_, (7.36)
gc

andthereforethe momentumequationcanbe written

%+U-Vu+le=(1—F)g. (7.37)
ot P

Theflux-meanopacityconsistof a constanfThomsonscatteringpart,denotedy oe, andan
absorptiorpartdueto processesuchasbound-freeandbound-boundbsorptionaswell asline
absorption.The absorptiorterm varieswith temperatur@nddensity soit will beapproximated
by «1p"T ~9, wheren andq areconstanexponentsandthereforel” canbewritten

F
r= (e tian"T™9). (7.38)

Thevariationof the opacitywith height,dueto its p dependenceshouldbeincluded,but thatwill
be neglectedhere. However, the effect of densityperturbationsn the opacitywill beincluded.
Thelinearizedform of the momentuntouplingterm (1 — I')g becomes

F )
-TI'g= —';l—cp”T*q[(n +q)p’ —splg= —Tel(N+ q)p" — sp'Igef , (7.39)

wherel'¢ is definedby

1 «q1F

AL (7.40)

I'e

2The Eddingtonluminosity for a staris that value for which the radiation force balancesgravity; it is Lggq =
4r GMc/kg, andsol” = L/Lgqgq. Normalstarsapproachbut donotexceedL = Lggg.
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andgef = (1 — I')g, in termsof I' in the unperturbedatmosphere.Ie will be treatedas a
constantn theproblem,in aBoussinesq-likapproximation.Theperturbednomentunequation,
replacingequation(7.15),is now

au
P 'Geft + P'Get + — Vp = —Tel(N+a)p" — sp'Igef - (7.41)
Theoccurrencesf g in equationq7.14)and(7.16)will alsobereplacedy gef, Sincethescale
heightof the staticatmospherés now H = a/(y gef).

With thesechangeshe equationsatisfiedby 4’ remainsof theform (7.18),but now A, b and
c aregivenby

S(S+ %)+ 0 0
+he - "+ qrd
A= 0 S(s+ =)+ 0 , (7.42)
+(V21)a — (N+q)Tel
0 0 s(s+ =)
0
b= 0 , (7.43)
—5hS [s [1+ ein— (y — 1)q]] 1*”“}
and
s 1 , Nled?
C:—? <S+;) (S — sz) (744)
Condition(a) now leadsto
1 1 (y — Da? 2
s(s+—){s(s+—)+y272[1—(n+q)l"e]} —0. (7.45)
YT YT y<H
Condition(b) becomes
s Te 1+4nle)\?
— = (sl1+=2in-(y-Dalt +
a5+ 1/ ()] ( { y o )Q]} % )
s 1 , Nlea?
+¥<S+;> (S - sz)_O. (7.46)
Condition(c) becomes
— 1)a2
y—DaPcosh L —o. (7.47)

S(S
(+w>+ e

wheref, asbefore,is theanglebetweerr andthez axis.
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The changein conditions(a) and (c) is that the Brunt-Vaisala frequeng is modified, and
becomes

— 1a2
w%v = ()/)/ZT);{H —(n+g)Tel. (7.48)

This hasthe importantimplication that if I'e exceedsthe critical valueI'e = 1/(n + q), then
wgy becomesmaginary In this caseoneof theendpointof a gravity modebranchwill produce
absolutenstability. It is entirely possiblefor this conditionto be metin the atmospheresf the
mostluminousstars,in which I' approachesnity.

Condition (b) is more complicatedwith the addition of the radiationforce term. Equation
(7.46)canberearrangesa quarticequation

s+ as® +as® +azs+as =0 (7.49)

afterdiscardingthefactors, with the coeficients

a = y+1
YT
= S |L(HV, 1 n+o-Ba.  In-@-Daf .,
> 7 H2)y\at 4 2y € 42 e
. [(y + Dn+ (y — Q] Te + n[n — (y — D)qIT2
aS—WZ—VZIV— y+n+( —DalTe+n[n—(y — Q]e}
a? )
u = 4y2H212(1—nFe). (7.50)

The Hurwitz-Routhcriterion appliedto this quartic equationleadsto theseconditionsfor
stability=3

aa > 0 (7.51)

ajap—az > O (7.52)

ajapag —acay—as > 0 (7.53)

ag(agapag — a2y —as > 0. (7.54)
Theinequalities(7.52)and(7.54) canbereplacedy

a3 > 0 (7.55)

aqa > 0 (7.56)

without changingtheresults.Inspectingthe coeficientsshavs that conditions(7.51) and(7.56)
are always satisfied. Condition (7.55) may be violatedfor somerl'e, dependingon n andq. If
n < (y —1)q, thestatementhattheabsorptioropacitydecreasetm anadiabaticcompressiorthe

3Therootsof analgebraicequationarethe sameasthe eigevaluesof a certainmatrix derived from the coeficients,
andthe real partsof the eigevalueswill all lie in the left half planeprovided the principal minors of the matrix are
nonngative. SeeRalston[211].
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conditionis certainlyviolatedfor sufficiently largeI'e. Thatleavescondition(7.53)to discussit
canberearrangedh thisway:

H 2
2(y + DE (—) > —FG, (7.57)
ar

with threenew coeficientsthatarepolynomialsin Te:

E = (1+nle)l— (n+2q)lel (7.58)
F = y—[l(y+Dn+( - DalTe+nln— (y — 1qIr2 (7.59)
G = y [1+ ”_(’;7_1)%6] [1_ “(’;7“)%6] . (7.60)

We notethataz o« F andthatcondition(7.55)is thesameasF > 0.

The summaryof the absolutestability for this problemis thatthereis stability in theisother
mallimit H/(at) — oo for I'e < 1/(n+ 2q). Thereis stability in theadiabatidimit H /(at) —
0 for T'e lessthanthe smallerof thesmallesipositive zeroesf F andG. Thesdimits turnsoutto
betighterthanthelimit I'e < 1/(n + q) derivedfrom thegravity modes.Dependingon whether
n < (y — 1)q or not, either F hasonepositive zeroand G hastwo or none,or thereverse.The
productF G haseitheroneor threepositive zeroes. With specificvaluesof n, g andy it is a
simple matterto mapthe stability domainin I'e asafunctionof H/(ar). Figure7.2 shavs the
domainfor thechoicesy = 5/3,n = 1andq = 1/2. In this casethe acousticcriteriaallow two
stabledomains:belov a curve A andabove a curve C. But the gravity wave criterionindicates
instability above theline B, 'e = 1/(n + q). Thusthe region thatis stablefor both acoustic
andgravity modesis the onebelaw curve A, which goessmoothlybetweertheisothermalimit
I'e = 1/(n 4+ 29) = 1/2 andthe adiabatidimit, whichis I'e ~ 0.6492. Theimplicationis that
the atmospheresf the mostluminousstarsmay be unstableon this account,as suggestedy
Hearn[112, 113.

Fig. 7.2
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Chapter 8

Radiation-matter interactions

The interactionof radiationand matteris a problem,or rathera setof problems,in quantum
physics. This is becauséhe spatialscaleof the atomsandthe typical momentaof the atomic
electronsexactly obey the uncertaintylimit, AXAp g h. If this werenot true, thenthe atoms
could shrink andfind a stateof lower enegy. Thereforeall the atomic propertiesneededfor
radiative transfercomefrom the applicationof quantummechanicgo the atoms. The quantum
mechanicatheory presentedelow is basedmostly on Messiah[184], volume?2. The angular
algebrdeadingto thefinal resultsin termsof reducednatrix elementsiravs on Sobel’'man239
andCondonandShortley [71].

8.1 QED for dummies

The one-paragraplsketch of the quantummechanicf radiation processess this: The non-
relativistic Hamiltonianof the systemcomprisecbf anatomanda radiationfield is

Z€e? e? 1 e 2
I I

i<j
+/dV % (82 + sz) , (8.1)

wheretheindex i labelstheindividual atomicelectronsp; is the momentunof theith electron,
andr; is its position. The vectorfunction A(r) is the vector potentialfor the electromagnetic
field (in theradiationgauge)and& and ¢ arethefields. The electromagnetidield is quantized
by expressingA in termsof the creationandannihilationoperatordor quantaof the plane-vave

basisstates,

AN =>"

ke

27 hic?
wV

1/2
) &ar (alw exp(—ik 1) + e exp(ik - r)), (8.2)

whereal is the creationoperatoranda is annihilationoperator The wavevectorsk belongto a
discretesetcorrespondingo the modesin a small but finite volumeV with periodicboundary
conditions. The vectorsex,, for w = 1, 2, arethe two electricfield polarizationdirections
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perpendiculato k, andw = kc is theangularfrequeng associateavith k. Theinteractionterms
betweerradiationandmatterarethoseinvolving A thatresultwhenthesquaredermsin equation
(8.1) areexpandedijn otherwords

e2
Hint === Y Pi AT + 55 Y AT (8.9
i i

The transitionrates,and thereforecrosssectionsfor variousradiatve processesre found by
treatingH;n usingperturbatiortheory which entailsfinding the matrix elemenbf H;,; between
aninitial statelan) andafinal state/bn’). Herea andb arelabelsof atomicstatesandtheinitial
stateof the radiationfield is specifiedby a vectorn giving the numberof photonspresentin
eachbasisstate,andsimilarly for thefinal radiationstate. Thefirst termin H;,; is linearin A,
thereforethis term canallow exactly onephotonto be createdor alternatiely, to be destrged.
Thesecondermis quadraticthereforghistermallows processethatcreatgwo photonsdestry
two photons,or destry oneandcreateanother In otherwords, absorptionandemissioncome
fromthep - A term,andscatteringcomesfrom the A2 term (andalsofrom p - A in second-order
perturbatiortheory, asit turnsout).

The part of the radiationfield belongingto one particularbasisstate,thatis, to one wave
vectork andpolarizationey,,, is exactly like a harmonicoscillator The statesarelabelledby
the occupationnumberng,,, which takes on the valuesO, 1, .... The occupationnumberis
the eigervalue of the operatorng, = al:rwakw. The enepgy of the stateis (Nkx + 1/2)hw,
wherew is the angularfrequeng for this k. Whenthe matrix elementsof the interactionare
calculatedwe endup with somethingproportionalto (n + 1jaf|n) for a processhatproduces
emission,(n — 1|a|n) for aprocesghatrepresentabsorptionanda productof matrix elements
(n2 + 1|a;|n2)(n1 — 1)az|n1) for ascatteringprocessn which a type-1photongoesaway anda
type-2photonis created.All thesematrix elementcomefrom the standarcharmonicoscillator
theory wherea' anda aretheraisingandlowering operators The matrix elementsaresimple:

n+1aflny = vn+1l (8.4)
(n—1an) = (nafin-1 =./n. (8.5)

Whenwe recallthattransitionratesin first orderperturbatiortheoryareproportionako thematrix
elementof the interactionsquared,we seethat emissionratesare proportionalto 1 plus the
numberof photonsinitially present;absorptionratesare proportionalto the numberof photons
initially present.Whataboutscattering?Ve squarethe productof the two matrix elementsand
find somethingproportionalto n1(nz + 1), thatis, proportionalto the numberof photonsin the
out-scatteringstate,and 1 plus the numberof photonsin the in-scatteringstate. The reverse
scatteringprocessin which atype-2photongoesaway anda type-1photonis createchasa rate
proportionalto na(n1 + 1). Youmightthink thatthenin; partof theseratesjust cancelsout, and
this is almosttrue. Thereis a correctionbecausehe frequencieof the photonsare not exactly
equal,aswe will discusdaterin connectiorwith the Kompaneetgquation.
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8.2 Emissionand absomtion; Einstein coefficients

We considerthe emissionof a photonby anatomin an excited stateb asit makesa transitionto
alower statea. Thetransitionprobability perunit timeis givenby Fermi’'s GoldenRuleas

Wha = 2—ﬂl(a, N+ 1|Hjntlb, n)?p(E), (8.6)
where p(E) is the numberof photonbasisstatesper unit enegy nearE = hAw = Ez — Ep,

theamountof enepy lost by the atom;thevolumeV hasbeenassumedolargethatthe photon
statesorm a pseudo-continuumr he occupatiomumberm of the stateshasbeenassumedo be
smootharoundthis enegy. The stepswe take next to reduceequation(8.6) areto substitutethe
a' termfrom the expansiorof p - A for Hjn; imposethedipoleapproximatiorwhich is obtained
on settingexp(ik - r) ~ 1 andis valid whenkr « 1, thatis, whenthe radiationwavelengthis

muchlargerthanthe atom;substitute

_ vi?dkde vk |
" (2n)3hcdk ~ 8z3hc

sumtheresultsoverthetwo possiblepolarizationf theemittedphoton;andintegratetheanswer
over all directionsof emission.Onetricky bit is this step:

p(E) (8.7)

/ > (alplb)* - & & - (alplb) =
[ g
8
gl(alplbnz, (8.8)
which follows becausehe sumof thetwo tensorsc e andecexs is | — kk, wherek is theunit

vectoralongk. Theangleaverageof kk is 1/3, which leadsdirectly to the result. Carryingout
the stepsmentionedeadsto this:

Wha (@lplb)[>(n + 1). (8.9)

—_ w |
-~ 3hc3m?

A transformatiorof the matrix elementin equation(8.9) is possibleusing the commutator
relation

i
p= ﬁm[Hatom rl, (8.10)

whichturnsequation(8.9) into

3
w
= ——|(alr|b)>(n + 1). 8.11
373 I{alr(b)|( ) ( )
Finally we needto allow for degenerag of the atomicstatescorrespondingdo the possibleori-
entationsof a statewith non-zerototal angularmomentum.If the a statecanhave g, different
angularmomentumprojectionsms, and likewise for the b state,we get the transitionrate for
non-orientecatomsby averagingover mp andsummingonmg:

Wha

3

= 3o Sab(n + 1), (8.12)

Wha
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whereSyp is theelectricdipoleline strengthdefinedby

Sap= ) |(amalerjomp)|®. (8.13)

Ma, Mp

The occupatiomumbern is the sameasthe numberof photonsper modeintroducedearlier
(cf., [6.16]). Thusthetransitionratefor emissionis

Whba = Apa + Bpaly, (8.14)

where Apa and By aretwo of the Einsteincoeficients the onesfor spontaneouandstimulated
emissionandaredefinedby

3273 3
3 gphcd ab
Apa 8r?
= Sab.
47 hv3/c2  3gphic

Apa = (8.15)

Boa = (8.16)

The absorptionprocesscannow be handledimmediately Nothing changesn the quantum
mechanicsxceptthe factorinvolving n in the matrix element,which changedrom +/n + 1 to
4/n sincethe numberin theinitial state,n, is the larger of the initial andfinal occupationsand
thatthe averagingis over my andsummationis takenover my. Thetransitionrateturnsoutto be

wab = Baply, (8.17)
with
Ob 872

which definesthe Einsteincoeficient for absorption.

In a parcelof materialin which statea is populatecby N5 atomsperunit volumeandstateb
by N, atomsperunit volume,we caninquire whatthe netrateof transitionsis betweernthetwo
statedor this parcel.We seethattherateis

NaBaply — No(Aba + Bpalv) (8.19)
andthatit would vanishif theintensityhadthevalue

Nb Apa

|, = =
v=S NaBab — NbBpa

(8.20)
This is thereforethe atomicexpressiorfor the sourcefunction, sincethe definition of thatis the
intensityfor whichemissiorandabsorptiorarein balance Substitutingtherelationsbetweerthe
Einsteincoeficientsleadsto anexpressiorindependenof theatomicconstants,

2hv3/c?
S = oM 1
0aNp

(8.21)
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We seethatthe sourcefunctionwill bethe Planckfunctionif andonly if the Boltzmannrelation
is obeyedby the atomicstatepopulations:

No _ 9 op(—hv/KT). (8.22)

Na Oa
The circumstancehatthe atomicstatepopulationsaredeterminedy a balanceof theratesof a
varietyof differentprocessesandthatthereforeheBoltzmannrelationis notnecessarilybeyed,
leadsto a sourcefunctionthatis not the sameasthe Planckfunction. Whenthe equationof ra-
diative transfelis solvedusingthis sourcefunction, theintensitythatis founddoesnot agreewith
the Planckfunction either This intensitymay governthe ratesof someof the atomicprocesses
that,in turn, leadto the non-Boltzmannvaluesof the statepopulations.Sincethe intensitiesare
non-Planckianthenon-Boltzmanrcharacteof the populationss confirmed.The self-consistent
calculationof atomicpopulationsandtheradiationfield, neitherof which agreeswith thermody-
namicequilibrium, is the subjectof the theoryof non-LTE, i.e., of systemsotin local thermo-
dynamicequilibrium.

Theremainingquantitiesto discussarethe oscillator strengthandthe absorptioncrosssec-

tion. The oscillatorstrengthis definedby factoringout of B,y all the dimensionaljuantitiesto
leave anumberof orderunity; thisis

. mh0vB 4w g mcd A
BT one2 T 3gane2 P T gy 8r2e?

The emissionoscillator strengthis definedby a similar relationthatis obtainedfrom equation
(8.23) by interchanginga and b and noting that the frequeny changessign; it is a negative
guantityandobeys

(8.23)

foa = S fab. (8.24)
9o

The usefulnes®f the oscillatorstrengthstemsfrom the oscillator strengthsumrule, which says
thatthealgebraicsumof all oscillatorstrengthsabsorptiorandemissionbeginningfrom agiven
state,equalsthe numberof electrongn theatom. If thesumis restrictedto certainsubset®f the
totality of statessometimegherecanbe a sumrule relatingthe restrictedsumto, for example,
the numberof outershell electrons.Absorptionoscillator strengthsand sometimedlipole line
strengthsn atomicunits of (eag)?, arethe quantitiesmostoftenfoundin thetables.

The absorptiontransitionrate givenin equation(8.17)is basedon the angle-aerageof the
intensity The partderiving from a particularsolid angled$2 would bed€2/(4r) timesthetotal.
But 1,d2/(hv) is the photonparticleflux per unit frequeny in this solid angle,andtherefore
hvBap/(47) is relatedto the absorptioncrosssection. But the transitionrateis the total over
frequeng, while 1,d2/(hv) is thephotonflux perunit frequeng. Thushv Bap/(47) mustbethe
frequeng integral of the crosssection,

h e
/dvau = B = . (8.25)

4 mc
Theactualcrosssectiono, is a sharplypealedfunctionof frequeng aroundv = (Ep, — Eg)/h,
but aswe seetheremustbeaninverserelationbetweerthe peakvalueof the crosssectionandits
width in frequeng, sinceits integral is fixed by the atomicconstantsThe width of the featureis
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actuallyproducedy avarietyof processessomeof thesearethethermalmotionof theatoms the
Starkeffect producedy nearbypositive ions,the perturbatiorby plasmaelectronsthe Zeemann
effect of disorderedmagneticfields, a small-scalerandomturbulent velocity in the gas,andon
andon. Theseareall subsumedh a normalizeddistributionfunction¢ (v),

/dv p(v) =1. (8.26)
Thuswe have the actualcrosssection
hv Te?
oy = EBabﬁb(U) = me fang (v). (8.27)

Theabsorptvity andemissvity follow from the Einsteincoeficientsandtheline profile func-
tion. We noteimmediatelythatthe absorptvity is the differencebetweerabsorptiorand stimu-
latedemission,andthatthe emissvity comesfrom the spontaneousmissionalone. Theresults
are

hv
k, = 4—¢(U)(NaBab—NbBba)
JT
Nbga)
= Nao, |1-— 8.28
. ( o (8.28)
and
. hv
v = 4—¢(V)NbAba
JT
Npga 2hv3
= — . 8.29
o (6.29)

In LTE, whenthe Boltzmannequationis obeyed,therelationsbecome

K, = Naoy (1 — exp(—hv/KT)) (8.30)
and
. 2hv3
Jv = Na()'v? eXp(—hl)/kT) = ku BU- (831)

8.3 Scattering

Our treatmentof scatteringfollows Messiah[184]. Comptonscatteringandthe Klein-Nishina
crosssectionare discussedy Cox and Giuli [79]. Rayleighscatteringis consideredby So-
bel'man[239]. The simplestkind of scatteringto consideris scatteringby free electronsin a
plasma,andin the non-relatvistic approximationthis is Thomsonscattering. No atomis in-
volvedin the processandthe initial andfinal statesbothinclude a free electronanda photon.
The changeof enegy andmomentunof thephotonarejustbalancedy the changedor theelec-
tron. In this casethep - A termin theinteractiondoesnot contribute anything sincethe matrix
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elementvanishedor a free particle. We treatthe A2 termin first-orderperturbatiortheory and
selectfrom the sumsa destructionterm for k1z; anda creationtermfor kow,. Let theinitial
electronmomentumbe /K 1 andthe final momentumiK 2. Thetricky bit is decidingon the ap-
propriatedensityof statesexpressiorfor Fermi's GoldenRule,andhandlingthe matrix element,
since

/dBr exp (i (k1 + K1 — k2 — K2) - 1) = (27)38 (k1 + K1 — ko — K2) (8.32)

whentaken over all spacewheres (k) is the three-dimensiondDirac deltafunction. This delta
functionensuregotal momentunconsenrationfor thescatteringevent. Thestrat@y is something
like this. If the electronstatesarenormalizedto oneelectronin thevolumeV, theneachof the

initial andfinal wavefunctionscontainsa factor1/+/V besideshe free-wave exponential. We

integrateover the factord®K »/(2)2 in the densityof final stateshataccountgor the outgoing
electron.Thatwill useup oneof thetwo factorsof theintegral (8.32).f momentuntonseration

is obeyed precisely thenthe integral hasthe value V. Thusthe secondfactor of the integral

cancelswith thefactorl/V thatcomesfrom the normalizationof the electronstates. Thenwe

have to dealwith the normalizationof the photonstates. We put a factorng/(8n3hc)d522,

the sameasfor spontaneousmission,in the densityof final statesto accountfor the outgoing
photon. We in effect adjustthe outgoing photonfrequeng to satisfy conseration of enegy,

having alreadyadjustedhe outgoingelectronmomentunto satisfyconseration of momentum.
The transitionrate hasone surviving factor 1/V that comesfrom the expressionfor A. One
additionaldetail to noticeis thatthe expansionof A2 containsthe aklwla;rzu_f2 crosstermtwice,

whichbecomes factorfour whenthe matrix elements squared.

After carryingoutthe substitutionsasoutlined,the following transitionrateis found:

263

2
e kac
<W (aﬁ_wl ° eKZWZ)Za)]_i)Tnklw:l(nkzwz + 1)dg22 (833)

As discussedbove, the transitionrateis proportionalto the numberof photonsper modein the
initial state,andone plusthe numberof photonsper modein the final state. This will be used
laterin the detaileddiscussiorof Comptonscatteringcf., equationl2.42).Sincethereis exactly
oneelectronin the volumeV, this transitionrateshouldbe the scatteringcrosssectiontimesthe
total incomingphotonflux. Thelatteris nk,,c/V sincethe photonstatesarenormalizedn the
volumeV. Thuswe find a differentialcrosssection

2
o
dd—g22 = (micz> (a(lwl . eszz)ZZ_i(nkzwz + 1)a (834)
in whichthestimulatedscatteringactorng,, + 1 hasbeenretainedfor themoment.

The factor (&, =, - &,m,)? in the differential crosssectionis interestingsinceit describes
how polarizedlight is scatteredy electronsandalsohow polarizedlight is createdy scattering
unpolarizedight. But for now we will averageovertheinitial polarizationsandsumon thefinal
polarizationsto get the differential crosssectionfor unpolarizedscattering. As above, we can
replaceex, -, &,w, aftersummingover ey with | — k1k1, do the samewith €K, Sk, then
form thefully contractedporoductof thosetwo tensors.This operationyields 1 + (k1 - k2)2, and
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thereforethe unpolarizedifferentialcrosssectionis

do ( & )21+(I21-I22)2wz

— = — —(n 1. 8.35
d<, mc2 2 601( kowy T+ ) ( )
If ®is theanglebetweertheincomingandoutgoingphotondirections,thean -ko isthesameas
cos®, andthefactorin thedifferentialcrosssectionis (14 cos ©)/2. Thisis the phasefunction
for Thomsonscatteringlts averageover scatteringangleis 2/3, whichleadsto thetotal Thomson
scatteringcrosssection
2
8t [ € w2

o = ? (W) w—l(nkzwz + 1) (836)

The differencebetweenw; andw; is indeedvery small, which is whatwe will shov next.

The standardComptoneffect considersscatteringof a photonfrom an electronat rest,in other
wordsK; = 0. The(relatistic) conserationslaws for enegy andmomentunthenrequire

Ko = ki—ko (8.37)
E,—mc® = Hhcky — ko) (8.38)

andtherelatiistic relationbetweenE, andKo is
E3 — (hK2C)? = (mc?)2. (8.39)

Usingthefirst two equationgo eliminateK 2 and E, from the third leadsto the equationfor the
Comptoneffect

k_12 — kil = mic(l— ki - ko). (8.40)
This tells us that the fractional change(reduction)in  is approximatelyfiw/(mc?) times1 —
cos®. Of coursemc? is theelectronrestenegy, 511keV. Soexceptfor hardx-raysandgamma-
raysthefractionalfrequeng shift is negligible.

Thereis a secondcontribution to the frequeng shift whenthe initial electronis not at rest,
but hasa randomvelocity asin a Maxwelliandistribution. The Dopplershiftsto the restframe
of theincomingelectronandbackto the lab frameagainafter scatteringeadto a randomup or
down shift of the photonfrequeng by anamountof orders (1 — cos®),/2kT/(mc2). Although
V/2kT /(mc?) is usuallysmall, it is not nearlyassmallasfw/(mc?), soin practicalcaseshese
up anddown shifts arelargerthanthe Comptonshift. Evenso,they cangenerallybe neglected
for scatteringby electronswhosetemperaturds in the eV range. At the temperatureof the
solar corona,however, around150 eV, the Doppler shift is about2.4%, andis responsibleor
washingoutthephotospheri@bsorptiorlinesin thescatteredpectrunobsenedfrom thecorona
in eclipseor with a coronagraph.

For ordinary purposesthen, we can drop the factor wa/ws in the crosssection,which
thereforealsomeanghatstimulatedn-scatteringwill preciselycancelstimulatedout-scattering,
andthefactorl + n canbediscardedaswell. This givesthe commonThomsoncrosssection

2
oTZS—”(eZ> . (8.41)

3 \mc?
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For completenessve will notethatwhenthe photonenegy is no longersmall comparedwith
mc?, in thedomainof the Comptoneffectin otherwords,the crosssectionis lessthanthe Thom-
sonvalueandis givenby the Klein-Nishinaformula

3 1+uf2u(l+u)
OKN = ZO’T{ 3 [ 1120 —Iog(1+2u)]+
log(1 + 2u) 1+ 3u
_ 42
2u 1+ 2u)? } (8.42)

whereu = hv/mc?, providedthescatteringelectronis initially atrest;thecrosssectionis shavn

in Figure8.1. For moving electronghe crosssectionin ary particulardirectionmustbefoundby

transformingthe photonfrequeng into therestframeof the electronusingequation(6.9), eval-

uatingthe Klein-Nishinacrosssection,thentransformingbackto the fixed framewith equation
(6.23). Someof the implicationsof an exacttreatmentof Comptonscatteringare consideredn

§12.3.

Theotherkind of scatteringve wantto considelis scatteringoy theelectronsoundin atoms.
This is called Rayleighor Ramanscatteringdependingon whetherthe initial andfinal atomic
statesarethe sameor different. Becausahe bound-statevave functionsoccupy afinite volume,
unlike the free electronstates the subtletiesof the densityof statesand deltafunctionsarenot
required. Whatis requiredis to find the effective interactionmatrix elementby combiningthe
A2 termin first orderwith the p - A termin secondorder We will sparethe detailsand just
guotetheresult. Thisis simplein the Rayleighcasewherestatesa andb arethe sameandif the
total angularTmomentunis J = 0 in theinitial statea. Thedifferentialcrosssectionfor specific
polarizationstatesn thatcaseis

2
do e?
dQ  \mc2

wherethe the frequeny of the scatteredphotonandthe initial photonmustbe the samein this

casew; = w2 = w. Thesummatioris takenover all the members: of a completesetof atomic

statesandwyc is theexcitationenegy from statea to theintermediatestatec. The crosssection
canalsobewritten as

2
(qul ° a<2w2)2- (843)

(1)2 faC
D

. @ac —

do

aQ = k4(a(a)))2(eKW1 : eﬂzwz)z’ (8.44)

wherea (w) is the AC polarizability of theatomin the statea,

e? f
a(w) = — Z %sz (8.45)

m & wi

We obsene that Rayleigh scattering,like Thomsonscattering,has the phasefunction (1 +
cog ©)/2, which goesby the generictitle dipole phasefunction.

You seethat at low frequeng, whenthe polarizability tendsto the constantDC value, the
scatteringcrosssectionbecomesvery small, following thenthe A=* law for optical Rayleigh
scattering.This comesaboutbecausehereis almostcompletecancellatiorbetweerthe second
orderp - A termandthefirst orderA? termin theinteraction.At high frequeng the crosssection
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becomeghe sameasthe Comptoncrosssection becausehefactthatthe electronsareboundto
anatomis irrelevantwhenthe photonmomentumis large enough.As a matterof fact, equation
(8.43)is inappropriatevhenthe photonwavelengthbecomesomparabldo the sizeof theatom.
Thedipoleapproximatiorbreaksdown, andthe A? interactiontermshouldthenbe multiplied by
astructurefactorthatdepend®nthe momentuntransferk, — k1. As thewavelengthdecreases,
the momentumransferincreasegndthe structurefactorbecomesery small, which makesthis
partof theinteractionnggligible. At the sametime a Ramanscatteringermbecomesmportant
thatcorrespondso leaving theatomin afinal statewith anejectedelectronthathasthe momen-
tum h(k1 — k). If theatomhasN electronsthenat photonenegieslarge comparedwith all
the atomic binding enegies but small comparedwith Ac/r, all N electronsadd coherentlyin
the polarizability, which makesthe scatteringcrosssectionN? timesaslarge asthat for a sin-
gle electron. But whenthe photoneneny is large comparedwith sic/r the Comptonscattering
contritutionsof the electronsaddincoherently sothe crosssectionis N timesthatfor a single
electron.

8.4 Photoionization and recombination

Whenthefinal stateof the photoabsorptioprocessconsiderecearlierbelongsto a continuum,
asit doeswhena photoelectroris ejected,thenthe calculationneedsto be modified sincethe
density of statesfactor can be basedon the electroncontinuuminsteadof the continuumof
absorbedhotonenegies. This discussionis partly basedon Sobel’'man[239]. Sincethereis
areciprocalrelationbetweerthefree-wave normalizationandthe densityof stateswe will make
a specificnormalizationchoicefor thefreewavesy (r), whichis

Y () =yk(@) ~expiK-r) forr — oo, (8.46)
which correspondso a unit densityof free electrons.The correspondinglensityof final states
perunitenegy is
_ mK dQg
 (2n)3R2’

andthe incomingphotonflux is nkc/V. With thesereplacementshe transitionratefor pho-
toabsorptiorbecomes

P (8.47)

27 ;e \2 27 hc? . mK dQx
= (= K k - B |2) PNy
wak = 5 (o) T KISk 1P 6 2) Py 5 2
1 €K . 5
= EmeKWXp(lk'r)p'e«ﬂaﬂ Nk » (8.48)

which givesthedifferentialcrosssectionuponbeingdivided by theflux timesdQ,
dopi 1 e?K
dQkx ~ 27 h2mcw

In the dipole approximatiorwe candrop the exponentialin the matrix elementandthenusethe
commutatorrelation(8.10)to obtain

dap| _ imeZKk
dQk 27 R

[{(bK | exp(ik - 1)p - &z @)% (8.49)

(DK T - exqr la) |, (8.50)
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In orderto getthetotal crosssectioncorrespondingo this differentialcrosssectionit is most
corvenientto expandin sphericawavesfor thefinal state,

4 .
YK (1) = % %:'I(an(QKs #))* YKim(T) (8.51)

with
YKim() = Y10, ¢) Rk (r). (8.52)

Here6 and¢ arethe angularcoordinatef the ejectedelectron,andék and¢k arethe coordi-
natesfor thedirectionof K. Theradialfunctionhasthe asymptoticform

sin(Kr — 1z /2+6)

r (8.53)

Rki(r) ~

Theresultof insertingthe expansiorfor eachfactory (r) andintegratingover dQg, wherethe
orthogonalityof the Y," (6« , ¢« ) canbeused,is

me?k 5
op| =871W%:|(bKlm|r-em|a)| . (8.54)

The averageover the polarizationmodesintroducesa factor (I — kk)/2. Averagingover the
directionof the incoming photon,or, which is equivalent,averagingover the m, valuesfor the
initial stateandsummingoverthemy, valuesfor theresidualion state andfurthermoresumming
overthetwo possiblefreeelectronspinstatesallows usto replacehistensomwith I /3. Thatgives
finally

87 me?k Z

3 gi?K |{bmp K I mms|r |ama) 2. (8.55)
a

op| =
Immsmamy

The crosssectionin equation(8.55)is for the procesof photoionization.For a simpleatom
suchashydrogenthe valuesof K andthe matrix elementsare of order unity whenexpressed
in atomicunits (A = m = e = 1), butk = w/c, andwhile w is of orderunity in atomic
units,c = 1/a ~ 137in thoseunits. Thusthe crosssectionis of orderanag, whereag is the
Bohr radius, the atomic unit of length. This makesthe crosssection10-8cn? or less. This
is still much larger than the Thomsoncrosssection,which is 8a*/3 ~ 1078 times nag, or
6.65 x 10-25¢cn?.

Theinverseprocessradiative captureor radiative recombinationis describedy exactly the
samematrix elementput the densityof final statesshouldbethatfor thephotonstate hotthefree
electron,andtheflux by which the rateis dividedto obtainthe crosssectionis the free electron
flux, notthe photonflux. Making theseadjustment$eadsto this differentialcrosssectionfor the
radiative captureprocess:

d(TRc 1 me2k3 2
= — bK|r - ayl-. 8.56
30 = 2e ek (OKIT - & [a)] (8.56)
Puttingin the sphericalstateexpansionin placeof the planewave state,summingover the two
polarizationsandforming the averageover incomingelectrondirectionandthe angleintegral of
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the outgoingphotondirection,aswell assummingover the possiblevaluesof m; andaveraging
overthepossiblevaluesof my andof the free electronspinms, asbefore,givestheresultfor the
total crosssectionfor radiative capture

87 me?k3
>

ORC =
Immsmamy

We have not carriedalongthefactorl + ng, thatentersfrom the matrix elementof a;rw, but it
shouldbe includedaswell to give the total recombinationncluding stimulatedrecombination.
The stimulationfactor can as before be expressedas 1 + 1,,/(2hv3/c?), andis includedas a
subtractionin the absorptvity for photoionization. The crosssectionorc is for spontaneous
recombination.

Evidently the reciprocityrelationbetweerphotoionizatiorandradiative captureor radiatve
recombinatioris

ore _ K ga  h%? ga (8.58)
opi K2gpb mZic?gy '

This reciprocity relation is called the Milne relation and it is the equivalentfor photoioniza-
tion/recombinatiorof the relation betweenthe Einstein A and B coeficients. The statistical
weightratio hereis simply thatbetweertheinitial atomstateandtheresidualion statejtheelec-
tron spinfactor2 hasbeencanceledby a factor2 for the numberof photonpolarizationstates.
Therecombinatiorcrosssectionis of ordera? ~ 10~ timesthe photoionizatiorcrosssection.

If theintensityl, equalghesourcefunctionS, for photoionizatiorthentherateof photoion-
izationsby photonsin arangelv, v + dv] mustbalanceherateof radiative recombinationslue
to free electrondn avelocity range[v, v + dv], wherethefrequenciesndvelocitiesarein cor-
respondencaccordingto hv = Ep — Ea + mv?/2. Therelationof dv anddv will therefore
behdv = mvdv. Thephotonflux in dv would be 4z S,dv/(hv). Thefreeelectronflux in dv
comesfrom the Maxwellianvelocity distribution, andis

2 MN32 g mu?/akT
/;(E?) Nev¥dlv e , (8.59)

in which Ng is the total densityof free electrons. The recombinationrate hasto include the
stimulationfactorcorrespondingo S,. Thereforethe balanceequationis

4
Naopi ESJ dv =

2 3/2
Nbop«;\/j (ﬂ) Nev3dv e=™/2T (1 4 ¢25, /(2hv3)). (8.60)
m \KT
Thesolutionof this equationfor S, is
2hv3/c?
_ 61
S =7 (8.61)
where¥ is theexpression
P Naop| (87v2/c?)dv
"~ Npore/2/7(M/KT)32Nev3dv exp(—muv2/2kT)
3/2
_ Na 20p (271ka Qmu/2KT (8.62)
Ner ga h2
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This expressionfor S, will becomethe Planckfunction, asit mustin thermalequilibrium, if
F = exp(hv/kT), andthereforeif

NeNo _ 29p (271ka 2 o (Ev—Ea)/KT (8.63)
Na Oa h2 ’ |

whichis Sahas equationfor ionizationbalancen thermalequilibrium.
For the ideal non-dgyenerateand non-relatvistic electrongasthe chemicalpotential, the
Gibbsfreeenegy perparticle,in this caseperfreeelectron,is givenby

Ne [ h2 \7*
=kTlog| — [ ——— . 64
He 913 <2nka) (8.64)

Thefactor2 dividing N in equation(8.64) arisesfrom the spinmultiplicity of the electron.In
termsof the chemicalpotentialSahas equatiorbecomes

& — %e—(Eb—Eaﬂie)/kT_ (8.65)
Na Oa

In thisform theequatiorremainsvalid evenif theelectronsaredegenerateprovidedthey canstill
betreatedasanideal Fermigas. The non-relatvistic formula connectingue to the temperature
andelectrondensitybecomes

2 Ne [ h2 \7°

He e
_F Py =2 , 8.66
T 1/2(kT> 2 <271ka) (8.66)
wherethefunction Fy/2(x) is the Fermifunctiondefinedby

00 t1/2 dt

m. (8.67)

F1/2(x) =
0

For ahydrogen-lile systemtheinitial statefor photoionizations a hydrogeniovavefunction
with quantumnumbersn andl, andthefinal stateis a Coulombwave. The exactcalculationof
the photoionizatiorcrosssectionin this casegives

3
opl(v) = 36—\;%&%615% (V—UO> , (8.68)
(cf., Allen [8]) where Z is the chage of the residualion (Z = 1 for hydrogen),« is the fine-

structureconstant1/137.036 g, is the bound-freegauntfactorthatdependsnn, | andv. The

frequeng vo is the edgevaluefor level n, Z2/n? timesthe Rydbeg frequeng. The constant
64/(3v/3)ama? is 7.90707x 10-18cm?. The gauntfactoris not very far from 1, especially
whenaveragedover| atagivenn. Replacingit with 1 is anapproximation(Kramerslaw) that

is qualitatively correct. Accuratetablesandsubroutinedor it exist today Evennon-hydrogenic
ions canbetreatedroughlyin this way by substitutingfor Z the effective chaige of theion plus

1,thatis, Z — N + 1, whereZ is now the actualnuclearchageandN is the numberof bound

electrons.
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Thetotal ratecoeficientfor radiatve recombinationn aplasman whichtheelectronshavea
Maxwelliandistributionatatemperatur@ canbecalculatedusingthe Milne relation,asaninte-
gral overthe photoionizatiorcrosssectiontimesthe Planckdistribution correctedor stimulated
emission.Thatis, therateof spontaneousecombinationgerunit volumeis givenby

8mv2
C2

o
NeNparr(T) = Na/ dvop (v) exp(—hv/KkT), (8.69)
Vo
whereit is understoodhatthe Sahaequationis to be usedto expressN, in termsof NeNp. Here
arr(T) is therecombinatiorcoeficient. Whenthe Sahaequationis substitutedhe expression
foritis

o0 8rv? e — hv
In the non-deyenerateasethis becomes
3/2
Oa h? /°° 8mv2
T ==2 —hv/kT). 71
arr(T) 20 (271ka> ; dv opi (v) —5— exp(—hv/kT) (8.71)

Therecombinatiorcoeficient to a hydrogen-like ion, for the principal quantumnumbern with
all thel valuessummedis givenby

2.06505x 10711 g
e %[xnexn Ev(Xn)] cmPsl, (8.72)

whereX, = Z?Ryd/(n?kT) is the bindingenegy of level n in unitsof kT. The expressiorin
bracletsis aboutunity for levelsmoretightly boundthankT andtendsto 0 as1/n? asn increases
above thatpoint. This meanghatat low temperaturgherearesizeablecontributionsto thetotal
recombinatiorfrom mary valuesof n. The total recombinatiorratevarieswith T closeto the
power T ~1/2,

an(T) =

8.5 Free-freeabsomtion — bremsstrahlung

Free-freeabsorptionalsocalledinversebremsstrahlungs the next steppastbound-freeabsorp-
tion, which is anothemamefor photoionization Herenot only doesthefinal stateof theprocess
have afreeelectron but sodoestheinitial state.Sothe procesdasaformulalike this:

e+ X+hv— X +¢. (8.73)

Most often the casewe are interestedn is whenthe final stateof the atom X is the sameas
theinitial state,andso the enegy of the photongoesinto the enegy of the outgoingelectron.
(The casethat X changesstatetoo is an exampleof a 2-electrontransition, i.e., two or more
electronshave to changefrom oneorbital to anothey andsincethe radiative interactionp - A is
aone-particleoperatoy suchtransitionsdo not occurwithout configuratiormixing, which makes
themmuchlesslikely.)

The quantummechanicof this processs only altereda little from thatfor photoionization.
We expecta crosssectionfor absorbinghe photonthatis proportionalto the densityof electrons
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with the initial momentum#sK ;. We getthe crosssectionfor unit densityby taking the initial
freeelectronwavefunctionto beexp(iK 1 - r). Thedensityof final statesn enegy andthephoton
flux areunchangedThetotal crosssectionfor all anglesof the photonandelectronss foundas
beforeby introducingexpansiong8.51)in sphericawavesfor both theincomingandoutgoing
electrons.Theresultis

1672  me’k
o(Kiw; Ko) = = oo X
3 gah2K2K;
Z |(@am), Kol 'm'my|r |ama K 1l mmg)|2. (8.74)

mamjlmmgl’m'mg

For the bremsstrahlungrocessthe colliding particle is an electron,and thereforewe are
seekinga crosssectionfor electroncollisions, but sincetherearetwo continuouslydistributed
particlesin thefinal state we canassignarangedw to the photonfrequeng andfind the differ-
ential crosssectionfor thatrange.Whatwe find is

do(K2; Kiw) 16 m2e?k3
= — X
do 3 gahtK1K3
Z | (am, Kol’m’m{|r |ama K 1l mms)|2. (8.75)

mamylmmsl’m'mg

The reciprocity relation between o(Kiw; K2) and do(Kg; Kiw)/dw is that
o (K1w; K2) timestheelectrondensitytimesthefractionof theelectronghathave kinetic enegy
lying betweenE; = h2K2/2mandE; + dE timesthe photonflux lying in therangew to o + dw
shouldbeequal,in thermodynamiequilibrium,to do (K2; K1w)/dw timesdw timestheelectron
densitytimesthefractionof theelectronghathave kineticenegy lying betweenE; = h2K22/2m
andE> + dE timesthevelocity AK2/m.

Thereis a problemwith the matrix elementthatappearsn equationg8.74)and(8.75),and
thatis thattheintegralof r timestheproductof two Coulombwavesdoesnotcorvergeinr — oo,
but oscillateswith increasingamplitude.Soratherthanusingthe commutatorelationto express
the matrix elementof p in termsof the matrix elementof r, we shouldgo the otherway, and
expressthe matrix elementof p in termsof the matrix elementof the centralforce thatactson
the electron. If we now let V be the sphericallysymmetricpotentialenegy for the initial and
final freeelectronsforgettingaboutits previousmeaningasthevolumeof abox, thecommutator
relationwe needis

hdV
[H,p]l= T f, (8.76)
sothatanalternateform of equation(8.74)is

1672 e?

Kiw; K2) =
o K2 = T miZeatk 2K,

dv
Z |(amgK2I’m’m’s|Wf|amaK1I mms)|2, (8.77)

mamglmmsl’m’myg

andasimilar form existsfor do (K2; K1w)/dw. At larger, dV/dr variesasr ~2, which ensures
corvergenceof theradialintegral.
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If thetargetion, ortheresiduaion in thefinal state js abarenucleusthenwe have hydrogen-
like initial andfinal stateswhich for free electronsare Coulombwaves. Lik e the bound-bound
andbound-freetransitions the free-freetransitionscanbe expressedn termsof a gauntfactor
We let Z bethechage of thetargetion, representhe frequengy in termsof v insteadof », and
sethK1/m = v1. Wefind this resultfor the absorptiorcrosssection

47 Zzeegm
3v/3hcm2pgv3°

We mustkeepin mind that this is the crosssectionfor photoabsorptiomiventhat thereis one
electronperunit volumewith thevelocity v1. Thequantityg, is the free-freegauntfactor, and
is generallyaroundunity. It is givenby aformulavery similarto theonefor thebound-freegaunt
factorg, andalsoa bound-boundyauntfactorg, we have not discussed Whenthe free-free
absorptiorfor athermalplasmais the quantitywe want,thenwe have to averagesquation(8.78)
overtheMaxwelliandistributionfor v;. Theaverageof 1/v1 becomes,/2m/mkT. As aresultthe
absorptity atfrequeng v by thefree-freeprocessbut notyetcorrectedor stimulatedemission,
for ionsthathave achage Z andanionic densityN;, is givenby

(8.78)

o (viw; v2) =

421 Z%e%qn  NeNi

3V3 hevmdkvd VT
Z%9
3.69234x 108% NeN;, (8.79)
Vv

wherein the numericalform the densitiesarein cm=3, thetemperaturas in K, thefrequeng is
in Hz andtheresultis in cm=1.

Theradio-frequeng casethatis, whenv is small,is anexceptionto the generakule thatthe
gauntfactoris closeto unity. An expressiorthatcoversthis cases thefollowing, from Allen [8]:

N V3 4o /v
anm =~ max[l, — log (max(Zez/mvz, h/mv))] , (8.80)

ko ff =

which getslogarithmically large whenv — 0. Herev is the final electronvelocity. In the
classicalpicturethis logarithm,asin other Coulombintegrals,comesfrom anintegral over the
impactparameteb for electron-iontrajectorieshatto begin with lookslike

> db
o b’
which obviously divergesunlesscutoffs by, andbmax areapplied. Quantummechanicsup-
pliesonevaluefor by, whichis h/mu, sincethe quantizatiorof angularmomentumis equiv-
alentto quantizingb in units of A/mv. An alternatve lower limit comesfrom the geometryof
the hyperbolicclassicalorbits: whenb is larger than Ze?/mv? the deflectionof the colliding
electronis by an anglelessthan /2 andthereforethe generaldirection of the acceleratioris
consistenthroughthe entire collision. But whenb is smallerthan Ze?/mv? the orbit tendsto
doublebackonitself. Theresultis thattheradiationof theseconchalf of thecollision partly can-
celsthatfrom thefirst half. This cancellatiorfactorallows the integral to corverge. The correct
bmin is approximatelyequalto whichever s larger of 4/mv and Ze?/mv?. The quantumlimit
is effective at very high velocity andthe /2 deflectionlimit appliesat someavhatlower velocity.



8.6. ORACITY CALCULATIONS 137

The uppercutoff is lessobvious. The caseof anisolatedion, far from ary otherion, is treated
with the quantummechanicamethodas sketchedabove, andthe uppercutoff comesfrom the
requirementhatthe collision producesomeradiationat the frequeng v; if b is too large, then
thetime-dependeriields produceddy theacceleratiorof theelectrondo nothave anappreciable
componenatfrequeny v. Thecollisiontime atimpactparameteb is of orderb/v andtherefore
theFourierspectrunof theradiatedenegy cutsoff abovev = w/27 = v/27b. Theseresultsfor
bmin @ndbmax leadto equation(8.80)whenit is further obseredthatthe classicalarguments
involving b fail altogetheiif they leadto a gauntfactorlessthanunity, which is the typical non-
classicalalue.lt shouldbenotedthatthe exactquantummechanicatalculationf thefree-free
gauntfactor, basedon Coulombwave functions,implicitly includethe cutoffs describedn this
paragraphtheseaccurataesultsareroughly approximatedy equation(8.80).

In adensemplasmait canhapperthatthe cutoff v/2rv is largerthanthe Debyelength,rp.
Sincethetargetion’sfield is consideredully shieldedatr > rp, theintegral shouldbe cut off at
thatvalue. Thiswill happerfor < v/rp. If v istakento be ./kT /m thenthefrequeng below

which the Debyelimit is in effectis ,/kT/mr% ~ wpe, the electronplasmafrequeny. When
thefrequeng is the sameorderastheelectronplasmafrequeng the effectsof plasmadispersion
mustalsobe consideredandwe have to dealwith a non-unitrefractive index. We will touchon
thistopic somemorebelow.

8.6 Opacity calculations

For the astrophysicaplasmathe total absorptity is obtainedby addingup the processesut-
lined in the last four sections. The bound-bound(section8.2) bound-free(section8.4) and
free-free(section8.5) crosssectionsare evaluatedfor eachof the possiblestatesof all theion
speciesn the plasmamultiplied by theion densityappropriatdor thatstate thensummed.This
sumis correctedfor stimulatedemission,in local thermodynamicequilibrium, by multiplying
it by 1 — exp(—hv/kT). Thomsonscatteringcontributesan amountNeo1 to the absorptvity.
Rayleighscatteringlik e bound-boundibsorptionjs the sumof ion statedensitiesmultiplied by
the Rayleighscatteringcrosssection. The total of ThomsonandRayleighscatterings addedto
theabsorptvity as-is,sincethe stimulatedscatteringcorrectionis negligible. Thetotal absorptv-
ity (dimensioninverselength)is corvertedto opacity (dimensionlengti?/mass)by dividing by
themassdensityp. Thustheopacity denoteddy «,, is givenby anexpressiorlike
kup = ZN--ff- $ik(v) + D Nijoif ' (v) +
v = e K jkw ijoij W

ijk ij

3 Nij Neaij (v; v/v):| (1= &™) + Neor + 3 NijoifSm), (8.81)
i ij

in whichtheindex i denotes particularchaige statefor a particularelemeniandtheindex j de-
notesa particularelectronicexcitationstateof thation. The quantitya;j (v; v'v) is thethermally-
averagedree-freeabsorptioncrosssectionfor a unit densityof colliding electronsand ainS(v)
is the Rayleighscatteringcrosssectionfor ionsi in excitationstatej. TheRayleightermis most
often approximatedisingthe ground-statecontribution alone. Opacity calculationsin general,
andthe constructiorof meanopacities arediscussedyy Cox andGiuli [79].
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As indicatedearlier, diffusiontheoryleadsto a frequeng-integratedflux thatis proportional
to thegradientof thetemperatureyiz.,

160 T3
3KRP

F_ (8.82)

whereherewe have replacedthe absorptvity in termsof the opacity. To repeathow we have
arrivedat this formula, we have the diffusionformulafor the monochromaticlux,

4 4r dB
T VB(T) = — ol =2

Fp=—
’ 3k, p 3c,p dT

(8.83)

whichwe integrateover v. Theintegral of thederiative of the Planckfunctionis justthederiva-
tive of theintegral, so

© dB(T) d [ _d [oT?\ 4oT3

dT T
The Rosselangneanopacityxr is definedby

g 1 dB,
L_hdviw 8.85
kR [Pdy 9B (6.85)

o YT

and combiningthe last threeresultsgivesthe desiredexpression.We alsorepeatfor emphasis
that the Rosselandneanis computedfrom the sum of absorptionand scatteringin which the
absorptiorpartis correctedor stimulatedemission.

We also may sometimesvant a meanopacity with which to expressthe total emissionrate
by the material,cf., equation(4.43). If thereis a mixture of absorptionand scatteringso that
k, = k& + k3, andif the sourcefunctionfor the absorptiorpartis B, andthatfor the scattering
partis J,, asdiscussedn the previous chapteythenthe expressionfor the enegy couplingrate
g° reducedo this:

® — /dv/dsz [K2B, + K33, — (K2 + k)1,
- /dv [K3B, + k33, — (k2 + k)3, ]
- 4n/dka(Bu—Jv). (8.86)

We have assumedhattheabsorptvity is isotropic,sothisreductionis appropriatdor thecomov-
ing frame. Whatwe seeis thatthe scatteringprocesslisappear$rom the netenegy exchange
rate. To be moreprecisethe enegy exchangedueto scatteringcomesfrom theterms,neglected
here,thatallow the frequeng of a photonto changen the scatteringorocess We focusnow on
the B, termin theintegral; thisis from the emissiorrate. If we definethe Planckmeanopacity

by

B Jo dvk,B,

= ; 8.87
b, (8.87)

Kp
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thenthe enegy emissiorrateis
AnkppB = dokppT?. (8.88)

Unfortunatelythespectrabistribution J, is notgenerallyjknown unlessadetailednulti-frequeny
calculationis done,so the integral of the absorptionterm can not be evaluatedexactly. What
might be donein a gray approximatioris to assumehatthe spectrumof J, hasthe sameshape
asthatof B,, andhopefor the best. Thusthe samemean,the Planckmean,might be taken for
bothterms.If thisis done theresultfor theenegy coupling(in the comoving frame,in general)
is

o° = 4nkpp(B = J), (8.89)

whereB is 0 T4/7 and J standdor the frequeng integral Jdv J,. Thisis therelationthatwas
usedearlier in section7.2.

We notethatthe Planckmeanis computedby omitting the scatteringfrom the opacity and
usingthestimulatedemissiorcorrectionontheabsorptiorpart. It is possiblgjustfor amusement,
perhaps}o cancelthefactorl — exp(—hv/KT) in the correctedopacitywith the similar factor
in the denominatornf the Planckfunction, and therebycalculatethe numeratorintegral using
the uncorrectedabsorptioropacityandthe Wien approximation(2hv2/c?) exp(—hv/kT) to the
Planckfunction. Thisis to saythatthe emissvity doesnot carewhetherthe photonsarebosons
or not.

Somegenerakemarkson the two typesof meanopacityarein ordet Whenthe spectraldis-
tribution of «,, is very comple&, with a greatmary stronglines, photoionizationedges,and so
on, thenthe dynamicrangeof «, may be very large. In the centerof a strongline we are not
surprisedo find opacityvaluesof 101%cn? g=1, while in thewindows betweeriines,andbelow
absorptioredgesthe opacitymay getaslow asthe scatteringpart,whichis around0.2cn? g1,
giving a rangeof ten ordersof magnitude! In this circumstancehe Planckmean,sinceit is a
linear mean,may be ordersof magnitudelarge thanthe Rosselandnean,which is like a har
monic, i.e., reciprocal,mean. In very tenuousplasmasthe scatteringcanbe muchlarger than
the absorptionopacity with the resultthat the Rosselandnean,which includesscattering,can
be muchlargerthanthe Planckmean,which doesnot. Thesegrossvariationsshouldbe keptin
mind andappropriatelyappliedto the problemat hand.

Anotherremarkconcerngherelatveimportanceof differentelementsn amixedplasmasuch
astheastrophysicamixture,which haslargeamountsf hydrogerandhelium,andprogressiely
smalleramountsof heavier elementsC, N, O, Ne, Na, Mg, Al, Siandonto FeandNi. The
atomic fraction of iron is only about4 x 10~° comparedwith hydrogen. Nonethelessjron
is the dominantopacity contributor undersomeplasmaconditions. The reasonis that at high
temperaturall the lighter elementsand abundanthydrogenandheliumin particular arefully
stripped:the meannumberof boundelectronss quite small. This eliminatesbound-boundand
bound-freeabsorptiorfor theseelementsWhatis left is free-freeabsorptionwhichis relatively
weakexceptatlow frequeng. The heavier elementsstill have severalboundelectronsunderthe
sameconditions,andthereforetheir opacitycontribution is considerableEvenif iron, say were
fully strippedits opacitycontribution would be largein comparisorto its abundancebecausef
the Z2 factorin equation(8.79); accountingfor this factorwe seethatiron free-freecontritutes
3% asmuchashydrogerfree-free.

The procedurefor computingopacitiesrunslike this: A theory of atomic structureis first
usedto determinethe enegy levels andionization potentialsof all the relevantions of all the
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elementsthoughtto malke significantcontributionsto the total opacity and, if necessarythe
wave functionsthat go with eachenenpy level. Thenthe oscillator strengthsof all the possible
transitionsare computedfrom thesewave functions,and the photoionizationcrosssectionsas
well. If the atomicstructureis beingtreatedin a simplified way, thenperhapssimpleformulae
or just the hydrogenicvaluesmay be used,therebyavoiding having to calculatelarge numbers
of radialintegralsby numericalquadrature The photoionizationcrosssectionsandperhapghe
free-freecrosssectionsarefoundby otherquadraturesr otherformulae.

Thefinal stepbeforethe opacitycanbe computeds to determinghebroadeningf thespec-
tral lines. The Doppler broadenings easy: a Gaussiardistribution with a standarddeviation
Av = v/KT/Mc?, whereM is the massof the atom. Electroncollisions,by themseles,gener
ally make a Lorentzianprofile (I'/472) /(v — vp)? + (I'/4m)?), whereT is therateof electron
collisionswith theradiatingatom. lonsin the plasmahave a differenteffect: they do not move
rapidly enoughto interruptthe procesof radiation,whichis whatleadsto the Lorentzianprofile.
Insteadtheradiationoccurswhile thereis areasonablgonstantonfigurationof perturbingions.
For eachconfigurationthereis a certainvalueof the electricfield at thelocationof the radiating
atom,which shiftsthe enegy levelsthroughthe Starkeffect. The probability distribution of the
electricfield (plasmamicrofield),foldedwith therelationsthatdeterminethelevel shiftsin terms
of thefield, givesthe line broadeningcontribution dueto ions. (In more sophisticatedtalcula-
tionstheionsarenot treatedascompletelystationarynor arethe electrongreatedwith a simple
Lorentzianprofile.) The Dopplerbroadeningelectronimpactbroadeningandion broadeningare
the majormechanismsyut othermechanismsnustbeincludedin specialcases.

The calculationof opacitiesfor astrophysicalisehasevolved greatly over the years,aswe
might have expected. The first calculationsappliedthe hydrogenicformulaeto all elements,
andin factomittedthe line contribution entirely. Suchwerethe opacity calculationsby Keller
and Meyerott [141], for example. (Although someelementswere representedising Hartree-
type wave functions.) In the next generationthe Cox and Stavart opacitiesof the 1960s[77],
the hydrogenicformulaewerestill used,but with scalingfactorsto accountfor the shieldingof
the nucleusby otherelectronsin a multi-electronion. The line absorptionwasincludedfor the
first time. At aroundthe sametime the Thomas-Fermmethodwasdevelopedasan alternatve
to the hydrogenicmodel. In this approachsingle-electrorwave functionswere actually com-
putednumericallyusingfor the centralpotentialthe solutionof the Thomas-Fermimodelatom.
For technicalreasonghis approactgave opacitiessimilar in accurag to the scaledhydrogenic
method.In the last20—30yearsthe advancesn opacitytheoryhave includedusingthe Hartree-
Fock self-consistentield methodto getmuchmoreaccuratevaluesof the enegy levelsandthe
wave functions.(The Fock partof the namemeanghatantisymmetryof the wave functionswas
explicitly built in, by usingboth a direct and an exchangepart of the electron-electrompoten-
tial function.) It shouldbe notedthat even the very bestof theseatomic structurecalculations
arefar lessaccuratethanthe experimentaldeterminationof atomicenegy levels. One might
ask,why not just usethe experimentaldata? The problemis that the experimentaldataare not
completeenoughto supplyall the levelsthatareneededandthe enepgy level informationdoes
not help muchwith determiningthe oscillatorstrengthsandcrosssections.A saving factis that
the meanopacityis really not very sensitve to the precisevaluesof the transitionfrequencies.
If the calculatedfrequenciesare statisticallycorrectthenthe opacitywill be aboutright, when
the averageis taken, eventhoughsomeof the lines have beenshiftedaroundcomparedvith the
truefrequenciesTherehave beenadvancesdeyondHartree-ock aswell. Someopacitycalcula-
tions(e.g., theOpacityProject[234]) have usedthemethodof configurationinteraction,n which



8.6. ORACITY CALCULATIONS 141

themulti-electronHamiltonianis computedor alarge basissetof somevhatarbitrarily selected
statesthendiagonalizedo determineenepy levelsandeigenfunctionsThis methodcanbevery
accurateprovidedthebasissetis largeenough.

Sofarthe methodsdescribechave treatedthe atomsasisolatedentities,so the wave func-
tionsarecalculatedasextendingtor = oo. Thisis areasonabl@pproximationvhenthe mean
distancebetweenions is much larger than the radiusof the Bohr orbits of interest,which is
aboutn?ag/Z* in termsof the principal quantumnumbern andthe ion chage Z*. It is nota
goodapproximationwhenthe neighborions getclose,nor is it agoodmodelfor highly excited
states. Calculatingthe atomic statesand their occupationprobabilitieswhen the plasmagets
densés a significantchallenge.The OPAL opacity codeusesa lesselaborateatomic structure
methodthatthe configuration-interactiomethodadoptedor the Opacity Project— OFAL uses
the parametric-potentiainethod,a fitting technique— but appliesquite a sophisticatedreat-
mentof theelectron-electrorglectron-ionandion-ion correlationshatarisebecaus¢he chages
arecloseenoughto interactstrongly OFAL calculatesall the individual lines from the various
configurationdn detail, including the relatiistic fine structure,andusesa carefultreatmentof
ion microfield broadeningandelectronimpactbroadening Thuseventhoughtheindividual line
frequenciesare not given to high accurag by the parameterized-potentiahethod,the OPAL
opacitieshave beenshown to be free from major systematicerrors. A sampleOPAL opacity
calculationfor iron is shown in Figureillustratesthe universalpropertieof agenerab =3 depen-
denceof the bound-freeand free-freeopacity betweenedgesandlines, the high value attained
by the free-freeat low v, the jumpsat bound-freeedgeshat areever-largerasv increasesntil
the last one (the K edge)is reachedandthe extremelylarge valuesof opacity attainedwithin
thelines,whichtendto clusteronthe low-v sideof the edges.This exampleis neitherunusually
simplenor unusuallycomplex in termsof line structure.

The OPAL andOpacityProjectopacitydatabasearenicely reviewedin refs.[234, 32, 220.
The OP is alsodescribedby Seaton.et al., [235], andthe latestOPAL resultsby Iglesiasand
Rogerq132].

An approachsuchasthatusedin OPAL andin the Opacity Project,in which every line is
computedndividually to form a spectrumfails badlywhenthereareatomicshells,perhapser-
eral of them, that containseveral electronswith largerangularmomentasuchas3d®4s4p?, for
example.Somesucces$asbeenachievedin thesecomplicatedatomsby usingtheideasof Un-
resohed TransitionArrays (UTAs) andSuperTransitionArrays (STAs). Usingpowerful modern
methodsfor angularmomentumalgebra,Bauche Klapischandothershave found formulaefor
the meanandstandarddeviation of theline frequenciesonnectingwo whole configurationsor
evensmall setsof configurationsandtheir statistically-basedalculationsof the spectrumgive
anacceptablaccurateesultin someotherwisentractablecases.

It mustbe clearthatthe calculationof opacityhasbecomemuchmoreelaboratehanin the
daysof Keller and Meyerott, whena simple subroutinecould computethe opacity quickly and
easilyjust whenit wasneeded.The present-dalaborateopacity calculationstake an hour or
moreof computettime justto find theopacityatasingletemperature-densityoint. Theonly way
to usesuchopacitiegshatmalkespracticalsenses astablesthatarereadinto memoryandthatare
usedto supplyvaluesby interpolationwhenthey areneededIndeed the useof largerandlarger
tablesof opacityhasheencommonsincetheproductionof theLos AlamosOpacityLibrary in the
1970¢[125]. In someof today's advancedstellaratmospherenodelingthe frequeng-dependen
opacityis neededaswell as,or insteadof, the Rosselandnean,andthesetablesarenow saved
whentheopacitycodesarerun. The sizeof thesetablesis very large, but, aswe will seeshortly,
all theotheraspect®f theradiationhydrodynamicalculationghatusemulti-frequeng opacities

Fig. 8.2
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arelargeaswell.



Chapter 9

Spectralline transport

9.1 Non-LTE

Thetitle non-LTE refersto amethodfor analyzingtheinteractionbetweeragasandtheradiation
field thataccountdor the modificationof the excitation andionizationstateof the atomsin the
gasby the influenceof theradiationfield. If the radiationfield is weakor the densityis large,
thenthe occupationprobabilitiesof the atomic statesare governedby the dominantcollisional
processedn awide varietyof casegheratesof electron-electroandion-ioncollisions,andusu-
ally electron-ioncollisionsaswell, aresogreatthatthe relaxationof all thesespeciedo asingle
kinetic temperaturés essentialljcomplete.Sowhencollisional processeslominantthe atomic
excitationrates theresultis occupatiorprobabilitiesthatagreewith thermodynami@quilibrium,
nomatterwhattheradiationintensitiesmaybe. Thisis LTE — localthermodynamiequilibrium.
Sonon-LTE is the othersituation. In non-LTE the relaxationof the velocity distributionsof the
electronsandatomsto a singlekinetic temperatures still supposedo be true. But whatis not
truein non-LTE is thatcollisional processearegenerallydominantoverthe competingradiative
processefor populatingandde-populatinghe atomicstates.

Non-LTE is alarge subject.Goodreference$or non-LTE line transportareMihalas’s Stellar
Atmosphere$186], Athay'sbook[11] andlvanos'sbook[133]. Approximationgo theelectron-
impactexcitationratearediscussedyy Sobel’'man
indexSobel’'man]. I. [239] andby SampsorandZhang[229, 230.

9.1.1 kinetic equations

As a systemfor doing calculations,non-LTE consistsof solving for the radiationfield |,, and

the setof atomic occupationsN;j, alsooften called the “populations. Herei is anindex for

elementsand j is anindex for anenegy level belongingto thatelement. The setof equations
thatdeterminethesearethe transportequationwhich fixesthe intensity andthe atomickinetic

equationsThekinetic equationshave this genericform:

D(Nij /p) _

St Z[Nik(ij + Cyj) — Nij (Pjk + Cji] - (9.1)

k
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The P’s andC’s arerate coeficients. The P’s in particularareradiative rates,suchas spon-
taneousand stimulateddecay photoabsorptiorand photoionizationandthe C’s are collisional

ratesmostcommonlytheonesfor inelasticelectroncollisions. Theelasticratesareignored since
they do not changethe level populations(althoughthey countin electronimpactline broaden-
ing). Theelectronratescanbe expresseds Ne timesa collisional rate coeficient, andthe latter

is a quantitylike (vojk), wherethe bracletsindicatean averageover the electronMaxwellian

distribution of velocities. The radiative ratesare combinationsof spontaneousdownwardrates,
stimulatecdownwardratesthatarewrittenasintegralsof appropriaterosssectionsoverthepho-

ton flux spectrumandupward radiative ratesthat are lik ewise integrals of photonfluxestimes

crosssections.

Every ratein equation(9.1) appeardwice, onceasa positive termin the equationfor the
receving level, anda secondime asa neggative termin the equationfor the originatinglevel. As
aresult,if all theequationdor the levelsof all theions of oneelementareaddedup, everything
in the sumcancelsout. The time derivative on the left turnsinto p timesthe corvective time
derivative of the atomic fraction of that element,which vanishesunlessthereis diffusion (of
atoms!)in thefluid.

Of coursetime scalesvary enormouslybut it helpsto think aboutthe magnitudeof things.
A typical flow time scalein the sun or someother star might be around10®s, or perhapsin
somecataclysmasshortasonesecond.The lifetime for spontaneousecayin a typical strong
spectralline in the optical region is somethinglike 10 8s. Radiative recombinatiorlifetimes
in stellaratmospheresre on the order of 1/(Neawrr) Which comesout 10-3sif the electron
densityis 1016 cm~3, afairly typical valuefor photospheresElectroncollisionalratecoeficients
aresomethinglike 10-8 cm®s~1, which makesthe collision ratearound10® s~1. Someof the
photoionizatiorratesthosethatinvolvethresholdrequenciesn thefar-UV, will bevastlysmaller
thanthe radiatve recombinatiorrates. Thuswe seethatthereis a very large dynamicrangeof
the ratevalues,from a ratethatis perhapscomparablewith the flow rate,to processesuchas
spontaneoudound-boundatesand electroncollisions that may be 108 timesfaster In other
ervironmentsghe comparisonsvill differ, but thelargedynamicrangeis acommonproperty We
noticethatin this casethe ratesare (perhapsall?) largerthanthe flow rate, andthat no great
errorwould be committedby droppingthe time derivative term. This is often, but not always,a
reasonabl@pproximationgcalledstatisticalequilibrium.

Letusthink for aminutewhatis entailedn solvinganon-LTE problem.We aretrying to solve
simultaneoushequationg4.23)and(9.1). In both of thesethe characteristi¢cime for the right-
handsidetermsmaybevery short— thelight-travel time for thetransportequatiorandthetime
scaleof the fastestratesfor the kinetics. A straightforward explicit time-differencingof either
equatiorwouldbesubjecto astability conditionthatrestrictsthetime stepto avaluesmallerthan
thesecharacteristidcimes. This is usually prohibitively small. Thussomekind of implicit time
differencingmustbe used whichamountdo solvingthe steady-statequationgor theadvanced-
time variableswith the time derivative termasa small perturbation.This situationis described
by sayingthatthesedifferentialequationgin time) arestiff. As thenumbergustquotedindicate,
the kinetic equationsarevery stiff indeed sincetheremay be a factor 108 separatinghe fastest
relaxationtime from thetime scaleon which we would lik e to integrate.(Thosewho arefamiliar
with theassociatioetweerstiffnessandthemagnitudeof theeigervaluesof the Jacobiammatrix
of the derivativeswith respecto the unknavnsmaywantto know thatthe largesteigervalueof
theratematrix is comparablewith the fastestate.) Thuswe wantto considerthe worst caseof
stiffnesswhichis the steady-statémit, andreality is oftencloseto it.
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9.1.2 two-level atom

In orderto develop somemore of the non-LTE ideas,let us considerthe prototypenon-LTE

problem,which is the two-level atomin a steadystate. Thatis, we restrictoursehesto a single
ion, andignore all but two enegy levels, the ground stateand an excited stateconnectedo

the ground stateby a strongline. We usethe labels1 and 2 for the levels, and accountfor

theradiative processesf radiative excitation, spontaneouand stimulatedemission collisional
excitationandcollisional de-excitation (superelasticcollisions). Thereis just onerateequation,
sincethe seconcdboneis guaranteedo bethe sameasthefirst. Thisis

N1 (B12J12 + NeCi2) = Nz (Ao1 + B21Ji2 + NeCo1) . (9.2)

Theradiatverateshave beenexpressedn termsof the Einsteincoeficients.Becauseheintensity
may, indeedwill, have somevariationwithin the line bandwidth the absorptiorandstimulation
emissiorratesareproportionalto a cross-section-weightemhgle-aeragedntensity

Jio= fdv $12(v) Jy. (9.3)
Theexpressiondor theabsorptvity andemissvity areasfollows (cf., (8.28,8.29)):
hv
k, = o (N1B12— N2B2y) ¢12(v) (9.4)
. hv
h = 4—N2A21¢12(V)- (9.5)
TT

Notice thatwe cannot assumehatthe stimulatedcorrectionfactoris 1 — exp(—hv/kT). If we
divide the emissvity by the absorptvity we gettheline sourcefunction,

_ N2 Az1 _ 2hmd/c?
N1B12 — N2Bzg m;—gi -1

(9.6)

aswe describedearlierin equation(8.21). Onething we notice hereis thatthe shapefunction
¢12(v) hascanceledut, andthe sourcefunctionis very nearlyindependentf frequeng. If we

inquirealittle moredeeplyinto thisresult,it is aconsequencef theassumptiorthatthe quantum
stateof theexcitedatomhaslostany coheencet mayhave acquiredn aphotoecitation,andhas
the samerandomphasethatit would have if it werecollisionally excited, for example. Reality
is morecomplicatedIf the probability of a radiatve decayvastly exceedshe probability of arny

collisional processthenthe coherences not lost, which meanghatthe frequeng profile of the
emittedradiationwill containtracesof the spectralistribution of the radiationthatproducedhe
excitation. This situationis calledpartial redistritution andwill be discussedh thenext section.
We note that scatteringof a photonin the wing of a resonancdine takestwo forms, which

correspondo the two possibilitiesfor coherencelf the coherences retained thenthe emitted
photonhasessentiallythe samefrequeng as the absorbedphoton, and this processis called
Rayleighscattering Whenthe coherencés lost, theemittedphotonfrequeng is nearline center
andthe processs calledresonancéluorescenceWhentheincomingphotonsfrequeng is quite
far in the wing, the RayleighscatteringorocesgpredominatesA generaltermfor scatteringn

which the coherencas lost is completeredistribution, andthis is whatwe shall assumeor the
present.
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The rate equationcan be solved for N1 /N2 which is then substitutednto the formula for
S,. Beforedoing sowe notethatthe collisional rate coeficientsmustthemselesbe consistent
with LTE. The upward anddownward electron-collisiorrate coeficientsare determinedoy the
velocity distribution of the electronswhich we assumeo be Maxwellian at the temperaturel .
The upward anddownward collision rateswould thenbalancef the atomicpopulationsobeyed
the Boltzmannexcitationformulaat the sametemperatureThis leadsto

Cip= %e—hvo/wc21 (9.7)

in view of the Boltzmannexcitation formula, sincehvg is the excitationenepgy. Performingthe
substitutiondeadsto this expressionwhentheradiative ratesarealsoincluded

S, =1—e)Ji12+€B,, (9.8)
with
: € _ NeCar exp(—hvg/KT)) . (9.9)
—€ A2y

Theformula(9.8) stronglyresembleshescatteringsourcefunctionconsideredn Milne’s second
problem,andl — ¢ is analogousgo the scatteringalbedo.We canregardtheline scatteringevent
in this way: Whena photoecitation occurs,the excited atom candecayin two ways. Either it
decaysradiatively, producinganothermphoton,or it decaysby a superelasticcollision, in which
casewe saythatthe excitation hasbeenquenched.In the first casewe cansaythatthe photon
hasbeenreborn,and begins its next flight, while in the secondcasewe say that the collision
haskilled the photon. The branchingratio for re-emissionis the albedo. Apart from the factor
1 — exp(—hvg/KT) this is simply given by the ratio of the A valueto the sumof the A value
andthe collisional de-excitation rate. To repeat:this is not scatteringin the senseof Thomson
or evenRayleighscatteringsincein thosecaseghe amplitudefor emissioncombinescoherently
with theamplitudefor absorption.Herewe assumehatthe excited atomlingersawhile, sothat
its phases scramblecbeforereemission.However, in the far wings of theline, the uncertainty
principlefor time vs. enegy requireshatthe emissionoccurpromptly, which makesthe process
coherentThusline scatteringaswe describet heregoesoverinto Rayleighscatteringn thefar
wingsof theline. Completeredistritutionis inappropriaten thatcase.

Thereis a usefulapproximaterelation betweenCy; and A1 dueto Van Regemorter[257]
which is found whenthe processf electronimpactexcitationis treatedin a large+ dipole ap-
proximation.lt is

Ca1 . 0.24%
A JT/10PK’

in which g is formally thesameasthefree-freegauntfactorg (vo), butis betterregardedasafit-
ting constant.Comparingequation(9.10)with accurateslectronexcitation calculationssuggests
thatg ~ 0.2 is a goodchoicefor collisionswith positive ions, exceptthat transitionsbetween
statesof the sameprincipal quantumnumbem requirealargervalue,morelik e unity. Usingthe
VanRegemorterformulagivesthis simpleresultfor e:

(9.10)

€ . 0.2Ner3g (1 — exp(—hvo/KT))

1-¢ VT/104K

(9.11)
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Thewavelengthi thatappearsereis the wavelengthof the spectraline beingconsideredJust
sowe canappreciatéhe orderof magnitudesnvolved,we supposghatT is 10* K andtheline is
in thevisible partof thespectrumsoi ~ 5000A. Theresultfor €/(1— €) is Ne/4 x 103 cm™3.
Theplacein the solaratmospheravherethe electrondensityis 4 x 102 is nearthe photosphere;
the electrondensitythereis muchsmallerthanthe value 10*® mentionecearliersincethe degree
of ionizationis low. In theatmospheref a hot starthis electrondensitycomesat approximately
t = 1072, Theresonancdines we are consideringare formed higherin the atmospherghan
eitherof theseestimatesandsowe generallyexpecte to besmall.

We will describethe solution of the simplestproblemof resonancdine transfer namely
finding the sourcefunctionandthe emegentspectrumwhenthe temperatur@nde areuniform
in a half-spaceWe needto introduceanopticaldepthscalethatdescribesheline asawholein a
meaningfulway, andthefirst steptowardthisis to introducea frequeng scalemeasuredn units
of the Dopplerwidth from the centerof theline. Herethe Dopplerwidth is /2 timesthestandard
deviation of the Gaussiarprofile, Avp = v{/2kT/Mc2. Our scaledrequeng is

Vv — Vo

= . 9.12
X= 7 (9.12)

We thenusea crosssectionprofile functionthatis normalizedonthex scale,

/Oodx o(X) = 1. (9.13)

Thenwe definethe optical depthscaler, without a frequeng suffix, sothatz, = t¢(x). This
meanghatr is calculatedrom

hvg

dr =
t 47 Avp

(N1B12 — N2B»1)dz. (9.14)

For simplicity we assumehat ¢ (x) is independenof depth,which is reasonabldor a constant
temperatur@atmosphere.
Now we canobtain J, from therelation(5.25)appliedfrequeng-by-frequercy,

2@ =5 [ o0odr Exocore’ - chsi (9.15)
Next we multiply by ¢ (x) andintegrateover x to obtain J:
J(z) = /Ooodz Ki(z' = 7)S()), (9.16)
whereK(7) is anew kernelfunctiondefinedby
Ki(r) = %/Z dx $2 () Ex(¢ (X)) (9.17)

The K3 functionis normalizedto unity, ascaneasilybe shavn by integratingover  underthe
integral over x, thenusingthe normalizationof ¢. But this functionis very differentin character
from thosekernels,like E1(t), thatfall off exponentiallyat large z. In fact, in the important
DopplerbroadeningcaseK falls off only as1/z? for large r. Thatmeansthatthe meanfree
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pathfor line scatteringis infinite. Thisis amajordifferencebetweerine scatteringandThomson
scattering,say If a photondoes10* Thomsonscatteringsthenits net displacements about
At = 100,sinceeachflight representarmsstepof 1 in 7, andtheflightsaddin thesquareLine
transportdoesnot work thatway. On eachflight in aline transferproblemthe photonchooses
frequeng by samplingthe distribution ¢ (x), thenit goesa distanceof orderl/¢(x) in . What
happensftermary flightsis actuallythis: the netdisplacemenis contributedalmostentirely by
theoneflight for which the sampledrequencyvasfarthestfromline center Line photonsdo not
diffusewhenthereis completefrequeng redistritution.

Considerthose10* line scatteringsagainand assumethe line profile is Doppler, ¢ (x) =
exp(—x?)//m. Thelargestfrequeng x of thatmary sampleswill be aboutthe valuefor which
the integral of the tail of ¢ from x to oo is around10~*. But the integral is approximately
#(x)/2x. Thusthevalueof ¢ for this x is roughlythe sameasthetail probability, namely10~4,
sothe meanfree pathat this frequencyis 10% in ¢ units, andthatis how far the photongoeson
thatoneflight. Sofor line scatteringvith aDopplerline profile, thenetdisplacemenafteralarge
numberN of scatteringss of orderN, not+/N asit would bein the usualrandomwalk.

Theintegral with respecto t of the K; functiondefinesthe K2 function:

Ko(t) = 2/00 dr’ Ki(z)) = /Oodx ¢ (X)E2(¢p (X)7) 7>0. (9.18)

If, in equation(9.16),S(z’) is evaluatedat ' = r andtakenout of theintegral, theresultis
J(1) & (1= Pesd1))S(1), (9.19)

in which thetwo-sidedescapegprobabilityis now givenby

1
Pesd7) = EKZ(T)- (9.20)

This is analogougo the monochromatiequation(5.24) discussecearlier exceptthat now we
are consideringthe escapeof line photonsfrom the mediumwhenthe frequeng canchange
randomlyateachscattering Thenatureof thekernelskK 1(z) andKz(t) is all-importantin setting
thequalitative natureof theescapef line radiation. Thedifferentshape®f line profile ¢ (x) lead
to differentkernelbehavior for large t, asshavn by AvrettandHummer[18]. For K1(7):

I S
PN TN Doppler
Ka(z) ~ 61—“/35/2 Voigt, ar > 1 (9.21)
1 .
5372 Lorentzian
For Ko(7):
1
PN TOTNG) Doppler
Ka(t) ~ §—ﬁ Voigt, az > 1 (9.22)
2 .
ENG Lorentzian

The Milne equationto be solved for the sourcefunction for the constant-temperatutealf-
spaceproblemis thefollowing:

S(t) =€B, + (1—¢) /wdt’Kl(r’ — 1)S(7)). (9.23)
0
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We will skip the analytical solution methods,which can just be copiedover from the single-
frequeng or gray case.andgo to theresults. Thevalueof S atthesurface,r = 0, is \/€B,, an
exactresult. Then Srisesfrom thatvaluewith increasingr moreor lessast1/2 andeventually
reachesB, whent is approximatelythe thermalizationdepth. The thermalizationrdepthcanbe
found from the root of a transcendentaquationsimilar to equation(5.42). It alsocomesfrom
a physicalargument.Whene is a smallnumber the photonwill survive aboutN = 1/¢ flights
beforebeingdestrgyed. Thethermalizatiordepthis aboutequalto thenetdistanceahephotonwill
goin thatmary flights, which aswe have seenis aboutAt = N. Thereforethe thermalization
depthis approximatelyl/e on the ¢ scalefor the caseof Dopplerbroadening.This doesvary
with the shapeof theline profile, sofor example for aLorentzianprofile thethermalizatiordepth
is roughly 1/€2. A moreprecisedefinition of the thermalizatiordepthA thatis consistentvith
thisargumentis givenby the statement

Kz(:—ZLA) —e. (9.24)

Whenscatterings quite dominant,so e is very small, the relationsfor the thermalizationdepth
with thevariousprofilesare

1

————— Doppler
e/ —In(me)
A~182 Voigt,a > € (9.25)
5% Lorentzian
€

The sourcefunctionfor the constant-temperatutelf spacewith Dopplerbroadeningand
for e = 10 isillustratedin Figure9.1.

The shapeof the line in the spectrumof the emegentflux follows from an applicationof
theordinaryEddington-Barbierelation. Thusatline centertheflux is aboutr timesthesurface
sourcefunction,or 7 /€ B,, thenaway from line centeiit risesin proportionto 1/¢ (x) o exp(x?)
until it reacheghelevel of 7 B, atx ~ ,/—log(¢)/2. This givesa trough-shapegrofile with
quite a black centerand steepedges. In the casethe temperaturalistribution is high at 7 =
0, goesthrougha broadminimum at somelarge value of r andincreasesagainat yet larger
7, which is a rough picture of the solartransitionregion, chromospherend photospherethe
samekind of argumentcan be usedto sketchthe emegentspectrum.If the valueof r at the
temperatureminimum s greaterthanthe thermalizationdepth,thenthe sourcefunctionwill be
smallat the surface,owing to /e, thenriseinward until at the thermalizationdepthit meetsthe
Planckfunction, which hasbeendecliningover this range. The sourcefunction goesthrougha
maximumat this point. Going fartherinward, the sourcefunction follows the Planckfunction
down to the minimum, thenup againgoing on down throughthe photosphereThis shapeof the
sourcefunctionvs. depthmapsinto the shapeof theemepentflux vs. frequeng: it is very small
atline centerincreasesway from the center goesthrougha maximumatthedisplacemenfrom
centeiwherethe meanfree pathcorrespondso thethermalizatiordepth thendropsagainfarther
from line center goesthrougha very broadminimum, andfinally risestoward the continuum
whenthe meanfreepathreachesll theway to thephotosphereThisis the pictureof theCall H
andK linesandtheMg Il h andk linesin thesolarspectrum.

Fig.9.1
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9.1.3 Ivanov'sapproximation

Owing to the non-diffusive characterof line transportwith completefrequeng redistritution,
a goodapproximatiorfor the spatialvariationof the sourcefunctionin afinite or semi-infinite
mediumwith slabsymmetryis not too simpleto obtain. Sobole’s Russianschool,andnotably
V. V. Ivanoy, have beensuccessfuit doingthis. In ananalysighatis toolongto reproducehere,
Ivanor [133] obtainsthis approximatesolutionof thefinite slabproblemwith a uniform Planck
function B, :

eB,
S~ ,
VIe+ 1 - e)Ka(n)lle + (1 — €)Kz(t0 — 7)]
wherer is the optical depthmeasuredrom onefaceof the slab,and g is the optical thickness
of theslah Kx(7) is thekernelgivenin equation(9.18). It hasthelimits K2(z) — 1for r — 0,
andKz(r) — Ofor r — oo. Equation(9.26) hasall theright limits: S ~ €B, whentg — 0,

S~ B, forz,70 — 7 — o0, andS(0) = /eB, for t = 0 andzgp — oo. In §8.110f [133] the
accurag of (9.26)is computedandit is alwayswithin afactor2 andoftenwithin 20 percent.

(9.26)

9.1.4 multilevel atom

The NLTE problemsof practicalimportanceinvolve morethantwo levels,indeedthey mayin-
volve agreatmary levels. An importantstepping-ston& solvingsuchmulti-level problemss to
treatthe spectralinesoneat atime, in eachcaseaccountingor the responsef the populations
of theupperandlowerlevelsof this oneline to changesn its own radiationfield, but omitting the
changeghatmayoccurin theotherlevels. Thisis the equivalentwo-level atommethod(ETLA)
that hasbeendevelopedby Avrett [17, 19, 20] andothers. Let the line in questionbe formed
in the transitionbetweenlower level ¢ andupperlevel u. The sourcefunction expression(9.6)
becomedor thisline

2hv3 1
= , 9.27
> c? (bg/by) exp(hv/kT) — 1 (0-27)
in which b, andb, arethe departue coeficientsof thelevel populationdrom LTE:
Nn
bh=— 9.28
n Nﬁ ) ( )

in which the quantity N} is the populationof level n calculatedon the basisof thermodynamic
equilibriumatthelocal electrontemperatureOnetechnicalpointto noteaboutequation(9.27)is
thatv neednotbetreatedasconstanacrosgheline profile. In fact,amorecarefulanalysisof the
absorptvity andemissvity profilesshavs thatontheassumptiorof completefrequeng redistri-
butionin theline scatteringthefrequeny dependencesf absorptionspontaneousmissiorand
stimulatedemissionarerelatedin just the way neededor equation(9.27). This is discussedy
Castor,DykemaandKlein [61]). Thatreferencewill be usedfor thefollowing discussion.

Theratiob, /b, canbefoundby solvingthekinetic equationdor thetwo populationsN, and
Nu, assumingheremainingpopulationsaregiven. Thefull kinetic equationgor thetwo levels?
andu, in thesteady-stateasewith D(Np/p)/Dt = 0, become

(Peu + Cou +a1)Ng — (Pue + Cue) Ny az
—(Pou+Cou)Ne + (Pue +Cue +a3)Ny = as. (9.29)
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The termsincluding N, and Ny are put on the left sidesof theseequationsandthe remaining
termsare put on theright. Therate coeficientsconnectingevels ¢ andu arebrokeninto their
radiatve andcollisionalparts,P andC. The photoecitationrateis givenby

o0

4

P€u=/ 7;0” Jydv, (9.30)
0

andthe photode-ecitationrateis

N\ * [®4ro, (2hv3 hv

in which Te is the local electrontemperatureand (N; /Ny)* is the LTE populationratio at that
temperature.The photoabsorptiorcrosssections, canbe put backin termsof the oscillator
strengthandtheline profile function,if desired.Thequantitiesa;—a4 aretermsrepresentingates
from ¢ or u to otherlevels (a; andag) andtermsrepresentingpopulationflow into levels ¢ or u

from otherlevels(ap andas). They aregivenby

a = Y Ri, a=) RN, (9.32)
i#,u i#0,u

a3 = Y Ri, as=Y RuyN; (9.33)
i#t,u i#lu

Theratecoeficients R representhe sumof radiative andcollisional coeficients.
The two equationg9.29) arereadily solved for N, and Ny, andtheratio of thesegivesthe
sourcefunction:

S =wPu+te, (9.34)

in whichthecoeficientsy, ande, dependntherates:

2hv3/c?
= 9.35
" (C2 + c4) exp(hv/kTe) — 1 — C3 (9:35)
2hv3 C3
v , 9.36
¢ c2 (ca+ cy) exp(hv/kTe) — €1 — C3 (9.36)
and,furthermorethe coeficientsci—c4 aregivenby
Nu )™
C]_ = Pgu 5 C2 = Pu[ —_— 5 (937)
N¢
EYEN aag Nu\*
c3 = Cupu+ , cs=|Cu + — ] . 9.38
3 Tt a * ( ue a2—|—a4)(Ng> (9.36)

Theseexpressionslo notrequirethattheline be narrav, sothatv ~ constantould beassumed,;
thusthey work equallywell for photoionizatiorcontinua.A compleity is thatequation(9.34)is
non-linearin theradiationintensity J, in theline becaus®f theappearancef Py, andPy, in the
denominator®f equationg9.35)and(9.36). For narrav spectralines the exponentialfactorin
theintegral defining Py, canbetakenoutof theintegralandevaluatedatline center sothatwhen
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y» ande, arecalculatedat line centerthe stimulatedemissionpartof ¢, exp(hv/kTe) precisely
cancelsc, andthis non-linearitydisappears.

Continuingwith the narran-line approximationwe simplify equation(9.34) by putting the
crosssectionin termsof the Einstein A coeficient andthe profile function, in which we make
useof equationg8.23)and(8.27). Wefinally get

J +€'B, + nB*
i R (9-39)
with thedefinitions

¢ = Cue[1l — exp(—hv/KkTe)] (9.40)

Aue

azaz — (ge/gu)aray

— 9.41
7 Auc(@s + ag) (9-41)

3 /-2
B* — 2hv7/c (9.42)

Quazaz/(glatas) — 1°

This form of the sourcefunction expressiondiffers from the simpletwo-level form (9.8) by the
presenceof the indirecttermsn andnB* thatinvolve couplingto otherlevels. The valueof n
canbeinterpretedasa quenchingate,involving an upperlevel atomgoing to someotherlevel
andthenreturningto thelower level, correctedn someway for stimulatedemission,n termsof
the direct spontaneousdecayrate. This indirect processeffectively destrys a line photon,and
thusit contritutesto thedenominatoin the sourcefunctionexpression.Thenumeratoterm»n B*
involvesthereverseindirectprocessalower-level atomis takento someotherlevel, from which
it returnsto theupperlevel, thuseffectively creatinga line photon.

Whenthe transferequationhasbeensolvedfor this particularline, the resultsfor the radia-
tive ratesP,y and Py, aresaved for the next solutionof the kinetic equationgo yield the level
populations AvrettandLoesel{20] andothersparameteriz¢heratesin termsof aquantityz that
is variouslycalledthe Net Radiative Bracket (Thomas[249]), escapdactor(Athay [11]) or flux
divergencecoeficient (CanfieldandPuette{46]). Thisis definedfor narrow linesby

J B B*
1-Z=€(=2-1 — —1). 9.43
S E(S )”(s ) (9.43)

The secondform follows using equation(9.39). If we compareequation(9.43)with equation
(9.19) for the escapeprobability approximation,we seethat the Net Radiatve Braclket is the
accurategquantitythatthe escapgrobability approximatesThe netradiative ratefor transitions
from level u to level ¢ is easilyexpressedfor narrav lines,in termsof the Net Radiatve Bracket
asfollows:

z

Nu Pue —_— Ng PEU = Nu AUgZ, (944)

sothatif theratesPy, and Py, arereplacedby Pflff = Oand Pff = Aucz, the self-consistent
solutionfor thelevel populationsawill be unchangedThis replacemenhasbeenfoundto signif-
icantly improve the corvergenceof the ETLA iterationmethod.Castor,DykemaandKlein [61]
provide the relationsthat canbe usedto computethe Net Radiatve Bracketsandthe effective
rateswithout makingthe narrov-line approximation,andin that paperthe ETLA formulation
wasappliedto bothlinesandcontinua.
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Equation(9.39) hasbeenthe basisof muchof the discussiorof line formationin the solar
chromospherby Thomas Athay, Jeferiesandcoworkers(cf., ThomasandAthay [250]). They
havefound,for instancethatthee’ termdominategor theH andK resonancénesof Call, while
the  termis moreimportantfor the hydrogenBalmerlines, with the resultthatthe temperature
rise in the chromospher@roducesemissionfeaturesin the profilesof H andK, but not in the
Balmer profiles. The hydrogenLyman lines are found to be similar to the Call linesin this
respectandin factarestronglyin emission.

The ETLA methodis usedby Avrett andcoworkers,andwasalsousedby Castor Dykema
andKlein [61], but it is by no meangheonly methodfor treatingmulti-level NLTE problems.

The completelinearizationmethodof Auer andMihalas[16] hasbeenusedon a large scale
to solve NLTE problemswith tensor moreof atomiclevels. A goodreview of thelinearization
method(s)hasbeengiven by Auer [13]. The basicstructureof the original [16] linearization
methodis asfollows. The Feautriervariable j (u) (cf., 85.6)is usedto representhe radia-
tion field at a set of angleand frequeng points, with NJ angle-frequeng pairsin all. The
level populationsNj, No, ..., NNL are anotherpart of the set of unknovns. The total den-
sity or pressureand the temperaturanay be addedto the list if the constraintsof hydrostatic
equilibrium and radiative enegy balanceareimposed. All thesevariablesare specifiedon a
meshof spacepoints, z3, 7o, ... , zyp. If Xj representshe unknowns at spacepointi: X; =
(j1s -+ jN3s N1, ..., NNL, Neot, T), thenthe full solutionvectoris X = (X1, X2, ..., XnD).
ThusthereareND(NJ + NL + 2) unknowvns. Therearealsothis mary equationgo determine
them. Thereis a Feautrierequation(5.49) correspondingo eachj and a populationkinetic
equationcorrespondingo eachN. At the spatialboundarieghe Feautrierequationis not used;
rather thereis arelationbetweenj on the boundaryandthe j atthe next point away from the
boundarnythatis derivedfrom therelationbetweerh and j atthe boundarywhich expresseshe
constraintof a certain(or zero)incomingintensity or reflectionsymmetry Therearealsonot
NnL independenkinetic equationdn the steady-statease sincethe sumof all Ny. equations
identicallyvanishesn this case.Oneof the equationsnustbereplacedy the conditionof num-
ber conseration, >~ N; = Niot. If Nt is not oneof the unknavns, thenit mustbe given as
data.

In the completdinearizationmethodthis systemof equationss justtreatedasthe large non-
linearsystemit is, andthemethodof solutionis the Newton-Raphsomethod.Thatis, if F(X) =
0 representshe setof equationsaandX is the solutionvectorjust describedthenonestepof the
iterationprocesss describedy

n -1
XM= x"_ <8Fa(>><( )) F(X™). (9.45)

Therearetheusualproblemsawith Newton-Raphsorandthesearisehere: A reasonabléirstguess
is required,or elsethe iteratesquickly diverge. And if the correctionto X" thatis calculated
by solving the linear systemhasexcessiely large valuesfor somecomponentssuchthat the

estimate®f thesecomponentsf X"*+1 would bein unphysicarangesthenall of thecorrections
mayneedto bescaleddown to keepthenew unknowvnsin thephysicalrange.Thespecialproblem
in the completelinearizationmethodis the sheersize of the systemof equationg(9.45). For

example,if NJ = 4000,NL = 50 andND = 100, thenthe systemsizeis 405,200x405,200.
This would be called a small problem. Quite obviously one doesnot simply apply Gaussian
eliminationto this system.If it werepossibleto do sowithin the constraintsof memory the cost
would be of orderND3(NJ + NL + 2)3 ~ 7 x 106 operationsPartitioningmethodsareapplied
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instead. More recently iterative methodssuchas pre-conditioned\Newton-Krylov have been
used,but for the presentdiscussionve will stick to direct solutionmethods.Iterative methods
will beconsideredn §11.11.

The partitioningemployed by Auer and Mihalas makes useof the sparsityof the Jacobian
matrix aF(X™) /89X asfollows. The Feautrierequationscouplethe intensity at a given space
pointto its nearest-neighb@pacepointson eachside. The populationkineticsequationsandthe
constraintequationsarelocal in space.Thusthe large matrix hasa block tri-diagonalstructure
in which the blockscontainall the unknonvns at a single spacepoint. Thatis, the block sizeis
NJ + NL + 2 square.The larger systemis solved usingthe standardrecursionschemefor tri-
diagonaimatricesgxceptappliedhereto theblocks. Eachstepof the (forward)recursiorrequires
of order(NJ+ NL + 2)2 operationsandthereareND steps sothetotal costis ND(NJ+ NL +2)3
operationswhichis ND? timesfewer thantheignorantelimination.

Rybicki [221] suggestedh different partitioning of the matrix, which, as Auer [13] points
out, makes the methodscalein the sameway as radiative transfersolutionsusing numerical
quadratureof the Milne equation(5.37). Theideais simple: The valuesof j(u, v) at various
anglesandfrequenciegnterthekinetic equationsonly in the combinationghatdefineJ, namely
Jdu [dvé(v)j(u,v). Buteachj(u, v) canbefoundby solvinga simpletri-diagonalsystem,
viz.,

jk=T's, (9.46)
andthenthe J valuesaresums:

J=> wT's. (9.47)
k

In thisway all theintensitiescanbe eliminatedfrom the systemwhich leavesthe smallersystem
to solwve, of which the orderis ND(NL + 2). The operationof inverting a tri-diagonal matrix

is very efficient: O(ND?) operationsso the costof eliminating the intensitiesis O(NJND?).

The systemthat is left after the eliminationis full, sincethe inverseof a tri-diagonal matrix

is a full matrix. Thusthe final solution of this systemrequiresO(ND3(NL + 2)3) operations.
Rybicki’s partitioningwill be more efficient than the block-tri-diagonalschemewhen ND? <

[(NJ+NL+2)/(NL+2)13. Thusrelatively few level populationsandalargenumberof frequeng-

anglepairsfavors Rybicki; comparablenumbersof level populationsandfrequeng-anglepairs
favorstheblock tri-diagonalscheme For the exampledimensionsabove, the block-tri-diagonal
schemerequiresabout6.6 x 102 operationswhile in Rybicki’s schemethe eliminationof the
intensitiestakes 4 x 107 operationsand the solution of the resultingsystemtakes 1.4 x 101

operations.n this casethe eliminationcostis negligible, andthe overall costfavors Rybicki by

afactor47.

Theforegoingdiscussiordescribesolvingthelinearequationdor theintensitieshemseles,
but exactly the samereasoningalso appliesto the linear systemthat mustbe solved for each
Newton-Raphsonteration; the sparsitypatternof the Jacobiarmatrix hasthe structureneeded
to apply Rybicki’s eliminationscheme.Auer [13] givesquite a completedescriptionof all the
finite-differencemethodsthedifferenteliminationschemesandtheorganizatiorof thecomplete
linearizationmethods.
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9.2 Partial redistribution

Oneimportantfootnoteto non-LTE line transferconcernswhatis called partial redistritution
or PRD,which wasalludedto above. Spectralline transferwith partialfrequeng redistritution
is treatedwell in lvanos's book [133] and Mihalass stellar atmosphere®ook [186]. This is
the subjectof line scatteringwhenthereis somedegreeof correlationbetweenthe frequengy
of absorptionand the frequeng of emissionin the scatteringprocess. Let's say we write the
absorptvity as

Ky =KL (v), (9.48)
thenwe write the emissvity, forgettingaboutthe albedofor the moment,as
o
jv = kL/ dv' R(v, v)J,, (9.49)
0
in which R(v, V') is the redistritution function The expressionfor the sourcefunctionin this

consenative scatteringalbedo= 1) caseis

1
¢ (v)

Theredistritution functionis thejoint probability distribution of the two variablesy andv’, the
frequencie®f emissionandabsorptionln orderto consere photonsit mustobey therelation

o
f dv' R(v, v")J,. (9.50)
0

/mdv R, V) = ¢ (V). (9.51)
0

Thermodynamiconsisteng alsorequiresthatit be symmetricin v andv’:
R(v,v) = R(V/, v) (9.52)

apartfrom a small correctionwhenv — vg andv’ — vg arenot negligible comparedvith vy and
kT/h. If the frequenciesare actually uncorrelatedthen R factorsinto a function of v times
a function of v/, which becauseof the last two constraintshasto be R = ¢ (v)¢(v'). If this
is putin, thenthe sourcefunction reducesto the frequeng-indepenéntvalue J that we used
previously; thisis thencompleteredistritution. The oppositeapproximatioris thatthe frequeny
afterscatteringnustbe preciselythe sameasbefore,andin this case

R, v) = ¢w)s(V —v). (9.53)

Whenthe particularkinds of line broadeningare consideredit is foundthatDopplerbroad-
eningcorrespondso a mild, but non-zerocorrelationbetweenthe absorptiorand emissionfre-
guenciesSolutionstakingthe properredistritution functioninto accountshav smalldifferences
from completeredistritution, which asa practicalmatterareignored.Similarly if collisionalline
broadenings consideredeitherby ion microfieldsor electronimpact,the redistrikution function
differseitherverylittle or notatall from completeredistribution. Theonecasen whichthereare
largedifferencedetweerthe accurataedistritutionfunctionandcompleteredistrikutionis reso-
nanceine scatteringwith a Lorentzianprofile dueto naturalbroadeningperhapsombinedwith
Dopplerbroadening.Theterm naturalbroadeningefersto the Lorentzianbroadeningvhenthe
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decayratel” is dueto theradiative decayalone,notto ary collisionalprocessedn resonancéne
scatteringhelowerlevel of theline is agroundstate which therefordivesarelatively longtime
betweerscatteringevents,andthereforeits enegy uncertaintyis quite small. This meanghatin
orderto consere enegy thedifferencebetweertheemittedphotonenegy andtheabsorbegho-
tonenegy will beof this orderandthereforealsosmall. Thusapartfrom Dopplerbroadeninghe
frequeng shift in the scatterings negligible. Whenthis is combinedwith Dopplerbroadening
theemissionfrequeng canmovein eitherdirectionrelative to theabsorptiorfrequeng by about
oneunit of Avp.

The definitive paperon the redistritution functionsfor the casegust discusseds by Hum-
mer[126]. He distinguishedour casespof which threearethe onesmentionedn the previous
paragraphThesethreeare R, R;; andR;|| in Hummersnotation.In R theline is broadened
solely by the Dopplereffect, andredistritution is dueto the differenceof the atom’s velocity as
projectedon the initial andfinal photondirections. In the frame of the atomthe photonis ab-
sorbedandemittedpreciselyattheline centerfrequeng. In Ry thereis a Lorentzianabsorption
profile in the frame of the atom, correspondindo naturalbroadeningy the radiatve decayof
theexcitedstate.It is supposedhatthelifetime of thelower stateis muchlonger, andconsera-
tion of enegy ensureshatthe emittedandabsorbedrequenciesrethe samen theframeof the
atom. This modelis appropriatdor resonancdines. In the externalframethe absorptiorprofile
becomesa Voigt function whenDopplerbroadenings addedto the Lorentzianprofile. If there
is collisional broadeninghenthe absorptiorprofile in the frame of the atomis alsoLorentzian,
but the collisions causethe excited atomto lose memoryof the initial frequeng, andthereis
completeredistribution in the frameof the atom. Whenthe Dopplereffectis includedthe result
isthe Ry redistribution function. Eventhoughthisis derivedfor completeredistritutionin the
frameof theatom, it is not quite completeredistritutionin the externalframe. Finally, Hummer
consideredhtype of redistritutionin which boththe upperandlower statesarebroadenedby ra-
diative decayprocessesWith theinclusionof Dopplerbroadeninghis becomesR,y . However,
Hummeradopteda modelfrom Heitler [114] for the redistritution in the frame of the atomfor
thiscasewhichturnsoutto bein error. Thecorrectformulawasin factgivenby Weisslopf[260]
andby Wooley and Stibbs[268]. This was clarified by Omont, Smith and Cooper[200]. Few
resultsusing Ryy areavailable. The mostrigorousdevelopmentof the theoryof the redistribu-
tion function,which relatesthe redistritution to the atomickineticsandindicatespreciselywhat
mixtureof Ry, Ry, Ri; andRv is neededor eachatomictransition,is by Cooper.etal. [73].

The natureof R, is indicatedin Figure 9.2. The region with |x| < |x’| for a givenx’ is
rigorouslyflat; for |x| > |x’| thefunctionfalls steeply Theprobability of theemissiorfrequeng
x beingnear+x’ is greatewith R, thanwith completeredistritution. However, x andx’ areun-
correlatedwith this angle-aeragededistritution function. With angle-dependemedistritution
x andx’ arestronglycorrelatedvhenn andn’ areparallel,andstronglyanti-correlatedvhenn
andn’ areanti-parallel.

Thenatureof Ry is qualitatively different,asseenin Figure9.3. While thereis little correla-
tion of x andx’ in theDopplercore(|x’| < 2), in theLorentzianwingsx andx’ becomestrongly
correlatedIn thefar wingstheasymptoticform of the marginal distributioniis

1 1
— R (X, X) ~ierfc| =|x = X’ forx’ > 1, 9.54
500) 1 (X, X)) |erc<2|x x|) or x' > ( )
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whereierfc(z) is thefunctiondefinedby

o0 1 2
ierfc(z) = fot)dt = —e % — zerfo(z). 9.55
ierfc(z) /Z erfc(t) NG e zerfc(2) ( )

Therelative smallnes®f |x —X'| in theline wingssuggestshata Fokker-Planckireatmenmaybe
useful;this hasbeendoneby Harrington[109] with somesuccessA morethoroughdiscussion
was given by Frisch [95]. Frisch points out that Ry is like a weightedaverageof complete
distributionwith R, |, with theweightof completeredistrikution beingproportionalto thenatural
width of thelowerlevel andtheweightof R proportionakto the naturalwidth of theupperlevel.
For mostsubordinatdines (with anexcited stateasthe lowerlevel) thesewidthsarecomparable,
andthussoaretheweights.In this casehecompleteredistribution partcompletelydominateghe
long-rangebehavior of the scatteringoroblem. In otherwords, Ry, like R andRy |, behaes
verymuchthesameascompleteredistritution. Theoddmanoutis R |, whichistherealisticcase
for resonance-linscatteringf thedensityis low enoughthatcollisionalbroadenings negligible
comparedvith naturalbroadening.
In the caseof partialredistribution, the two-level-atomsourcefunctiontakesthis form:

So(v)=1A—¢€) /oodv’ R, v)Jy +€Byop(v). (9.56)
0

For completeredistritution, S, is independendf frequeng and R(v, V') = ¢(v)¢(V'), soa
divisionby ¢ (v) recorersequation(9.8).

The problem of resonancdine transferin the situation describedabove, with quite large
valuesof the opticalthicknessof themedium,leadsto someinterestingeffectsandhasbheenwell
studiedin thelaboratory Line photondn thiskind of problemdo akind of doublediffusion. The
photonsdiffusein real spacewhile they simultaneoushdiffusein frequeng space. Of course
the spatialdiffusion coeficient is relatedto 1/¢(v), so the diffusionin spaceis very rapid at
frequencieghat are far from line center Sincethe photonsmustdiffusein frequeng instead
of beingindependentlysampledon every scattering the effect is to keepthem more confined
toward line centerin the partial redistribution case. This meansthat the typical meanfree path
is less,andthatthe photonswill nottravel asfarin agivennumberof scatteringsThereforethe
thermalizationdepthwill be lessfor a givenvalueof €. In factit is found for scatteringwith
partial redistritution asdescribedhat the thermalizationlengthis roughly just the sameasfor
a Dopplerprofile, while in completeredistrikution, giventhe Lorentzianwings of the combined
profile, thethermalizationdepthis muchlargerthanthat.

9.2.1 Asymptotic resonancdine transfer with Ry

Harringtons[109] asymptoticsolutionof thetransferequationfor resonancéine scatteringwith
R is usefulfor theinsightit givesinto the PRD transferprocess.The actionof the scattering
kernelis approximatedy expandingthe function J, insidetheintegralin a Taylor seriesabout
v/ = v, thenusingtheknown momentsf the Ry functionto obtainthis result:

1dIx }dZJ(x)
X dx 2 dx2 °

1

— 9.57
¢ (X) (5-57)

/oodx’R| 1 (X, XH)JI(xX)dx =~ J(x) —
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soMilne’s secondcequationjn the Eddingtonapproximationfurnsinto

92
9T a2

d2J(x) ~2dIX)
dx? X dx

+ = ¢ (X)(1—e) [ ] = 3¢%(X)e(J — B). (9.58)

Theopticaldepthscaler is themeanovertheline profile, givenby dr = k. dz/Avp. Two more
transformationsireintroducednow. Oneis to noticethat

[dZJ(x) 2 dJ(x)} 92

d) 2(%) 3 ax | T 902 (9.59)

do?

in termsof anew frequeng-relatedvariables definedby

2\Y2 % dx
== —_— 9.60
? (3> /o ) (9:60)

Theapproximatioris accuraten theLorentzianwingsof the Voigt profile, whichis whereall the
transferwill take placein the asymptoticregimewe wantto consider Thevariableo vanishest
line centerandin thewingsx — oo it variesaso ~ +./2/37|x|3/(3a). We arealsogoingto
make the approximatiore « 1 sothefactorl — ¢ canbereplaceddy unity whereit multiplies
thefrequeny derivatives.We thenhave

CEREEN!

9.2 + Y _3¢ €(J—B). (9.61)
The secondclever transformatioris the resultof observingthat ¢2, consideredasa function of
o, is stronglypealedato = 0, muchmoresothang is whenconsideredasa functionof x. So
Harringtons secondmajorapproximatioris to replace3¢? by v/65 (o). Thefactor/6 preseres
the normalizationof the profile. Thusfinally the transferequationbecomes

323 92)
at 2+ do 902
Thedeltafunctionontheright handsidetells usthatline photonsarecreatecr destryedentirely
atline center Soexceptatline center theintensityobeys a two-dimensional.aplaces equation
in -t spacejn otherwords,thereis doublediffusion.
The solution J(z, o) of equation(9.62) shouldbe continuousat line center o = 0, andin
fact J(z, 0) is the valueof J, which setsthe populationof the excited state. But thereis a step
discontinuityin 4J /0o

6e(J — B)S (). (9.62)

A (g) = 6e(J(z,0) — B). (9.63)

Let'sconsideraninfinite mediumwith asources of line photonsconfinedto thesheetr = 0,
in otherwords,eB = s§(r). We take the Fouriertransformof equation(9.62),using J(k, o) =
[ dz exp(ikz)J(z, o). Then
923

—K*J + —5 = V65(0) (e J(k,0) —9). (9.64)
do
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The Fouriertransformof thejump conditionis
8J .
A <3_> =6(eJ(k,0) —s). (9.65)
o

The solutionmustbe of theform J = Aexp(—|ko|) with a suitablecoeficient A. Puttingthis
into thejump conditionleadsto

6
am_ VO (9.66)
2|K| + v/6e
TheinverseFouriertransformto obtain J(z, o) turnsoutafteralittle work to give
3s ;
Iw.o) =5 =0 {e¢3/2<'0'+"f')6 Exlv/3/2(o| +1 |f|)e]} . (9.67)

The complex exponentialintegral functionis takulatedin Abramawitz and Stegun[1]. We can
seethat the characteristicscalein t, andalsoin o, is 1/¢, andthusthe thermalizationlength
scalesin this way, just asit doesfor completeredistrilbution with Doppler broadening. Since
the characteristicr also scalesas 1/¢, the characteristidrequeng width in Doppler units is
X ~ (a/€)/3. This asymptotionodelis notapplicableunlessx > 1, soe mustbe <« a.

The spatialdistribution of the excited statepopulationis proportionalto J(z, 0), which can
be expressedn termsof the auxiliary function for sineand cosineintegrals g(z) describedby
Abramawitz andStegun[1], §5.2:

I(r,0) = \fg; o (v/3/2e1) . (9.68)

This distribution is shawvn in Figure 9.4. Half the excited atomsare containedin the interval
|T| < 0.509/¢, thus0.509/¢ is thethermalizatiordepthfor smalle.

Harringtonsasymptoticheoryis usefulfor aidingunderstandingyut asa numericalapprox-
imationit is notvery good. It is basedbn the smallnesf parametertike (ar) /2 or (¢/a)1/3.
The optical deptht mustbe enormousor € tiny indeed,beforethe approximationstartsto be
accurateFor numericalresultsthe calculationsof Adams[4] aremuchbetter

9.3 Mean number of scatterings; mean path length

The meannumberof scatteringsandthe meanpath length are ways of describingthe transfer
of line radiationwithin a finite mediumin anintegral sense.Therearereasonablyaccuratees-
timatesavailable for thesequantities,which makesthemvaluablefor rough calculations. The
referenceghat develop the principal resultsfor the meannumberof scatteringsare by Hum-
mer[127], Adams[4] andIvanor [133]; the lastis a generalreferencewith mary asymptotic
expressionslvanor alsodiscusseshe meanpathlength.

The definition of the meannumberof scatteringss the averageover all photonscreatedn
a uniform distribution within the slab of the total numberof timesthey interactwith matterin

the slab, countingthe act of emission,beforethey eitherescapehe mediumor are quenched.

The numberof emissionds counted but not a final quenchingf thereis one. This meancanbe

Fig. 9.4
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computedby countingthetotal numberof emissioneventsperunit time anddividing by thetotal
numberof creationeventsperunittime. Thisratiois

_ Jo'dr Jg dxp(0)S(x, )
Joldz B, ’

(N) (9.69)

in which g is thefull opticalthicknessof theslah This simplifiesfor completeredistritutionto

w0y
(N) = %. (9.70)

If the scatteringalbedotendsto zero,thatis ¢ — 1, then S becomesB, and (N) = 1.
Whene is small comparedwith the escapeprobability K»(z) thenthe quenchingprobability is
negligible and (N) tendsto a limit thatis independenbf € but dependson zp. Hummer[127]
obtainsanupperlimit

1

(N) ~ e+ (1—-e)Ka(0/2)’ (9.71)

which he proposesas an estimate. lvanos’'s asymptoticmethodsfor large 7o sharpenup the
estimateto thefollowing, for therespectie profile shapes:

$70v/In(zo//7) Doppler
2 .
(N) ~ fzygéj‘g L Voigt (9.72)
2
?27({—%;2\/?0 Lorentz.

Theseestimatesarehalf of Hummers[127], for the Dopplercase and21%lessthanHummers
for the othertwo.

The meannumberof scatteringsn a finite slabin the conserative casee = 0 for partial
redistritution with Ry is a quantitythatis of primeinterest.The numericalwork by Adams[4]
andHarringtons [109] asymptoticanalysisboth agreethatthe meannumberof scatteringsith
R, for aphotonsourcethatis athin sheetatthe midplaneof theslab,is proportionalo g in the
asymptoticregime (atg)¥/2 > 1. Adamssuggests coeficient0.75,but Harringtons expression

(N) ~ 0.454658, (9.73)

fits Adamss numericalresultsaboutaswell. The proportionalityof (N) to 7o ratherthanto
J/To/a is a significantfeatureof (R;) partial redistrikution; it is much harderto escapethe
mediumwith PRD. Harringtons resultfor a photon sourceuniformly distributed in the slab
is similar, but with a coeficient of 0.332368ratherthan 0.454658. This is the resultthat is
comparabléo the CRD expressionsn the previousparagraph.

The meanpathlengthof the scatteringphotonis definedasthe averageof the total distance
it flies from the placewhereit is createdto the placewhereit eitheris quenchecor crosses
the boundaryof the medium. This is equalto the photon’s dwelling time within the medium
multiplied by thespeedf light. Thedwellingtime canbecalculatedin thissteady-statproblem,
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by dividing thetotal photonenegy within themediumby thetotal enegy rateof creatingphotons.
Thisleadsto

Avp [oldT [oCdXx I(X, T)
kL JoldTeB,

0y = (9.74)

The integralsfor (N) and (¢) arevery similar; in fact, for a squareprofile thereis the simple
relation

A
A-e)t) = kLLD

Ny —=1). (9.75)

Thissaysthattheaverageflight pathis themean-fregathAvp /ki . (Remembethatthenumber

of flightsis onelessthanthe numberof scatteringdy the definitionwe areusing.)
Ivanos's[133] resultsfor the meanpathlengthfor ¢ = 0 andzp > 1 arethefollowing:

AvDX 704/IN(70/+/7) Doppler

e ~
@ kL 2 7 Voigt or Lorentz.

(9.76)

In PRD,with Ry, andwith a uniformly distributedphotonsourcein the slab, Harringtons
methoddeadto a valueof the meanpathlengthgivenby

A
() ~ k—”LDo.692739(ar5‘)1/3. (9.77)

This exceedsthe thicknessof the slabby a factorthatis O((azg)Y/3). Theaccumulatedsmaller
flights amountto muchmorethanthesinglelongestflight in this case.

If thereis bothanon-zeraquenchingprobabilitye anda continuousabsorptiorcoeficientke,
thenlvanor [133], §8.10,pointsout thatthe meanescapeprobabilityis 1 — e (N) — kc(£). This
is physicallyobvious onceit is recognizedhatthe eventsof escapeguenchingandcontinuous
absorptionall remove the photons,are mutually exclusive, and exhaustall the possiblephoton
fates.Thediscussiorof meanescape@robabilitiesleadsdirectly to thetopic of Irons’ theorem.

9.3.1 Irons’theorem

Irons’ theoremsaysthatthe Net Radiatve Bracket is equalto the single-flightescapeprobabil-
ity in the mean,with the meandefinedusing a weighting function equalto the emissvity. A
gooddiscussiorof Irons’ theoremandof escapgrobability mattersin generaljis givenby Ry-
bicki [222]. Thefollowing is ademonstratiomf this for the plane-paralleslab(opticalthickness
70) With completeredistrikution but no continuousabsorption Thetransferequationis

dix(z, )
H dr

Theintensitythatemegesatt = 0 with u > 0is givenby

(0, 1) = / L exp(—“i’(x)) . 9.79)
0 M 1

= ¢(X)(Ix(z, u) — (1)) . (9.78)
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But anintegrationof thetransferequationdirectly, andnotingthat|y (7o, 1) = Ofor © > 0, leads
to

0d
160, 1) = —/0 S B00(r, ) = S(0). (9.80)
Thenwe canreplaceu with —u anddeveloptwo expressionsor Iy (g, —u):
Ix(t0, ~0) = [ °% 50 exp (—M> , (9.81)
0o M 2
and
odr
(0, — 1) = fo S 600(x(r, —) — (). (9.82)

Now we equatethe two expressiondor I (0, 1), andalsothe two expressiondor Iy (to, — ),
andaveragethoseequationsThisyields

/’0 d_r¢(x)} [exp<_r¢(X)> +exp(_(to—r)¢(X)>] (o) =
0 M 2 w W

fro 9 b 0sr) <1— ix(@, ’”) . (9.83)
0o M S(7)

Thequantity jx(z, n) is the Feautrietaverageof theintensityat +u. Thenext stepis to multiply
this equationby . andintegrateoverall x andovertherange[0, 1] of . Theresultis

/mdr S(0) 2 [Ka(t) + Ko(to — 7)] = /mdr S(7) (1 - Jm) : (9.84)
0 2 0 S(7)

Thisis astatemenof Irons’ theorenfor this casesincez = 1— J/Sis theNet Radiative Bracket
andthe combinationpesc = % [Ka(t) + Ka(1g — 7)] is the two-sidedescapgrobability for the
finite slab,generalizingequation(9.20). It is fairly clearfrom this derivation,andfrom Rybicki’s
presentatiori222], thatthis resultcanbe extendedto arbitrarygeometriesAn immediatecorol-
lary that Rybicki draws is the relationbetweenthe meannumberof scatteringsandthe escape
probabilitythatappearsn Irons’ theorem.lt is

1 1

N) = = . 9.85
(N e+(Q—€){2) €+ (1—€)Pesod ( )

Thefirst equalityis anidentity basedon the definitionof z = 1 — J/S, andthe secondequality
is Irons’ theorem. This relation betweenthe meannumberof scatteringsand the single-flight
escapeprobability recallsHummers relation (9.71). In Hummers relationthe value of pesc at
the centerof the slabappearsnsteadof the source-function-weightedserageoverthe slab

9.4 Time-dependentline transport

Our discussionso far hasconcernednly steady-statdine transfer Now we want to conside
thetime-dependergffects. Mostly thiswill be concernedvith learningwhattheimportanttime
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scalesare; doingtime-dependenpracticalproblemsis a major computationakffort not a peda-
gogicaltopic.

First we needto considerthe two cause®f time dependencén spectralline transport: (1)
the spontaneousifetime tsp = 1/ Ay¢, Which causeghe sourcefunctionto lag the radiatve and
collisional ratesby a time of ordertsp, and(2) the time of flight Amsp/c for a meanfree path,
which causeshe meanintensityandthe photoexcitationratesto lag the sourcefunctionin time
by aboutimp/c. Thequantitiesvary by ordersof magnituden differentradiationervironments,
andthereforeso doestheir ratio. The spontaneousfetime varieslessthanthe flight time; its
orderof magnitudds

tsp ~ i nanoseconds (9.86)
(hv/ev)?

Thisis for aline with unit oscillatorstrengthandhv/eV is theline enegy in electronvolts. We
seethatthistime scaleis very shortin astrophysicaterms,whentheline enepgy is indeedaround
1 eV, andit is evenshorterfor high-enegy ervironmentsvhentheline is in thekeV x-ray range.
The flight time of the line photonis harderto estimatein generalterms. In mary problemsof
stellarastrophysicshe meanfree pathis of the orderof an atmospheriscaleheightdown to a
smallfraction of a scaleheight. The flight time for a scaleheightin the solarphotospherés 0.4
milliseconds.Thisis four ordersof magnitudegreaterthanthe spontaneoukfetime. Thuswhen
the time scaleis large enoughto be of ary interestin the astrophysicaproblem,the flight time
will greatlyexceedthe spontaneoukfetime.

In problemsthat are on a terrestrialscale,with dimensionsfrom microns(lasertargets)up
to meters(laboratoryscale),the time of flight will rangefrom lessthana femtosecondip to a
few nanosecondsln essentiallyall of thesecaseghe time of flight will be muchlessthanthe
spontaneoutifetime. Thusin mostlaboratory-scalg@roblemsthe dominanttime dependence
comesfrom the spontaneoulifetime, while in astrophysicaproblemsthe dominantiime scaleis
theflight time.

Thetime dependencassociateavith thespontaneoubfetime—in generalwith thefiniteness
of all the rates—isincorporatedn the two-level-atommodelby usingthe rate equationfor the
excited-statgpopulationin placeof the state-statequation.Thus

dNy
dt
The importantapplicationsof time-dependentransportare to resonancdines, so in that case

the time dependencef the lowerlevel populationis neglected. Using equation(9.87) andthe
definition of the sourcefunctionleadsto

ds <1+gz+9u S

—— = A -
dt ut Ju ZhVS/Cz

= N¢(BeuJd + New) — Nu (Aue + Bue + Cue) - (9.87)

) (J+eB-(1+€)9). (9.88)

The stimulationfactorl + ((g¢ + gu)/gu)Zhv3/02 cannormally be omitted, leaving this useful
equation:
ds -
In thefollowing discussiorwe will first consideranexamplein whichflight time is dominant
andthe spontaneoubfetime is neglected,andthenonewhichis thereverse.
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Let's returnto the time-dependentransportequationfor a line formedby a two-level atom
with partialredistribution,andwe will alsoincludeabackgroundtontinuousopacity. Theequa-
tion includingtime-of-flightis

1aly
c ot

—(kLp(v) + ko)1, + (1 — ek /dv’R(v, V) Jy +€Bp(v) + kK. (9.90)

n-vi, =

Now we form the Laplacetransformwith I](p) = fé’odt exp(—pt) 1, (t). Theequatiorbecomes
o B E ~
n- i, = — (ko) +ke+ ) Ty
- 1 1 1
+(1-e)k. /dv’R(v, v, + —pe Bop(v) + —kaS; + c 1,(0). (9.91)

What we notice aboutthis equationis thatit is identicalto a steady-statéine transferequation
with an extra contribution p/c in the continuousopacity an effective continuousemissvity of
ke&/p + 1,(0)/c andaneffective Planckfunctionof B/ p.

We wantto find outabouttherateat which theintensityrelaxestoward a steadystate assum-
ing thereis one. The steady-statentensityobeys this equation

n-VIS=—(kip) + ko)l + (1 — )KL /dv’R(u, V)35 4+ €Bop(v) + k& (9.92)
If wedefineAl, tobel, — I3, thenits Laplacetransformobeys this equation
n-V(Al,) = — (qus(u) + ke + 2) AT,
- 1
+(1—e)kL /dv’ R, vV)AJ, + EAIU(O) ) (9.93)

A theoremon Laplacetransformstells us what the effect is of ke on the time dependencelf
(A1,)0(t) isthesolutionwithoutcontinuousabsorptionthenexp(—kcct)(Al,)o(t) isthesolution
including continuousabsorptionSowe candropk. atthis pointwith no lossof generality since
it canalwaysbe putbacklaterusingthis result.

Let's considerthe caseof completeredistritution in aninfinite homogeneoumediumwith
aninitially white, isotropicdepartureA 1, (0) from the steady-statintensity. For conveniencene
corvertthefrequenciego Dopplerunits, andusethe line profile function on the Dopplerwidth
scale¢(x), anddefinea new variable = pAvp/(k_c). Theredistritution function becomes
R(x, xX") = ¢(X)¢(X’). Thetransformthenobeys this equation

- ~ A
AIX(¢(X)+/3)=(1—e)¢(x)J+ﬁUEAIU(O). (9.94)

Multiplying this equatiorby ¢ (X)/(¢ (X) + 8) andintegratingover x leadsto

- - [ #2(X) A / $(X)
J=(1—-¢)J dx Al, (O d 9.95
(d=e /_oo 0 +B WO X0+ (9:95)
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A function F(B) thatdependsn the shapeof theline profile, often calledthe curve-of-grawth
function,is definedby

o $(X)
F(B8) = dx ——~ 9.96
2 /_oo X¢(X)+ﬂ (9:96)

Thefirst integral in equation(9.95)is seento be 1 — BF(B). Thereforethe solutionof equation
(9.95)is
AvpAl,(0) F(B)

kLc e+ 1—-e)BFPB)’

J= (9.97)

Our tasknow is to considerspecificshapef line profile function, approximater (8) for
eachof thesefor § — 0, andthen, since o p, usethe approximationto get the inverse
Laplacetransform andtherebyfind J for larget. For asquardine profile,i.e., a“line” thathasa
constanbpacityratherthana smoothshapewe use¢ (x) = 1 for 0 < x < 1, with theresultthat
F(B) = 1/(1 + B). Thenwe seethat

AvpAl,(0) 1 1

=AlL,0)——.
kLc €+ B © p+ ek c/Avp

J= (9.98)
TheinverselLaplacetransformgivesJ = Al,(0) exp(—ekyct/Avp). In otherwords,theinitial
departureof the intensityfrom the steadystatevaluedecayswith a meanlifetime givenby the
timeto make 1/¢ flights with ameanfree pathof Avp /K.

With Dopplerbroadeninghe curve of growth functionturnsoutto be

F(B) ~ 2. [In (%) , (9.99)

when g is small. We will referto the v/In expressionasC(B); it is a slowly-varying function,
rangingfrom 1 to 3 over quitealargerangein 8. Thetransformof J canthenbewritten as

= AwAL© 2C(8)

kLc €+ (1—e)pAvp2C(B)/(KLC) ) (9.100)

In the Laplaceinversion,mostof the contribution comesfrom valuesof p thatmake g ~ e.
Making this substitutionin C(3) leadsto

_ ek_ct
J~ Al,(0) exp( AvDZC(e)> . (9.101)
This is almostthe sameresult,with the samemeandecaytime, asfor the squareprofile, except
thatthe meanfree pathandthe meanfreetime areincreasedy thefactor2C(e).

For a Voigt profile it is sufficientto calculateF (8) usingthelargex asymptoticform of the
profile, ¢ (x) ~ a/(wx?). Thenit is easyto seethat F (8) ~ /wa/B. Thiswill only applyfor
B < a. Thenthetransformis

~  AvpAl,(0) ra/B 1
I~ = AL . 9.102
ki e+ Jmap O 5P+ evikicimarom) (9102
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FindingtheinverselLaplacetransformin thetablesleadsto

2
_ e“k ct k_ct
J~ Al,(0 f . 9.103
vl )eXp<rrAvDa> erc<6 nAvDa) ( )

In this casethedecaytime is of ordera/e? timestheflight time for aline-centemeanfree path.

In every casethe meandecaytime is aboutequalto the flight time for the thermalization
lengthcorrespondingo the givenprofile andvalueof €. Thisis atfirst surprisingsincetheflight
time addsup all the flight distancegatherthantaking the netdisplacement.But we recall the
longest-single-flighpicture, which saysthatthe sumof all theflights is just aboutthe sameas
thelongestone,andalsoaboutthe sameasthe netdisplacement.

Thereare othercasego consider suchasPRD, and other problemsto analyzesuchasthe
time-dependerdpreadingf line radiationin aninfinite mediumwith no quenchingr absorption.
Wewill roundoutthepresentiscussiorby treatingthatproblemwith completeredistrilutionin
the casethatthe spontaneoulifetime dominateghetime dependenceatherthantheflight time.

The dynamicalequationfor the sourcefunctionbecomes

0S(t, 1)
ot

= Ay [/wdr’ Ki(t — t)S(r) — S(r):| . (9.104)

Thisbecomedolsteins[119, 12( andBibermans [33] integro-differentialequatiorfor trapped
resonance-lineadiationwhenwe recognizehatSis proportionako the excited-statgpopulation.
We supposdhatatt = 0 thereis athin sheetof excitedatomsat r = 0. We Fourieranalyzethis
equatiorwith respecto T andobtain

S , .
5= Aue(K1(k) — 1)S. (9.105)
At theinitial time the Fouriertransformof the deltafunction representinghe sheetof excitation
is S(0) = 1. And thereforethe solutionfor the transformis

Sk, 1) = exp [—Aug(l - Kl(k))t] : (9.106)

In orderto find how S(t) varieswith larget we have to investigateK (k) for k — 0. Thisis
thework doneby Ivanor andcoworkersandreportedn [133]. Thegeneralexpressions

; © P, 4 K
Ki(k :/ dx tan T ——. 9.107
1(K) . . 500 ( )
Theresultsobtainedrom the asymptoticevaluationof theintegral are:
1—-z___W__ poppler
N 4 n@/ (k) PP
Ka(k) ~ 11— ¥2El Voigt (9.108)
1- —V2’3’|k| Lorentz.
Theinversionto find S(z, t) thengivesin the Dopplercase
W 1
Sz, t) ~ (9.109)

7 T2+ W2’
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in which W is a Lorentzianwidth in opticaldepthgivenby

Auet
W= e (9.110)

—4/In(Aut/ )
Thewave of excitedatomsspreaddinearly in time with aneffective velocity
W)»mfp _ ﬂAue)tmfp
t a/In(Awt/Vm)

This is guaranteedo be small comparedwith ¢ sincethe lifetime dominateshe time of flight
In the Voigt casetheform for S(z, t) atlarget is

(9.111)

Sz, t) 2’0 (2), (9.112)

.9

(Ayet)3
in termsof thevariablez = Ay,t/(3./7) andthefunctiongg (z) (notthesameastheearlierg(z))
thatis relatedto the Fresneintegrals,cf., Abramawitz andStegun[1], §7.3,equation(7.3.6).The
rangeof 7 thatcontainshalf theexcitedatomsis foundto be|r| < 0.86( Ayt)2. Remarkablythe
wave of excited atomsspreadsat an acceleratedateastime goeson! The effective wave speed
is of orderAﬁ,ZAmfpt, which is Ayt timeslargerthanin the Dopplercase. Thus after several
scatteringghe Voigt wave of excited atomsis moving muchfasterthanthe Dopplerone. This
modelis only for completeredistrilbution; with PRD the spreadof excited atomsis significantly
slower. We canestimatethe meannumberof scatteringdy N ~ Ay,t. Thenthewidth of the
excitedatomdistribution would be approximatelythe thicknessof thefinite slabthatwould have
thatmeannumberof scatteringsin otherwords,z ~ N ~ Ay,t. This correspondso the same
wave speedasin theDopplercase.

Holstein [120] treatedthe homogeneoudnfinitely long cylinder in a calculationthat was
extendedby Payneand Cook [204]. Theseauthorswereseekingthe decayconstantigervalue
for the boundedmedium;Payneand Cook alsoprovide the spatialvariationof S for largetime.
Thescalingof characteristisizewith time agreeswith theresultsabove; the shapefunctionsare
modifiedfor cylindrical geometryvs. slabgeometry
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Chapter 10

Refraction and polarized light

10.1 Refraction

Our picture of the radiationhasto be modifiedwhenthe atoms,ions andelectronsrespondco-
herentlyto the oscillatingelectricfield. This givesthemediumadielectricconstanandtherefore
anindex of refraction,andthe transportof radiationis modified. The discussiorwe give hereof
refractioneffectsin radiationtransportis derivedfrom Cox andGiuli [79].

Thematerialin avolumeelementdV canhave ameanelectricdipole momentp, inducedby
thelocal electricfield &, givenby

p=x&dV, (10.1)

wherey istheAC electricsusceptibilityof thematerial. This coherenbscillatingdipole modifies
the propagatiorof the electromagnetiavaves,sincenow thereis a dielectricconstant

e=1+4my, (10.2)

andthe phasevelocity of EM waveswill be

c

vp = (10.3)
wheren = /e is the refractve index. (We will continueto usen for the direction vector of
photonpropagation.The scalarsymbolwill alwaysbe the refractive index, andthe vectorwill
refer to the photondirection.) The susceptibility dielectric constantandrefractive index may
all be comple, sincethe atomicdipolesdo not necessariloscillatejust in phasewith thelocal
electricfield.

This continuous-mediunpicturethatleadsto the dielectric constants the resultof another
applicationof coarsegraining. It doesnot make sensainlessthe wavelengthof the EM wave is
large comparedvith the particlespacing.Whenthis is donemorecarefully, theresultis foundto
dependon the two-particlecorrelationfunctionsfor the plasmaspeciesat the valuesof k andw
appropriatdor the EM wave. We cannot go into thatlevel of detailhere.

Thevery simplestexampleof the plasmasusceptibilityis providedby thefreeelectronsThe
susceptibilityperelectronis found by solvinganequationof motionwhich we write

mi' + myef = —eé§, (10.4)

169
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in which & is presumedo oscillateas exp(—iwt). We have includeda “drag” force —mucf
that representdeuristically the electron-ioncollisions that producerelaxationof the electron
velocitiesto themean.This termwould betheright-hand-sid€d f /dt) o termin the Boltzmann
equationfor the electrondistribution function. The solutionfor the electrondisplacemenis

eé

r=——5>——, 10.5
M(w? + i wve) (10:5)
sothesusceptibilityperelectronis
er e 1
o=-T__2_ > (10.6)
& m w?* + lwve
Thecomplex dielectricconstanbecomes
2
w

=1-—"r 10.7
¢ ®? +iwvg ( )

wherewpe is theelectronplasmarequeng /47 Nee?/m. Thecollisionfrequengy v¢ is generally
quite small, andif it is neglectedthe dielectricconstants real andthe refractive index is n =
/1 — (wpe/w)? provided w is above the plasmafrequeng. For frequenciesbelon the plasma
frequeny EM wavescannotpropagatén this picture.

Let's returnto the casethate andn have a smallimaginarypartand seewhat that doesto
the propagatiorof the wave. The wave vectoris w/vpk = nwk/c. The exponentialexp(ik - r)
will Containafactorexp(—?s(n)wR - r/c), which correspondso anabsorptvity, i.e., attenuation
coeficientof theenepy flux, of

2

k, = é"sm). (10.8)

We canalsoexpresshis as

J(e)w @3eve

YT R()c@? +vd) (10.9)

Thecollisionfrequeng, for Coulombcollisionswith ions Z, isanumberof orderN; (Ze?/kT)2/kT/m,
andwhenthis andthedefinitionof theplasmafrequeng areinsertedtheabsorptvity for w > v¢
is foundto beof order

N 47 72€"
= o(MKT)3202% (n)

NeNi . (10.10)

v

Thisis nothingmoreor lessthanthe free-freeabsorptvity, after correctionfor stimulatedemis-
sion, thatwe discussedearlier (cf., eq. (8.79)), apartfrom the numericalfactorsandthe factor
of thereal refractve index in the denominatar We seethat free-freeabsorptionemegesfrom
a completelyclassicalplasmaphysicsdiscussionjn which, if needbe, the correlationsof the
plasmaspeciesanbeincluded.



10.1. REFRACTION 171

If the oscillatingdipolesrepresentedly all theelectronsareaddedncoherentlyinsteadof co-
herently theneachoneproducescatteredadiationaccordingo the Rayleigh-scatterinfprmula
o = (87/3)k*«|?, whichbecomes

2
o ( ¢’ ) G (10.11)

3 \me2] w242

This is exactly Thomsonscatteringexceptfor the roll-off at very low frequeng. Thusplasma
dispersionand Thomsonscatteringare alternatves,and which occursundera particularset of
plasmaconditionsdepend®nthecorrelationfunctions.All threeprocessesthomsorscattering,
free-freeabsorptiorandplasmadispersionmustbetreatedn a unifiedway for denseplasmas.

Returningto the caseof a realindex of refraction,we inquire next what happensvhenwe
apply quantizatiorto the electromagnetifield definedusingthe macroscopidieldsthataccount
for the dielectriccontribution. We mustunderstandhat quantaof thesefields do not represent
just a disturbanceof & and # traveling thoughspace but include the sympatheticesponsef
the plasmaaswell. The enegy in suchwavesis really partly in field enegy proper andpartly
in materialenegy. If we declineto usethe macroscopidields for our photonstates thenwe
will find thatthe transportequationwhich itself resultsfrom a coarse-grainingrocedurewill
transportradiationatthewrongrateor in thewrongdirection.

Our “dressed”photons,the quantaof the macroscopicEM field, still have the enegy Aw,
but their momentumis fik = nwk/c. The numberof photonstatesof a particular(trans\erse)
polarizationin avolumeV in arangedk of k anda solid angled<2 is still

Vk?dkdQ

PRI (10.12)

but whenk is replacedy its valuein termsof « this becomes

nw?dQd
el (10.13)
wherevyg is thegroupvelocity

Vg = i (10.14)
The thermodynamiequilibriumintensity canbe calculatedby multiplying the numberof pho-
tonspermode,the enegy per photon,the numberof modesper unit volumeper unit frequeng
per unit solid angleandthe groupvelocity of the photon. The Bose-Einsteirvaluefor the num-
berof photonspermodein thermodynamiequilibriumat temperaturdl is unchangedasis the
enegy of the photon,while the numberof modesis multiplied by nZC/Ug andthe groupveloc-
ity is multiplied by vg/c; we concludethatthe equilibriumintensityis alteredby the dielectric
accordingto

B, — n?B,. (10.15)

The modificationof the expansionof the vectorpotentialA in the creationandannihilation
operatorgequiresa carefulcalculationof the enegy densityincluding the materialcontribution
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for a dispersve medium, cf., Landauand Lifshitz [157]. This leadsto a modificationof the
multiplicative factor (27 hic?/wV)Y/2 to (2rhcvg/nwV)Y2. As a resultthe crosssectionfor
emissionprocessess modifiedby afactornzc/vgJ from thedensityof statesimesafactorvg/cn
from the A expansionor afactorn overall. Thecrosssectiongor photoabsorptiomre modified
by afactorvg/cn from the A expansionanda factorc/vg from the division by the photonflux,
or afactorl/n overall. This givestheresultsquotedby Cox andGiuli,

kO
k, — Fv (10.16)
o= N, (10.17)

wherethe quantitieswith superscripf arethe onesgiven by the atomicphysicsin the absence
of refraction.SeealsoMercier[183] andDawsonandObermar{83]. It is aninterestingandun-
settledquestiorhow generatherelationis betweertherefractingabsorptvity andahypothetical
non-refractingabsorptvity.

The transportequationincluding refractionis modifiedin threerespects.First, the raysare
bent,sothetransporbperatomustcorrespondo differentiationalonga curvedpath. Secondthe
absorptionand emissionmustusethe modifiedvaluesof absorptvity andemissvity. Thethird
correctionis that owing to the refraction,which canproducefocusingor defocusingof a beam,
theintensityis notitself constantgvenin theabsencef absorptiorandemission It is 1, /n? that
is constant.This canbe shown eitherby calculatinghow abeamexpandsn solid anglefollowing
aclusterof rays,or by invoking the secondaw of thermodynamicandtherelation(10.15).The
transportequationasmodifiedis

19(1,/n?) l, dn l 1 .
ET+n-V<F>+£-Vn ) = o=k, (10.18)

Thevectordn/ds is therateof bendingof the ray directionper unit lengthmeasuredlongthe
ray. This comesfrom Snell's law, which takesthis form for our problem:

dn
—— = (=nn)-Vlogn. 10.19
s (I—nn) - Vlogn ( )

As discussedy Cox andGiuli, the definitionsof enegy densityandradiationpressureare
modifiedfrom thosefor the non-refractingnedium.Thethreemomentsarenow givenby

1

E,=— [ 1,dQ, (10.20)
Vg J4ar
Fy =/ nl,dQ. (10.21)
4
and
n
P, = —/ nnl,ds2. (10.22)
CJan

The enegy densityhasa division by the group velocity replacingthe division by ¢, while the
pressuréasa division by the phasevelocity ¢/ n replacingthedivision by c.
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The anglemomentsf equation(10.18)arecomplicationby the presencef theray-bending
termin thetransportoperator Cox andGiuli [81, 80] carry outthe calculationsfrom which we
find thefollowing:

0 /v .
= (Fg E)+ VR = 4rjy—kgE, (10.23)
B 1 c ky

for the caseof isotropic absorptionemissionandrefraction. Equation(10.23) shows that our
notionsof enegy andmomentunconsenrationaremodifiedby refraction.Equation(10.24)can
alsobewrittenas

V.P, = —gkau—i-BPv-Vlogn. (10.25)

Theleft handsideis the actualrateat which the radiationfield is gainingmomentum;the first
termon the right-handsideis the momentumimpartedthroughabsorption/emissioprocesses,
sincethe momentunflux is k/w = n/c timesthe enegy flux. The secondermontherightis a
ponderomotreforceterm.

In thediffusionlimit theintensitygoesto n? timestheordinaryPlanckfunction,andtherefore
E, goesto nZC/Ug times4x B, /c andthe pressureP, goesto n® times4x B, /3c. As aresultthe
diffusionexpressiorfor theflux is

47rn?
F,=———VB 10.26
v 3kv Vs ( )

andif theabsorptvity is putin termsof the non-refractingvaluek? this becomes

47n3
Wetakethefrequeng integral of thisandexpresshetotal flux in termsof anew Rosselananean
opacity:

160 T3
Fe_ (10.28)
3kRrp
with
3 dB,
1 JodvinEr
= (10.29)

R fordv G

Notice thatthe index of refractionis included(cubed)in the numeratoybut not in the denom-
inator Thatis becausave wantthe denominatotto continueto be exactly 40 T3/, sincethis
is usedin obtainingequation(10.28). In the simplemodelthatn = [1 — (wpe/®)?]Y/? the nu-
meratorintegralin equation(10.29)mustbe cutoff below the plasmafrequeny wpe, andwe can
seethattheintegranddropsto zeroasthis limit is approachedsothe contribtutionto 1/« from
frequenciebetweenvpe and,say 2wpe is muchreduceddy theeffectof refraction.If thedensity
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is high enoughthat hwpe ~ KT therewill be a significantincreasen «r. This modificationto
the Rosselandneanopacityis alsodiscussedby Cox andGiuli.

The importanceof refractionin mostastrophysicaproblemsis not greatsincethe plasma
frequeng is givenby

Ne 1/2

which putsit well below the optical frequeny rangeat the densitieslikely to be encountered.
It remainsa significantissueat radio frequenciesince,for example,evenat the typical coronal
densityof 108 cm 3 the plasmafrequeny is 90MHz. The correctionto the Rosselandnean
opacityindicatedin equation(10.29)is often omitted evenin the large opacity takulationsbe-
causen the conditionswherethis correctionis significantthereare uncertaintiesn the opacity
calculationthatareevenlarger.

10.2 Description of polarized light

We have sofarassumedhattheradiationfield is equallystrongin thetwo modesof polarization,
andwe have summedor averagedover the polarizationsasappropriateto getresultsfor unpo-
larizedlight. Thisis really not correctin a numberof circumstancesandin this sectionwe will
shav whatmightbedoneaboutthat. In truth, for mostpurposesve continueto usetheresultsfor
unpolarizedight, atthe costof somelossof accurag, sincethe numberof unknovnsgoesup by
2—-4timeswhenpolarizationis consideredandthereforeit is anissueof computationaéxpense.
Whatis the mathematicatlescriptionof polarizedlight? Hereis the classicalway of defining
it, derived from Chandrasekhas’book [65]. Considerpropagationin the z direction. The x
componenbf the electricfield is one possiblerandomfunction of time andthe y components
another Themeansquarevalueof & is 4 /c timestheintensityif all theradiationis propagating
in thez directionandthereis no y componentsowe call c(6x)2/4x Iy, thex intensity. Lik ewise
for ly. Thesumly + |y isindeedthetotalintensity | . This would bethe endof the story, andin
factit sometimess, exceptfor the possibility of correlationbetweengy andéy. And it turnsout
thattherearepiecesof opticalapparatushatcandetectcorrelationsbetweeréy andéy whenone
of thetwo componenthasbeenshiftedin phaseby somecontrolledamount.Suchanapparatus
is thequarterwave plate,for example whichintroducesa shift of 7 /2. A mathematicaapproach
thatbringsoutthewaythat&y andé&y maybecorrelatedvith ashiftin phases thefollowing. We
pick aninterval of time 7~ thatis longenoughfor 1/7 to besmallerthanthefrequeng resolution
Av we areinterestedn. We expandéy andé&y overthisinterval in complex exponentialseries:

E(t) = Z[ax,ke*i“’ktJra;’;’ke““’kt] (10.31)
k

&) = Z[ay,ke—‘“’ktJra;ke““’kt] (10.32)
k

If we now pick out onefrequeng of interest,say wk, the Fourier coeficientsfor the two field
componentsirerepresentedly two complex numbersay k anday, k. Fromthesewe build a2 x 2
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Hermitianmatrix p, asfollows:

X * * aXs 2 aX- y
o= (24 (et ay,k)=(' N kay’k)- (10.33)

a5 ayk  laykl?

Thevalueof pk 11 is the power spectrunof &y, andif thisis summedoverthe frequencieshen,
by Parseval’'s theorem,we recover lx. Thusthisis proportionalto the spectralintensityfor the
x polarization.Likewisefor pk 22, which givesthe spectralintensityfor the y polarization.The
off-diagonalcomponentgomein whenwe introducea funny polarizerthatrespondgo

| cosa ay k + sina €ay k|2, (10.34)

wherexa andg arearbitrarily adjustableangles.The responsés seento be givenby this expres-
sion

2 *
; ' & a
(COSa sina e'ﬂ) (' x Kl Xskay,k)( CcoSsu )

alayk  laykl? | \sinae”
=coa Pk11+ sirfa Pk,22 + COS Sina(eiﬁpk,zl + e_iﬂpk,lz)- (10.35)

Thefull matrixis neededo determinehis responsédor all possiblevaluesof « andg.

The matrix p, is often called the coheencymatrix (cf., Born and Wolf [35], §10.8.1). In
guantummechanicalanguagét is a densitymatrix with respecto the polarizationmodes.The
componentfiave corventionaldesignationsisshavn here:

1/14+4Q U+iVv
pk=5<u_iv I—Q)’ (10.36)

wherethe quantitiesl, Q, U andV arethe Stoles parametes. The matrix is positve semi-
definite,sowhile Q, U andV caneachhaveeithersign,| mustbepositive,andl > /Q2 4+ U2 + V2,

The extensionof our treatmentto the quantizedradiationfield is fairly easysince expan-
sions(10.31)and(10.32)arejust like the representatiof the fields in termsof creationand
annihilationoperatorsThe quantumequialentto equation(10.33)is

T t
Ay Akx  AkxY
=Tr N1, 10.37
P |:p <aIIxaky al:ryak)’>i| ( )

in which p without a subscriptis the overall densitymatrix for the radiationfield, andthetrace
is taken over all the radiationstates.This entailsa summatiorover all occupationvectors|nyz )
in whichthen’s take all possiblevalues.In the casethattheradiationfield is relatively weakthe
only non-vanishingdensitymatrix valuesconnectstateswith eitherno photonsatall, or justone
photontotal in all the modes.In this casep, reducedo just the partof p connectingthe states
thathave onephoton.Thatis, we canregardp, itself astheradiationdensitymatrix. Thedensity
matrix for situationswith multiple photonoccupanciess anotherinterestingsubjectbut it takes
usbeyondwhatcanbediscussedn theintensitypicture. For example,somemeasurementsan
distinguishbetweendifferentprobability distributionsfor the photonnumberthat correspondo
thesameintensity Theintensityinterferometenf Hantury Brown andTwiss[40] reliesonsuch
aneffect, sincephotonstatisticsarenot Poissorowing to the photons’bosonnature.
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Sofar, sincewe have choserjustonetimeinterval 7, the p, matrixis relatedpreciselyto one
complex vector(axk  ay,k), thereforeit is rank 1, andthe Stokesparametersbey the relation

Q2 + U2+ V2 precisely Thisis not the generalcase. Whenthe electricfield contains
noise,whichis truewhenemissionfrom thermalsourcess consideredthe time-dependeriield
componentarestochastigprocesseandthe Fourier coeficientsover ary finite time interval are
randomvariables.In this situationthe quantitywe wantto useto describetheradiationis the av-
erageof p, overaninfinite numberof realizationf thetime-dependerftelds,or overaninfinite
numberof differenttimewindows 7. After averaging,p will still have the Hermiticity property
andit will still be semi-definite.In fact, it is exceedinglyunlikely that | = \/Q2 + U2 4 V2
will remaintrue,andthereforethe matrixis highly likely to be positive definite. This meanghat
every funny polarizerasdescribedabose will give somenon-zeraresponse.

Somegeneralpropertieof the cohereng matrix or the Stokesparameterarethe following.
Whentwo beamsof light are memged, supposingthemto comefrom distinct sourcesso they
are completelyuncorrelatedthen the cohereng matricesor Stokes parametersan be added
component-by-compart. The casethat! = /Q? + U2 + V2 is calledelliptically polarized
light; it containgustone,possiblycomple, polarizationmode.lt is calledelliptical becausehe
points(&x, &y) traceoutanellipsein thex-y plane.lf U = 0thesemi-majorandsemi-minoraxes
of theellipsearealignedwith x andy. If V = 0thenthelightis linearly polarizedin generaland
theplaneof polarizationdepend®n Q andU, thepositionanglewith respecto the x-axisbeing
(1/2)tarrtU/Q. If U = 0 thenthelight is x-polarizedif Q = | andy-polarizedif Q = —1.
In theU = 0 case,if alsoQ = 0, thelight is circularly polarized. Circularly polarizedlight
with V = | hastherelationthatay x = exp(—in/2)ay k andthereforethe y componenof the
field leadsthex componenbf thefield by a quarterperiod. Thusthe pointrepresentingéy, &y)
movesclockwisearounda circle in the x-y diagramast increasestafixedz (assuminghatthe
xyz coordinatesystemis right-handed) Thisis right-circularpolarization.If aquarterwaveplate
is usedto delay&y relative to & by /2 for right-circularly polarizedight, theresultis light that
is linearly polarizedaté = = /4. InthecasehatV = —I themotionis counterclockwisearound
thecircle, this is left-circular polarization,andthe effect of the quarterwave plateis to produce
linearly polarizedight até = 37 /4.

Every Hermitian matrix canbe diagonalizedy a unitary transformationwhich meanshat
pi canbe expressedn termsof rotated,possiblycomple, orthogonalpolarizationmodes with
respecto which the two field componentsare completelyuncorrelated. Therearetwo ways of
sayingthis. Oneway is thatanunpolarizedbeam with anintensityfor both polarizationmodes
equalto eachotherandequalto the smallerintensityfor the original beam canbe separatedut,
andwhatis left is elliptically polarized.Thusary kind of light canbe formedby the mixture of
someunpolarizedight with a beamof elliptically polarizedlight. The otherway to sayit is that
the arbitrarybeamof light is the sumof suitableamountsof two particulararbitraryorthogonal
elliptical polarizations. Orthogonalelliptical polarizations by the way, differ from eachother
by interchangingthe major and minor axes, and reversingthe senseof rotation. So linear x
polarizationis orthogonato lineary polarizationjlinearpolarizationalongy = 2x is orthogonal
to linear polarizationalongx = —2y. Right circular polarizationis orthogonalto left circular
polarization.

Elliptically polarizedlight thatis normalizedto unit intensity so Q2 + U2 + V2 = 1, cor-
respondgo a point on the unit spherein QUV space. This is calledthe Poincaé sphere. It
givesaneasyway of visualizingtypesof polarization,andthe actionsof variouspolarizers(See
Huard[122].) The “North” pole of the Poincaé sphereis right circularly polarizedlight and
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the southpoleis left circularly polarized. The equatorcontainsthe typesof linear polarization.
Thelongitudeis twice the positionangleof the major axis of the ellipse,andthe latitudedeter

minestheellipticity accordingo latitude= 2¢ with tane = minor axis/majoraxis. Thenorthern
hemisphereontaingheright-handegolarizationsandthe southerrhemisphergheleft-handed
ones. Diametrically oppositepoints on the Poincaé sphererepresenprthogonalpolarizations.
Theactionof aphaseplateor compensatois visualizedasarotationof thesphereabouta certain
direction. For example,the quarterwave plateproducesa 90° rotationaboutthe Q axis, sothat
U becomed/ andV becomes-U. In generaltheactionof polarizersandcompensators rep-
resentedn matrix languageby I’ = MI, atransformatiormappingthe old Stokesvectorl into a
new onel’. The4 x 4 matrix M is calledthe Mueller matrix for the device.

If we changefrom one setof polarizationbasisvectors,for examplethe vectorsey andey
we have beendiscussingto someotherpair e; ande,, wherewe will requirethate; ande, are
normalizedcandorthogonalie;*-e; = e*-e, = 1ande;*- e, = 0, whathappengo thecoherenyg
matrix? Supposehat

(& §)=(e1 e)M, (10.38)

in termsof a2 x 2 unitary matrix M. Thenthe vectorfield Fourieramplitudecanbe expressed
in two equivalentways,

(& &) (:?E) (10.39)
or
(e e) (Z;E) - (10.40)

Thereforetheamplitudesarerelatedby

<a13k> —M <ax’k) : (10.41)
a k Ay k

Whentheseamplitudesare usedto constructthe cohereng matrix p, with respecto thesenew
polarizationmodesjt turnsoutto be

ok = MpMT. (10.42)

Sothe unitary transformationghat diagonalizethe cohereng matrix do indeedjust correspond
to picking differentpolarizationmodesfor the basis,assuggesteabove.
As anexampleof this transformatioret’s take themodes

—e tiey

&g = —— 2 10.43
V2 ( )
ex+igy
& = . 10.44
V2 ( )
Thesearethecircularpolarizationmodes.Thematrix M in this caseis
1 /-1 —i
M= ﬁ ( 1 —i) . (10.45)
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Applying thisto find thetransformed:ohereng matrix in termsof the Stokesparametergives

, 1/ 1+V —Q-iU

Soasaresultof thetransformation/ now playstherolethatQ did before,— Q playstherolethat
U did before,and—U playstherole thatV did before. We recognizee; asthe basisvectorfor
theright-circularpolarizationmode,ande, asthe basisvectorfor theleft-circularpolarization.

It mustbe addedherethat, sadly the corventionsrelatedto the Stokes parametersndthe
cohereng matrix are not too well established.Someauthorsassumehat the time dependent
exponentialfactoris exp(i wt) insteadof exp(—iwt). Thisreverseghesignof V. Someauthors
definea positive V asreferringto counterclockwiserotationof the electricvector, which does
the samething. And thereare othervariations. In this presentatiorexp(—iwt) and clockwise
rotation have beenassumedandin this and otherrespectst hasbeenattemptedo follow the
corventionsdescribedn detailby Reeq216).

10.3 Transport equationfor an isotropic medium

The transportequationfor polarizedlight we shall considerfirst will include only the effect of
scatteringon the polarizationcomponentsandrefractionandary dependencef theabsorptvity
on polarizationmodewill beputasidefor now. We will dealwith avectorvaluedintensitybased
onthefour Stokescomponents,

|
Q

=10l (10.47)
Y

The absorptvity is (in our approximation)a scalay but the emissvity is alsoa vector, sinceit is
potentiallydifferentfor the four componentsThusthetransportquationis

%%H.wv:jv—kvlv. (10.48)
Incidentally theadditivity of Stokesvectorsis whatallows usto write alineartransporequation.
Thereis animplicit assumptiorthatthe gainsor lossesof radiationin a volume elementhave a
randomphasecomparedvith theradiationfield itself. Thatwill notbethecasef the“scatterers”
arespatiallyorderedfor example.
The discussiorhingeson the form of the Stokesvectoremissvity j,. Thermalemissionis
unpolarizedandthereforeit correspond$o

k. B,

. 0

v=| ¢ (10.49)
0

If thisis theonly kind of emissionjf ary radiationincidentat the boundariess unpolarizedand
if ary radiationpresentat the initial time is unpolarizedthenthe transportequationshavs that
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the radiationremainseverywhereunpolarizedat all time, a common-senseesult. However we
shallseethatscatteringorocesseproducepolarizationwhenthereis nonepresento begin with.

Thereis asimpleresultfor the Stokesvectoremissvity for scatteringorocessebk e Thomson
andRayleighscattering.To seehow to gettherefrom the quantummechanicsye needto begin
with a density-matrixform of Fermi’s goldenrule, whichis

pivt = 2 3 Hii v 1 Hid D)3 (E — B, (10.50)
i’

wherethe initial states andi’ areonedegeneratesetin enepgy, with populationsand possible
correlationsas given by pj/ij, andthe final setof statesf and f’ are anotherdegenerateset,
andfurthermorethereis overall conseration of enegy. In the caseof Rayleighand Thomson
scatteringheindiceson theinitial density(polarization)matrix arezr; ande;, andwe wantto
find the contribution to the final statedensitymatrix with indicesz, andw. The first matrix
elementof Hint will containafactoreﬁzwy - &, andthe secondmatrix elementcontainsa
factorey . - &,m,. Theproductof thesetwo factorsis the dependencef thedifferentialcross
sectionfor cohereng matrix componentson the polarizationmodes. If we definethe direction
cosinematrix C by Cyy 5, = - &,w,, thenthe polarization-matrix-ateof emissiondueto
scatteringof photonsin thesolld1 angled2; canbewritten asthe matrix product

&2 2
T
Ne (W) C'pCdQs. (10.51)
Obtainingthe direction cosinematrix explicitly is an exercisein angularalgebra;indeedthe
cleanestway of representingangularquantitiessuchas p, andthe relatedemissvity function
is by meansof irreducibletensorsfor which all the methodsof Racahangularalgebramay be
invoked. We arenotableto delve into thathere.

The direction cosinematrix C is easyto give if the polarizationsare referredto the plane
containingthe initial andfinal photondirections. Let polarization1 be perpendicularto that
planeandpolarization2 be parallelto it. Thenthedirectioncosinematrixis

1 0
C = (8, * Bwy) = (0 COS®>, (10.52)

where @ is the scatteringangle. Working out the matrix productsin equation(10.51) using
the definition (10.36)of p, andthenrearranginghe polarizationcomponentss Stokesvector
componentgjives

2\2 1+cof®  sif® 0 0 |

1 SiIF®  1+co¥® 0 0 Q

ENG (W) 0 0 2cos® 0 u ds2 (10.53)
0 0 0 2c0s® \Y/

for the contribution to the Stokesemissvity vectorfrom this particularinitial photondirection.
However beforebeingusedto actually solve the equationof transferthe matrix appearinghere
muststill be transformedo accountfor the factthatthe polarizationmodesmustbe referredto

a consistenazimuthalangleof referencesincethe scatteringplanerotatesaroundasthe photon
directionsvary. Equation(10.53)asit standsis sufficientto shav usthatunpolarizedradiation
scatteredhrough® = 90° becomesl00% linearly polarizedperpendiculato the scattering
plane.
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10.4 Polarized light in an anisotropic medium

The equationof transferin the precedingsubsectiorassumeshatthe absorptioncoeficientis a
scalamuantity;thatis, is thesamefor thetwo modeof polarization.Anotherimplicit assumption
is thattheindex of refractionis the samefor the two modes.Neitherof thesethingsis true for
an anisotropicmedium. This is a mediumin which the dielectrictensoris not a scalartensor
andin which, therefore the speedof light is differentin differentdirections.Thisis encountered
in birefringentcrystals,andin astrophysicsn describinglight propagatiorthroughmagnetized
plasmasFour examplesof thelatterare (1) the formationof Zeemarsplit or broadenedpectral
linesin the solarphotospheréBeckers[28]), (2) remoteprobingof the earths ionospheraising
microwave emissionof O» (Lenoir [167]), (3) formation of the cyclotronline in the accretion
columnof a neutronstar(MésarosandNagel[185]) and(4) Faradayrotationof radio signals
from distantpulsarsby theinterstellarmedium.

The last of theseexamplespointsout the needto considerin the transferequationnot only
theabsorptiorof the Stokescomponentshut alsothe rotation—theexchangeof enegy between
componentsThetheoryof Faradayrotationhaslong includedthe rotationeffect basedon clas-
sical optics without incorporatingit in the transferequation,while the theory of spectralline
formationin themagnetizedolarphotospheranitially ignoredtherotation(Unno[254]). A uni-
fied treatmenincluding both effectshasnow beengivenfor the radioastronomycaseby Lenoir
[166] andfor the solar Zeemaneffect by Rachlovsky [210], Landi degl'lnnocenti and Landi
degl'Innocenti[160]. A generalformulationfor the Zeemaneffect problembasedon QED is
foundin Landi[158].

Lenoir[167] usesasemi-classicallevelopmenbasedn Maxwell's equationgo arrive atthis
form of thetransferequationexpressedn termsof the cohereng matrix o

% +Gp+pG'=2BA (10.54)
in which G is, in effect, —27i /A timesthecomplex tensorindex of refraction,G1 is its Hermitian
adjoint,andA is its Hermitianpart, (G + G)/2. (Lenoir's phasesave to be correctedior time
dependencexp(—iwt).) In Lenoir's formulationhe assumeshe permittivity g of vacuumbut
includesapermeabilitytensorw = no(l+ x) thatincorporateshe plasmaZzeemareffect,andit is
thenfoundto besufiicienttotake G = —(iw/A) x |, wherey ; standgor the2x 2 projectionof x
into the planeperpendiculato thedirectionof propagationAlternatively, theideal permeability
o may be used,andthe permittivity givenby the generaldielectrictensore. The resultis the
samewith € /eg — | replacingy.

Lenoir specificallyconsiderd TE radiative transferin the microwave region of the spectrum,
thushisabsorptiorcoeficientimplicitly containsacorrectionfactorl—exp(—hv/kT) &~ hy/KkT
for stimulatedemissionandhe may usethe Rayleigh-JeanapproximationB, =~ 2kTv2/c2. He
thereforerefersto brightnesgsemperatura@atherthanto the specificintensityandits coherence
components.However, nothingin the formulation preventsusingit, asquotedabove, for the
cohereng matrixin intensityunits, providedit is understoodhatG hasbeencorrectedor stim-
ulatedemission.

In theforegoingequationsll thetensorsare2x 2. If thepolarizationbasisvectorsaree, and
ey, correspondingp therelation(10.36)betweerthecohereng matrixandthe Stokesparameters,
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thenthetensory |, for example,is just

_ [ Xxx Xxy 10.55
i (ny ny> ( )

in the casethattheradiationdirectionin questionis the +z direction. If, asabove, a differentset
of polarizationvectorsis usedrelatedto theseby a unitarytransformatiorwith amatrix M, then
thetransformedcohereng matrix p’ of equation(10.42)will obey this transferequation

de’ tor 1 omatmt t

E—FMGM p +pMG'M'=2B,MAM" (10.56)
aswe canseeby multiplying equation(10.54)on theleft by M andontheright by MT; thematri-
cespasshroughthederivative with respecto s if the polarizationmodesarespace-independent.
Theform of thetransferequationis unchangedn this basis,andit is necessarjustto transform
the G andA tensorgo the new basis.

Thetransferequationfor the cohereng matrix p canbe madeinto a usefultransferequation

for the Stokesvectorl. If the G matrix is written as

G11 G2
G= , 10.57
<G21 Gzz) ( )
thenworking out the matrix productsn equation(10.54)usingequation(10.36)leadsto
dl
— + Kl =j =KS, 10.58
g T j ( )
with theabsorptiommatrix K andthe emissvity andsourcefunctionvectorsj andS definedby
¢ dQ  du Py b 1
_ $q ¢ d’{/ _d’[/_j - lole) . 0
K= o —d, ‘Pb , =B, o | S=B, 0 (10.59)
ov B —¢>b ol v 0
The sevenparametershatappeain equation(10.59)arerelatedto the G elementdy
é = NR(G11) +NR(G2)
#q = N(G11) —N(G22)
du = N(G12) +NR(G2)
v = —3(G12) +3I(G21)
¢b = J(G11) — I(G22)
?; = S(G12) +3(Gay)
oy = N(G12) —R(Goy) . (10.60)

This notationfollows Jeferies, et al., [134]; the ¢s shouldnot be confusedeitherwith angles
or with valuesof line profile functions,althoughit turnsout thatfor polarizedline transferthe
unprimedg¢s are various combinationsof profile functions of the Zeemancomponentdimes
geometricafactors,andthe primed parametergontainthe correspondinglispersionfunctions,
which aresimilarto the derivativesof the profiles;seebelow.
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Theactionof the¢’ elementof K in equation(10.58)is worthy of note. Theseelementspy
themseles,causethe Stolkesparameter®Q, U, V to rotateasoneprogressealongtheray. The
axis of rotationis (¢>b, #(;» $v,), andthe magnitudeof this vectorgivesthe angleof rotationper
unit of pathlength. The effect canbe visualizedby consideringa counterclockwiserotation of
the Poincaé sphereaboultthis direction.

Thediagonalp, element®f K produceuniformabsorptiorof all thecomponentsf |, sothat
the percentagandtype of polarizationareunchangedas| is reduced.But the effect of ¢q, ¢u
andg¢y is to selectvely absorbone polarizationandto absorblessthe orthogonalone. Specifi-
cally, the polarizationcomponenglong(Q, U, V) = (¢q, ¢u. ¢v) is absorbedat theincreased
rateg, +(¢é+¢6 +¢\2,)1/2, while theorthogonapolarization(Q, U, V) = (—¢q, —¢u, —¢v)
hasthedecreasedbsorptiorcoeficient¢, — (¢>(23 + ¢3 + )Y/ (Thelargeandsmallabsorp-
tion coeficientsarethe sameastwice theeigervaluesof A, theHermitianpartof G. A condition
of physicalreasonableness that A shouldbe positive definite.) If the pathlengththroughthis
materialis sufficiently large, then the attenuatecemeging radiationis 100% polarizedalong
(Q,U,V) = (—¢qg, —¢u, —¢v), regardlesof its initial polarization.Sotherecipefor making
a polarizerthat passe®nly linear polarizationin the x direction(Q > 0,U = V = 0)isto
provide a slabof materialwith large, negative ¢q, ¢1 ~ |¢g| andnegligible valuesof the other
parameters.

A simpleexampleof thetransferequatiorfor anisotropigolarizedight is providedby Fara-
day rotationof cosmicradio wavesdueto magnetizednterstellarplasma.The dielectrictensor
¢ for this caseis a generalizatiorof equation(10.7)discussectarlier Following Allis, etal. [9],
andcorrectingthe phasedor time dependencexp(—iwt) leadsto the dielectrictensor for the
caseof a uniform staticfield B alongthe z axis, givenby

w2 £4+r —i-r) O
eleo=1—|i—=r)y C+r o], (10.61)
20 0 0 2p
with thedefinitions
1 1 1
r = — {=——— p= — (10.62)
w+ wB + 1ve w — wB + v w + 1ve

inwhichwg is theelectroncyclotronfrequeng eB/mc andwpe andv. are,asbefore theelectron

plasmafrequeng /4m Ne€2/m andtheelectron-iorcollision frequeng. Making theassumption
thatbothwg andvc aremuchsmallerthanw leadsto

2 3 3

Theisotropicpartof thistensoris whatwe foundbefore;thesecondermis new. Thecomponents
aswritten arefor a coordinatesystemwith the z axisalongB. But the matrix in the seconderm
canalsobe written in tensorlanguageasbij = gjkBk/B in termsof the antisymmetricensor
&jk Whichis +-1if i jk is anevenpermutation—1if i jk is anodd permutationandis otherwise
0. Sincesjjk and By transformlik e a goodtensorandvectorunderrotations,the sameformula
canbeusedto expressthis matrix for a generabrientationof B, which gives

2 2 2 0 1 0
w wWneV [OFN0)]
e/ew(l—ﬁﬂ pe°>|+i B (1 0 of . (10.63)

2 2 2 0 B, -—B
w [OF98Y) WHe®WB y

eJeo~ (1 i) i 2B, 0 B |, (10.64)
w? w3 w3 B By —By O
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andtherefore

i w2 @2 e w2.wB7 0 1
G= pe i | , 10.65
<2a)C + 2w cC + 20w2c \-1 O ( )

wheretheidentitymatrix| isnow 2x 2, andwg; isanew variablewg; = wgBz/B = eBz/mc. In
contrasto wg, wgz canhave eithersign,dependingntheanglebetweerB andthe 4z axis. The
Faradayrotationwill apparentlydependon only thatcomponenbf B thatis alongthe direction
of propagatiorof thewave.

Thescalarimaginary(dispersve) partof G disappear thetransferequationsinceit hasno
effectontheintensities It is, however, responsibléor pulsardispersiormeasuresTherealscalar
partof G representabsorptiondueto inversebremsstrahlungas discussedefore. Giventhis
resultfor G, the elementf K canbereadoff: ¢ = wfeve/(w?c), pq = 0,¢u = 0, ¢y = 0,
¢o = 0,4, = 0and¢}, = w3ewz/(w?c). Neglectingthe emissionby the cold interstellar
material the Stokestransferequationdecomes

dl w%eUC

—_ = _ | 10.66
ds w?C ( )
dQ a)%evc w%esz

s = — o Q- o U (10.67)
du Wheve | WhewBz

d T e e @ (10.68)
dV wlzgeUC

—_— = - V 10.69
ds w?C ( )

If thelight from the distantsourceis partially linearly polarized thenatthe sourceV = 0, andit
remainsso. We seethat|, Q andU areattenuatedtthesamerateby theinversebremsstrahlung.
But the couplingof Q andU producesotationof the planeof polarization. Therateof rotation
canbecalculatedby

d d/1__ ,Uu\ 1 1 du dQ\ ®3ws;
—=—(ZtanlZ )= (= -Uu—")= : 10.70
ds ds <2 an Q> 2Q2+U? <Q ds ds) 2w?C ( )

Therotationperunit pathlengthis proportionalto the electrondensity the projectionof B onthe
line of sightandinverselyto the squareof the frequeng. If the componentf B in thedirection
of propagations positive, the sensef therotationis counterclockwise.It oftenhappenshatthe
total rotationangleasobsenedon theearthfor a certainradiosourceis mary times2s attypical
frequencies Whatis obsenedin thesecasess alinearvariationof the positionangleof linear
polarizationwith A2 over a smallrangeof 1. The coeficient is proportionalto [ NeB;ds over
theline of sightto the source calledtherotationmeasure.
Landidegl'lnnocenti's[158] form of the transferequatiorfor p is

% = % <f+fT) - (gp + pgT) + (hp + phT) : (10.71)

Thethreenew matriceshatappeaneref, g andh, take theplacesof G andA, andareexpressed
by Landi degl'Innocenti as specificsumsof atomicdensitymatrix elementsmultiplied by two
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factorsof quantitieslike (alp - €|b) andby the complex line absorptionprofile function, about
which morebelowv. They represenspontaneousmission,absorptionand stimulatedemission,
respectiely. The stimulatedemissionterm,with h, entersthe transferequationasa subtraction
from the absorptionterm, as expected. The spontaneougmissionmatrix f is the stimulated
emissionmatrix multiplied by the factor 2hv3/c?, alsoas expected. Whenthe atomic density
matricesreduceto simple populationsandfurthermorearein LTE, thenthe h matrix becomes
exp(—hv/KT) timesthe g matrixandwe candenoteg — h by G, with theresultthatf is GB,,.
This reduced.andi degl’'Innocenti’'s equatiorto Lenoir’s form.

Landi degl'lnnocenti’s resultfor the g matrix canbe looked atin moredetailin the simple
caseof absorptionfor a normal Zeemartriplet, for examplein a 1S—1P; transition. The 1Py
level is split by the ZeemareffectintotheM = —1, M = 0 andM = 1 sublevels,andtheline
is splitinto theO — —1 o_ componentthe0 — 0 7 componentndthe0 — 1 o component.
The frequencieof the componentsurn outto bev = vg — vg, vg andvg + vg, respectiely,
wherevyg is theunperturbedrequeny andvg = eB/4xmc is thenormalZeemarsplitting. The
expressiorfor the component®f theg matrix atfrequeny v becomes

+(U, +1|p - €€, 0)(u, +1|p - €5]¢,0)* @(vo +vB — v)| , (10.72)

in which C is a certaincombinationof atomic constantswith the populationdensityof atoms
in the lower level. The complex function ® (Av) hasa real part H, which is the Voigt profile
functionfor a Dopplerwidth Avp anda Lorentzianwidth I' = aAvp, andtheimaginarypartis
2F, thedispersiorfunctionthatcanbederivedfrom H usingthe Kramers-Kronigrelation. If we
definev = Av/Avp, thenthefunctionsaregivenby

[ ® exp(—t?) dt
Avpd(Av) = 7| yatact
_ iH(a )+2_i|:(a ) (10.73)
= ﬁ , U ﬁ s, U .
with
(10.74)
_a [ exp(—t?) dt
H@v) = ;/_wm (10.75)
1 [ (v—texp(—t?)dt
F@v) = 7). w_viia (10.76)
also
(10.77)
1 .
AvpP(Av) = ﬁw(v—i-la)
_ 1 ia)?) erf [ 10.78
= ﬁexp<—(v+|a))erc(a—|v). (10.78)

Thelastrelationconnectshecomplex profile shapewith thecomplex errorfunction (Abramawitz
andStegun[1]).
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The factorslike (u, —1|p - ¢, 0) evaluateto physicalconstantdimesthe reducedmatrix
element(u||p||¢) timesthetrigonometricafactorrelatingthedirectionof e, to the —1 spherical
componenbf a unit vectoralongthe B field. In fact,thevectorp canbeexpressedis

p=—pi€ .+ poeh— P 1€ (10.79)
in termsof its sphericalcomponentsn an x'y’z’ coordinatesystemwith the zZ axis along B,

andthe sphericalbasisvectorsin this coordinatesystem. An applicationof the WignerEckart
theoremto (u, —1|p|¢, O) gives

(u,=1pl¢,0) = —(u,—1|p_4l¢, O)€}

~wienn (3% o)e. (10.80)

wherethe 3j symbolhasthevalue1/+/3. Expressingg| in xyz coordinatesequiresselectinga
directionfor the x’ axisin the planeperpendiculato B; a differentchoiceof this directionwill

multiply this matrix elementby a complex phasefactorexp(i §). Fortunatelythis will cancelout
when(u, —1|p - &, |¢, 0) is combinedwith (u, —1|p - eg|¢, 0)*. Arbitrarily selectinge:’ to lie in
thexy planeleadsto

/

& = —Singpex + CoSppey
g/ = —cCosdpCcosppex — COSUp Singpey + sindpe,
e/ = sindg cosppe + Sindp singgey + cosdpe; , (10.81)

wherefg and ¢ arethe polar andazimuthalangles,respectiely, of B in the xyz coordinate
system.Theresultis

1 . .
€ = 72[(— Singp — i COSOB COSPR) &
+ (cospg — i costp singp) e + i sindge;| , (10.82)

from which the contribution of justthes_ Zeemarcomponento G is foundto be

G ) = C (sin2¢>B + co 0 co ¢B) ®(vo — vg — V) (10.83)

Giao.) = C'(—sirP6gsingscospp — i cosOB) d(o—vg—v)  (10.84)

Go(o.) = C (— Sirf 0g sings cospg + i coseB) ®(o—vg—v)  (10.85)

Gaao) = C'(cofeg + codog sint ¢>B) ®(vo— vg — V), (10.86)

in which C’ is theconstantC’ = C(1 — exp(—hvo/KT))|(u||p||£)|?/6.
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The contributionsof theo_ componento the K matrix follow from equation(10.59)with

$1(o-) = C’(1+cosop)H;

po(o-) = —C’sir?gcos2¢pp Hy

pu(o_) = —C"sirfogsin2¢g Hy

¢v(o_) = C’2cosfg Hy

¢olo-) = —C'sir’0pcos2pp 2F;

d,(0-) = —C"sirf0gsin2pp 2F

¢y (0_) = C'"2coshg2F; . (10.87)

In theserelationsC” = C’/(,/m Avp) andH; stand<or thered component{theos_ component)
profile function H (a, v) with v = (vp — vg — v)/Avp, andlikewisefor F,.

In a similar way the contritutionsof the blue (o) andunshifted(szr) componentsdenoted
by subscriptsh and p, respectiely, canbe evaluated. The final resultis representedy these
relations:

¢ = C'[2siP0g Hp+ (1+cod ) (Hy+ Hr)

¢o = C’sirfogcos2ps (2Hp — Hp— Hr)

¢u = C"sirfépsin2¢g (2Hp — Hp — Hr)

¢v = C"2costp (Hr — Hp)

¢po = C’sinfogcos2ps (4Fp — 2Fp — 2F)

¢, = C'sirfogsin2¢g (4Fp — 2F, — 2F)

¢, = C"2coshp (2F; — 2Fp) . (10.88)

Thistransferequations illustratedwith acalculation following Reeg216], of the Stokesline
profilesof a genericline formedin the magnetizedolaratmosphereThe line formationmodel
is the Milne-Eddingtonone, with the assumptiorof LTE, a ratio of line opacityto continuous
opacitythatis independenbf depth,a linear variation of the Planckfunction with continuous
opticaldepth,anda constangeometryof the magnetidield. For this modeltheline-centeratio
of line to continuousopacityis 10, the Planckfunctionis B, o 1 + (3/2) ¢, theline wavelength
is 45004, the Voigt parameteis a = 0.01, the Zeemarshift is 1 Dopplerwidth unit, the atomic
masss thatof iron, 56, thetemperature@isedto calculatehe Dopplerwidth is takento be 5000K
andthe magneticfield is inclined 60° to the vertical directionat an azimuthof 30° with respect
to the x axis. The radiationis viewed alongthe vertical. The magneticfield implied by these
numberds closeto 2000G, whichis reasonabléor a sunspot.

Theprofilesof the Stokescomponentsareillustratedin Figure10.1. Theupperportionshavs
thetotal intensityprofile, andalsoshaws the profilesfor right-circularandleft-circular polariza-
tion,i.e.,of | +V andl — V. At thishighvalueof themagnetidield thereis avery sizeableshift
of theprofile betweerthetwo circularmodes.Indeed thetwo o componentsirealmostresohed
in thetotal intensity Themagnetometeryhichlooksfor modulationof theintensityin thewing
of the profile asthe polarizationis flipped betweenleft andright circular, easily measureshis
large shift. The lower partof the figure shows the profilesof Q andU by themseles. Because
the magneticfield is viewed obliquely; linear polarizationis seenwith a similar magnitudeto
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circular polarization,exceptfor oneeffect. Thatis, thatthe Faradayrotationproducesdepolar
ization of thelinearcomponentsThis is indicatedin thefigure. Thelinear polarizationis much
larger whenthe Faradayrotationis absent. The degreeof linear polarizationpeaksin the line
wings nearwherethe circular polarizationis largest.By usingmodelssuchasthis the obsenrers
caninfer the magnitudeand direction of the trans\ersemagneticfield componentalbeit with
someinaccuray. At lower valuesof thefield the contrastbetweerthe two circular polarizations
becomeweryslight, andcarefulsignalprocessings neededo extractthelongitudinalfield. The
linearpolarizationeffectis evensmaller sothe derivedtrans\ersefields cannever beasaccurate
asthelongitudinalones.Thereasonwhy thelinear polarizationis so small, besided~aradayde-
polarization canbeseenn equationg10.88):¢q and¢y have theform of asecondlifferenceof
theprofile function H, andwill be proportionalto sz for smallwg, while ¢y is afirst difference
andwill beproportionalto wg to thefirst power.

This examplehasassumed.TE anda normalZeemartriplet. The majority of the lineswe
might wantto study have so-calledanomalousZeemanpatternsandthe level populationsamay
well be non-LTE. The completeformulationby Landi degl'Innocenti[158] encompassethese
complications.
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Chapter 11

Numerical techniguesfor radiation
transport

In this chapterwe give brief discussion®f the main solutionalgorithmsfor radiationhydrody-
namicsproblems,someof which arevery quick andapproximateand someof which represent
the bestattemptsat accurag. It is unfortunatelytrue that “you getwhat you pay for” in these
calculationsandaccuray comesata considerableost. Theearliermaterialin thesdectureshas
broughtout quite a few differentprocesseshat complicatethe endeaor, suchasthe effectsof
fluid velocity on radiationquantities the complicatedspectraldependencef the opacity non-
LTE, refractionandpolarization. Theseeffectsarenot too hardto includesingly, althoughwith
someeffort, but accountingfor all of themhasnot seemedo be a practicalobjective up to the
presentime. And of coursethesedifficultiesarecompoundednary-fold in higherdimensional
geometries.Our discussiorof algorithmswill begin with the low-budgetmethodsthat may be
pricedjust right for mary purposesafter somepreliminaryobsenationsaboutsolutionstrateyy.
Somegenerakeference®n this subjectarethefollowing: The conferencesolumeAstiophysical
RadiationHydrodynamicq265] is a goodplaceto start. A recentmeeting[197] thatincluded
presentations®n mary of the currentadvancedhydrodynamicsnethodswasthe 12th Kingston
Meetingon TheoreticalAstrophysicsheldin Halifaxin 1996. A startingpoint for surneying the
adwvancednumericalmethodsin radiationtransportis the pair of booksby Kalkofen [138, 139
andthe workshopproceedingsStellar Atmosphegs: Beyond ClassicalModels[82]. The most
comprehensie review of the astrophysicamethodsto dateis provided by the 2002 Tiibingen
workshopStellar Atmospheg Modeling[124].

11.1 Splitting hydrodynamicsand radiation

Operatorsplitting is a time-honorednethodfor calculatinginitial valueproblemsthatconsistof
differentkindsof physicsof which atleastsomemustbetreatedn animplicit fashion.Early de-
scriptionsof theapplicationof this ideato radiationhydrodynamicsrefoundin the cepheidand
RR Lyraestellarpulsationcalculationshy Christy [66] andCox, etal. [78]. Anotherradiation-
hydrodynamiccalculationfrom aroundthe sametime is the supern@a model of Colgateand
White [70].

Theideais simple: advancephysicalprocesqA) asif it werethe only actiity during the

189
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time stepthenusethatresultasthestartingpointandadvancephysics(B) for thesametime step
asif it werethe only activity, andso on throughall the processesTo fix someof theseideas,
supposeve represenall thevariablesn our problem,representeth somediscretewayin space,
asavectorX, andsupposét satisfiesa systemof equationave write as

dX
Fi AX]+B[X]+---, (11.1)
whereA andB areoperatorghatperformdifferentkindsof physics.We discretizetime usingthe
sett], t2,...,t",.... Theexplicit methodof time differencingis approximatelythis:
Xn+l —_Xn
— = AIX"T+BX" +--- . (11.2)

Whenwe write A[X"] we meanthat no informationlater in time thant" is included. Thein-
formationfrom severalprior time stepsmay be combinedo providedanestimateof theforward
differencethatis of higherorderthanthefirstin At. Includingall the physicalprocessewe want
to is no problemin this approactsincewe needonly keeptrack of the time derivative contribu-
tionsfrom all the processeg;alculatedy taking spatialderivativesanddoingintegrals,thenadd
theseup atthe endto getthe total amountby which to advanceX. Thefailure modeof this ap-
proachis thatit is almostalwayssubjectto atime-stepconstrainimposedeitherby the condition
for numericalstability, or by accuray considerationsThis takestheform

A
At H | <¢ (11.3)

wherec is somenumericalvaluerathersmallerthanl, andlikewisefor the otheroperators.

In termsof the particular physical processesve needto considey the stability limits that
arisefrom this reasoningare the Courantlimit, csAt/Ax < 1, from the hydrodynamicsand
a radiation Courantlimit cAt/Ax < 1 if we wereso brave asto do radiationtransportwith
explicit time differencing.If we usetheradiationdiffusionapproximationthenthestability limit
is KrAt/(pCy(AX)?) < 1. We mayor maynotbeableto live with the Courantimit; it depends
on how long we wantto evolve the problemcomparedwith the hydrodynamidime scale. The
radiationlimit is usuallythe onethat hurts. The radiationdiffusionlimit canbefactoredin this
way:

KrAt  160T* 1 VAt
pCu(AX)2 ~ 3pC, TV krpAX AX '’

(11.4)

wherewe have introduceda typical flow speedVv . Thefirst factoron theright handsideis, apart
from thefactor16/3, theinverseof the Boltzmanmumberfor theflow. Thisfactorcaneasilybe
of order100. Thesecondactoris thereciprocalof theopticaldepthof azone.This opticaldepth
certainly getsassmall asunity. The third factoris the time stepcomparedwith the flow time
acrossa zone;we would hopethatthis would be aboutunity. SotheinverseBoltzmannnumber
makesthis stability criteriontoo large by a factorthat may be 100. Thereforeexplicit radiation
diffusionis nota goodidea. We reacha similar conclusionusingthe explicit radiationtransport
equation.In anon-LTE problemwe facethestiffnessof thekineticsequationspnwhichwe have
commenteckarlier

Thereis a nggative aspecf implicit time differencing.The ratherlarge truncationerror as-
sociatedwith usinga time steplarge comparedvith the naturaltime scalesbasedon ||§A /X ||
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malkesthe numericalrepresentatioquite dissipatve, in the sensehatnoiseis filtered out. This

numericaldissipationcan suppresgeal instabilitiesin the problem, and eliminate real high-

frequeny componentghat are physically significant. The validity checksthat are appliedas
the problemruns smoothlyalongwith giant time stepsmay fail to reveal that high-frequeng

modeswould developif they wereallowedto. Of course suppressinghe high-frequeng modes
is preciselywhy onewantsto usetheimplicit methodin thefirst place but theremaynotthenbe

away to verify thatthe significantresultsarebeingobtainedcorrectly

We turnthento implicit differencing.We try this:

Xn+l _xn

= AXM 4 BIXM Y (11.5)

Now we facea major computationchallenge. The valueswe wantto find, X"*1, appeatin the
(nonlinear)functionson the right handside,andto make mattersworse,they appearin every
term. Notwithstandingthe obstaclesthis approacthasbeenusedvery successfullyn a number
of astrophysicaproblemssuchas stellar pulsationand protostarcollapse. The attackon the
problemis direct: setup all the equationsas a non-linearsystemfor the unknowvns X"+1 and
applythemulti-variateNewton-Raphsomethod.Theinitial guesdor X"*1 mightbetakento be
XN, At eachstepthe Jacobiammatrix elementsarecalculatedthelargestpartof the cost,andthe
linear systemfor the next setof correctiongto X"+ is solved by directelimination. The notable
successesf this methodhave beenin 1-D sphericalgeometry.1-D is kind to directelimination
asamethodof solvingabandedinearsystem:the costscaledinearly with the numberof zones
and asthe cubeof the matrix bandwidth,thatis, of the numberof variablesper zone. Direct
eliminationis much more costly in 2-D, andwe begin to look for differentsolution methods.
Thereare also problemswith ensuringNewton-Raphsorcorvergence;it may be necessaryo
severelyrestrictthetime stepto ensureapidconvergence.

Herethenis operatorsplitting. If thetime derivative of X is split into k piecesthenthereare
k partialtime stepsto advancefrom timet” to time t™+1:

n+1/k n
X /At_ X A[Xn+1/ k]
+2/K +1/K
— A_txn—/ BIX"#/4]
Xn+1 _ Xn+(k—l)/k.
FIX™1. (11.6)

At

This doesin fact corvergeto a solutionof the differentialequationas At — 0, aswe cansee
by addingthe equationsand Taylor-expandingtheright-handsidesaboutX". However, it is only
first-orderaccurateThe orderof accuray is improved,whentherearejust two operatorsA and
B, by alternatingcycleson which A is donefirst, thenB, with cyclesthat do the operatorghe
otherway around(called Strang splitting). With morethantwo operatorshe practiceis to do
ABC... ononecycleand...CBA onthenext.

WhataretheadwantagesBomepartsof thephysicsmaynotbestiff atall, andthoseoperators
may be advancedusingan explicit equation,leaving the implicit differencingfor the partsthat
are stiff. Whenan implicit equationhasto be solved for one variablein the splitting method
the bandwidthof thelinear systemis muchreduced.lt is nine timesfasterto solve threelinear
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systemswith bandwidthonethanto solve onelinear systemwith bandwidththree.If you do not
really needto solve two of the threesystemsn the split case the gainis a factor27. Thelower
dimensionalityof thenon-linearsystemhelpsgreatlywith therobustnes®f theNewton-Raphson
corvergence.Thedisadwantageds thatthe error of the time differencingis increasedandit may
not be very easyto estimate.Strangsplitting helpswith this, but therecanstill be the problem
that A might move the solutionin the wrong direction, creatingan error that B hasto correct.
This problemis notusuallytoo severe,but it mustbewatchedfor.

The stellarpulsationcalculationgfor RR Lyrae starsby Christy andfor cepheidsy Cox, et
al., weremadeup of sphericalLagrangiarzoneswith just threeunknowvnsperzone,theradius,
velocity and temperature.The calculationsproceededn a staggeredvay with time, with the
velocity beingupdatedirst, a half time steplaterthe radii wereupdatedandfinally thetemper
atures.Only the temperaturequationwasimplicit. The Newton-Raphsomethodappliedto the
materialenegy equationled to a tri-diagonalsystemfor the temperatureorrectionswhich is
aboutaseasyaslinearsystemgyet.

With two or more spacedimensionghe choicesbecomemore painful. The considerations
abouttime steplimits still apply, so perhapghe hydrodynamicganbe doneexplicitly, although
someof themodermmethodgcf., Godunw) maystill usesplittingasacorvenience Theradiation
equationsare a major problemnow. The radiationdiffusion equationhasthe characterof an
elliptic equationin spaceafterthetime differencingis done,andthisis notat all aseasyto solve
asa scalartwo-point boundary-alueproblemin 1-D. So evenif the radiationequationis split
andtreatedseparatelythe solutionrequiresan iterative linear systemsolver suchas conjugate
gradient(CG) or alternating-directiommplicit (ADI). It will alsobeseerbelow thattheadequayg
of diffusionasa substitutefor properly angle-dependentidiative transferis morequestionable
in 2-D and3-D thanin 1-D.

The couplingof the materialtemperatureo the radiationfield, throughthe materialinternal
enegy equation,hasthe helpful propertythatit involvesonly local quantities,apartfrom the
adwectionterm (which is lumpedwith the hydrodynamicsprocessesn the splitting method),
unlessthermalconductvity mustbe considered.Often the conductionflux is negligible, soon
thetemperatureouplingstepthemateriatemperaturegr atleastthe Newton-Raphsororrection
to it, canbeeliminatedusingalocal equatiorsoonly theradiationfield remaingo befoundfrom
alarge systemof equations.This reduceghe dimensionalityby afactortwo, which is important
whenthe solutioncostvariesasthe cubeof the numberof unknavnsperzone.

11.2 Thermal diffusion

Now we begin to walk througha hierarchyof increasingsophisticatec&and morecostly, but not
necessarilynoreaccuratealgorithmsfor solving radiationhydrodynamicgroblems.We begin
with themethodChristy, Cox, Colgateandothersused thermaldiffusion,alsocalledequilibrium
diffusion. In this methodthe radiationfield is removed from the problemand replacedusing
therelationsderivedfor the diffusionlimit, (6.66),(6.72)and(6.78),althoughthe second-order
correctionsin E@ and P areusuallyignored,alongwith the relativistic correctionsto F©.
The combinedenegy equationfor matterandradiationis used,which in effectaddsaT*/p to
the internalenegy, aT#/3 to the pressureandincludesF© asa flux. The adwectionpartsof
this having alreadybeentreated,whatis left is animplicit equationfor the temperaturest the
adwancedtime step. The key part of makingthis equationimplicit is usingthe advanced-time
temperaturesn the flux. Thatis, the equationlooks somethinglike this after discardingthe
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adwectionflux andthework term:
pn+len+1 + En+1 _ pnen —_E
At

We repeathatthis equatioris notcompletesincetheunnecessarngermsfor thepresentliscussion
have beendropped. The flux termin this equationis certainlynot centeredn time asit should
beto malke it second-ordeaccurate Thatwould betrueif theflux in bracketswerereplacedy
thearithmeticaverageof thevaluesatt™ andt™*1, calledCrank-Nicholsordifferencing.But that
form, in thelimit KrAt/(pCy(AX)2) > 1,is susceptibldo non-linearnumericalinstabilities.
Thenwe might try a weightedaverage with a somevhatlargerweightappliedto thet"*+?1 flux.
Thatdoesseento solve theinstability problem,but the solutionremainsnoisierthanif the fully
backward-diferencedorm is used,asgivenfirst. This is anotherexampleof deliberatelychoos-
ing themoredissipatve numericakepresentatioasatrade-of to obtainthehighesipossibletime
step.

Equation(11.7)is solved,asdiscussectarlier, usingthe Newton-Raphsomethod.The spa-
tial derivative operatorsarefirst representeth whaterer second-ordeaccuratdorm is permitted
by the natureof the spatialzoning.In Euleriancalculationshe ordinarycenteredsecondleriva-
tive formula canbe used. Thereis somequestionaboutthe properspatialcenteringof the Kr
factor anddifferentchoicesmaybe made.The Jacobiammatrix thatemegeswhentheequations
arelinearizedis the matrix of the systemthatis to be solved. If the opacity-\ariationpartsof the
linearizationcould be ignored,thenthe systemcould be arrangedo be symmetricand positive-
definite,a very greatadvantagefor the applicationof iterative solvers. Sometimest is proposed
to lag the opacitiesin time for just thatreason.Goodresultshave alsobeenobtainedincluding
the opacitytermsusingnon-symmetricsolvers,suchasthedirecteliminationmethodin 1-D.

The failure modeof thermaldiffusion is its inability to treatoptically thin regions. Even
the RR Lyrae pulsationcalculationsof 1965 revealedthe shortcomingof the method,because
thetemperaturehroughoutthe atmospheref the starwasspuriouslyforcedto a constantvalue
by the useof a diffusion approximationin an optically thin region. In reality the temperature
becomeslecoupledrom theradiationfield, asdiscussedn section7.2.

_v. [KR(p“+1, T”+1)VT”+1] —o. (11.7)

11.3 Eddington approximation

The major objectionjust mentionedto thermaldiffusionis removedif the assumption$6.66),
(6.72)and(6.78)arereplacedwvith thesimpleclosurerelationP = E/3 andE andF areretained
asvariables.The equationgdeterminingthemare (6.51)and (6.52), althoughthe 1/c termsare
usually droppedin the latter. The adwectionand work termsare also often droppedfrom the
enegy equation,but, asdiscussedkarlier this commitsthe errorsof ignoring radiationenegy
densityandwork in the overall enegy budget. The frequeng integral of the opacitymultiplied
by the flux hasto be approximatedsincethe spectraldistribution of F,, is unknown; guidedby
thermaldiffusionthe Rosselananeanis usedJeadingto
c
3KRP

Theenegy couplingtermontheright-handsideof equation(4.29)is approximateésin equation
(8.89),0r perhapawith the Rosselandneanheretoo 1 The final resultfor the combinedmoment

(11.8)

1in the diffusion limit both E, and B, have the samespectraldistribution, while the spectraldependencef cE, —
47 B, is proportionalto (d B, /dT)/«,, which providessomejustificationfor usingthe Rosselandaneanin this place.
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equationss this:

D(E E
( /p)+—v-u—v-( c
3kRrp

—_— 4 J—
= : VE) = kppc(aT? — E). (11.9)

We needto stressat this point thatthe radiationquantitiesherearethosein the comoving frame,
eventhoughthesuperscript? have beendroppedo reducetheclutterin theequationsOnly by
usingcomoving radiationarewe permittedto evaluatethe opacityandemissvity sansvelocity
effects.

We describenow how the temperaturaipdateproceedsvhenthe (gray) Eddingtonapproxi-
mationasjust describeds used.We repeatheinternalenegy equationgivenearlies

% + V-(pue) + pv-u = —kppc@T* — E). (11.10)
With operatorsplithydrodynamicsheadwectionandwork termsin equation(11.10)have already
beenevaluatedatthe pointthetemperatureipdates beingdone.Everythingelsein this equation
is local, so whenthe equationis linearizedfor the Newton-Raphsorprocedurethereis just a
simplelinearequationto solve to obtainthe correctionto T in termsof thatfor E. Thenthiscan
be substitutednto the linearizedform of equation(11.9),which remainsan elliptic equationfor
the correctiongo E, atleastprovidedthetermsarisingfrom the variationof the opacitywith T
arenot too large. After the substitutionof §T in termsof § E the structureof equation(11.9)is
identicalto the thermaldiffusion equationapartfrom certaindifferencedn the coeficientsthat
correctthe small-optical-deptlerrorsin thermaldiffusion. The costto solve the elliptic equation
is unchanged.

The significanttechnologyissuesconnectedwith both thermal diffusion and Eddington-
approximationcalculationsare (1) makinga finite-differenceor finite-elementepresentationf
the partial differentialequation,and(2) solvingthe resultinglarge sparsdinear systemof equa-
tions. Rapidprogressasoccurredn bothareasn recentyearsandwe will discusghisin §11.4.
The computationakechniquesneededfor radiationdiffusion are not materially differentfrom
thoseappliedto otherengineeringproblemsnvolving elliptic operatorssuchasheatconduction,
electrostaticandviscousincompressibldluid flow.

The boundaryconditionsrequiredfor equation(11.9),andalsoequation(11.7),comefrom
reasoningsimilar to thatleadingto equation(5.33). We will repeatthe argumentin somavhat
greatergenerality to allow for the specificationof an intensity of radiationthat is incidenton
the problemat the boundary We let 15 bethis incidentintensity,andif ng is the unit outward-
directednormalvectorfor a pieceof the boundarythen|g is definedfor ray directionsn that
obey n-ng < 0, i.e., thatpoint inward. Now, we do not know how muchradiationwill shine
out of the problemat the boundary but supposeve knew whatthe averagecosinewasfor this
outwar intensity Thatis, we think we aregiveneverythingwe wantto know aboutthe inward
intensity but we make anansatzaboutthe outwad intensity The ansatzs

[ df2n-ngl(n)
n-ns>; — o = (), (11.11)
neng>0

avaluewethinkweknow. If theintegralsin thenumeratohadbeenoverall solid angleinsteacdof
the outward hemisphereghentheratio would have beenng-F/cE. We addandsubtracintegrals
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overtheinwardhemispherd¢o make it look someavhatlik e thatandfind

ng-F+ [ d[n-ng|lg(n)

neng<0

CE— [ dQlIg(n)

neng<0

= (u), (11.12)

Thisisthedesiredresult. Whenit is rearrangedt becomeslinearrelationconnectinghenormal
componenbf F with E attheboundarypossiblyincludinganinhomogeneoutermwhenthere
is incidentradiation. It is a boundarycondition of mixed type, i.e, neither Neumann(ng-F
specified)nor Dirichlet (E specified).We frequentlywantthe boundaryconditionwhenthereis
vacuumor a “black absorberoutsidesothat g = 0. Thentherelationis simply

ng-F = (u)CE. (11.13)

Ohyes,whatdo we take for («)? The mostpopularvalueis 1/2, andan argumentfor this was
suggestedh the earlierdiscussiorof the exact Hopf function. Equation(11.13)with the choice
(u) = 1/2 is the Milne boundarycondition. Whenequation(11.13)is combinedwith the Fick’s
law formula(11.8)for theflux, the vacuumboundaryconditiontakesthis form

1 OE

E=-——
3(u)krp 9N

(11.14)
in whichd E/on is thenormalderivative of E. A geometricapicturethatgoeswith this equation
is that a linear extrapolationof E outsidethe boundaryreachesa value of zero at a distance
1/(3(n)) meanfree pathsfrom the boundary;this is the extrapolation length implicit in the
boundarycondition. The extrapolationlengthis 2/3 of ameanfree pathif () is takento be 1/2,
andit is 1/+/3 meanfree pathsif (u) is takento be 1/4/3. In a scattering-dominatediffusion
problemthe enegy densityin the interior, thatis, deepemwithin the mediumthanthe boundary
layer, is approximatelyproportionalto the solutionof Milne’s first problem,whichis E o« 7 +
g(r) = T + (oo, in Which q(z) is the Hopf function. If this relationis extrapolatedo the place
whereE = 0, thenthe extrapolationlengthmustbe g, ~ 0.71045meanfree paths. The most
commonlyusedvaluefor the extrapolationlengthis 2/3.

Thereis one more boundaryconditionthat appliesin othercasesandthatis the reflection
or symmetrycondition. If a perfectmirror or perfectdiffusereflectoris appliedto the surface
thenthe incomingintensityis forcedto be exactly equalto the outgoingintensity andthe flux
vanishesThis alsooccurswhenapieceof theboundanyis partof a planeof reflectionsymmetry
Thusng-F = 0for thosepartsof the boundary Noticethatit is only thenormalcomponenof the
flux thatvanishesn this case.This boundaryconditionis exactly the Neumanrtype. Dirichlet
boundaryconditionsdo not seemto be quite physical. This is a statementhat the full-sphere
averageof theintensityat a boundarypointis a specifiedvalue. Whatis unphysicahereis that
it commitsthe problemto entera conspirag with the agentsoutsidethe boundaryto malke the
averageof their respectie contributionsto E comeout to a givenvalue. If the outsideworld
is just a thermalbath,thentheincomingintensityis the correspondind?lanckfunction, but the
emepgentintensity is whatever it is, andthe averagewill not necessarilybe the samePlanck
function. The comparablespecificatiorof a non-zerovaluefor the normalflux is morephysical.
Thesignificanceof this specifications thatthe agentsoutsidehave a batterythatreleaseenegy
atadefiniterate,andthey capturewhaterer enegy comesoutthroughtheboundaryandgive that
backplustheenegy releasedy their battery Whenwe putaninnerboundaryradiuson astellar
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atmospher@roblem,andreplaceall of the starwithin thatradiuswith a boundarycondition,we
aremakingan assumptiorik e this. In this casethe “battery” actually exists andis the nuclear
enegy sourceat the centerof the star

The Eddingtonapproximationunlike thermaldiffusion, givesquite reasonableesultsin the
optically-thin partsof the star This is notto saythatit is accurate, just thatit is qualitatvely
correct.As we saw earlier, it givesanerrorof order20%in the Eddingtonfactoratz = Oin the
Milne problem.It yieldsawave equatiorfor light waves,whichis qualitatively correct,for which
the wave speeds c/+/3, which is off by 42%. As MihalasandMihalasMihalasB. W. say in
discussingadiatve waveswith thermalrelaxation,’In ouropinionthe Eddingtonapproximation
shouldalwaysyield resultsthatareatleastqualitatively correct’

Onepathtowardmakingthe Eddingtonapproximatiormoreaccurates to includeanEdding-
ton factor,which we discussn §11.5.

11.4 Diffusion solvers

Solvingadiffusion problemin 1-D thathasbeenputinto finite-differenceform usinga centered
3-pointformulasuchasthis:

-AiJ-1+BiJ—-CJ1=D, (11.15)

is very simpleindeed.Theforwardandbackrecursionschemegivenby

Ci
EE = ——— 11.16
' Bi — AiEi_1 ( )
Di + AiFi—
Fo= i +AF-1 (1117)
Bi — AEi—1
J = F +EJ1, (11.18)

is solved in the forward directionto obtainthe Es and Fs, thena back substitutionusing the
third equationgivesthe unknowns. If the tri-diagonalmatrix (—Ai B —Ci) is diagonally-
dominantsoB; > |A;j| + |Ci|, therecursionis guaranteedo be stable.This conditionis almost
alwaysmetwith centeredlifferencingof diffusion equationsso our problemis solved. Thetri-

diagonalrecursionis so efficient that only a handful of floating-pointoperationsare neededo

obtaineachof the unknovnswe want; thatis asgoodasit gets.Sothe 1-D problemis solved.

Life is moredifficult in 2-D and3-D, andthatis thetopic of this section.

First, let's considerwhat not to do, if efficiency is the goal. A finite-differenceformula
representin@ diffusionequationin 2-D very often connectdive or nine neighboringpointson a
more-oklessrectangulagrid. The matrix of this systemof linearequationshasonerow for each
equation,andnon-zeroentriesin thatrow in all the columnscorrespondingo meshpointsthat
arecoupledto thepointin themiddle. If the meshpointsareorderedrasterfashiongoingacross
in the x directionfirst, thenupin y, the neighborpointsin x to the middle point producematrix
entriesimmediatelyadjacento the diagonal. But the neighborpointsup or down in y produce
matrix elementsseparatedrom the diagonalby aboutNy columns,where Ny is the sizeof the
meshin the x direction. Both normal Gaussiarelimination appliedto this matrix and block-
tridiagonaleliminationwith Ny x Ny blocksleadto a solutioncostof order NQNy operations.
Thisis acostthatis NZ operationgerunknown, whichis thousandef timesworsethanthe 1-D
case.
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How much bettercanwe do? By using iterative linear solution methodsthe costcan be
broughtdown to somethindike N2 Ny, or Ny operationgper unknovn. Somemethodsmay do
evenbetterthanthis, but thenit depend®n how nicely conditionedhe matrixis. The(relatively)
goodnewsis thatin 3-D the scalingfor theiterative methodss alsoof order Ny operationger
unknown. Hereis alaundrylist of linear solver methodghatwe maywantto discuss:conjugate
gradient,conjugategradientpreconditionedy differentmethods Chebyshe, Orthomin,which
is alsoknown as GeneralizedVlinimum Residualmethod(GMRES), multigrid, and multigrid
with aselectionof preconditionersTheseareall methodgor solvinglargesparsdinearsystems.
A systemof non-linearequationdeads,by applying the Newton-Raphsormethod,to sucha
sparselinear system. But it may be that it is painful and expensve to actually computeand
storethe Jacobiammatrix thatis neededat eachiteration. The Newton-Krylov method(s)area
way of carryingoutthe Newton iterationssimultaneouslyvith the GMRESor otherlinearsolver
iterations.All thesemethodswill be discussedriefly in the remainderof this section.A recent
study of a few promisingcandidatesolversfor a radiationdiffusion problemwas reportedby
Baldwin, etal. [22].

We will follow thediscussiorby Saad228]. Ourgoalis to solve alinearsystenof equations

Ax =b, (11.19)

for avectorof unknovnsx, whichin mostcasesonsistof oneunknown perspatialcell in a2-D
or 3-D mesh.Thecells,andthe unknovns,areorderedn someway, suchasin therasterscan.

11.4.1 Jacobi; Gauss-SeidelSuccessie Over-relaxation

Thesearethesimplestoldestandpooresof theavailablemethods Theideais to separateA into
its diagonal subdiagonahndsuperdiagonalparts. Thatis,

A=-E+D-F, (11.20)

in which D is thediagonalof A, —E is thelowertriangularmatrix thatis the sub-diagonapart
of A, and—F is theuppertriangularsuperdiagonalpartof A. The E elementsarethetermsthat
coupleagivencell to cellsthatcomeearlierin therasterscan,and F containsthe couplingsto
cellsthatcomelater. In consideringlacobiiterationthelinearsystemis writtenin this way:

Dx =b+ Ex + Fx. (11.22)

Thenwe solve by aproces®f iterationin whichthecurrentguesdor x is putin ontheright-hand
side,andthediagonalsystemis solvedfor the next guess:

DxK+1 = b+ ExK + FxX. (11.22)

With luck, this Jacobiiterationwill corverge. Clearly, if the E andF matricesaresmallin some
senseomparedvith D, thenthereshouldbegoodconvergence More preciselythe methodwill
corvergeif the largest,in magnitude of the eigervaluesof the matrix D~1(E + F) is lessthan
unity. Sincefor commonfinite-differencerepresentationsf thediffusionoperatorD is justequal
to E + F plussource-sinkermsthatmaybesmall, this eigervaluemaybeonly slightly lessthan
unity.

The Gauss-Seidahethodis describedy this equation:

—ExKt 4 DX = b+ FxX. (11.23)
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So half of the off-diagonalpart of A is kepton the left-handsidefor theiteration. Thisis just
aboutaseasyto performasthe Jacobiiteration. For eachiterationyou scanthroughthe mesh,
updatingthe cells one at a time. Whenx is correctedin eachcell, the nen valuereplaceshe
old one,andthe new valuewill be usedfor updatingcellsthatcomelaterin the scan.Only the
cells thatfollow the givenonewill have just the prior iterationdataavailable. In this casethe
corvergencedependon the eigervaluesof (D — E)~1F. Again, theeigervaluesareanticipated
to bejust slightly lessthanunity. It is found that they may be twice asfar from unity asthe
eigervaluesfor Jacobiiteration,whichwill cutthe numberof requirediterationsin half.

The thing that helpsout the corvergenceof Gauss-Seidd(it would help for Jacobitoo, but
it is usuallyusedwith Gauss-Seidells Successie Over-relaxation(SOR).For SOR,compared
with Gauss-Seidekomeof thediagonalpart D of A is putontheright-handsideof theequation
alongwith the F part,andtherestof D andthe E partarekeptontheleft:

1 -1

(=D - E)xtl =p+ (F — ‘”—D) XK. (11.24)
w w

With » > 1 this makesthe correctionssomavhatlargerandacceleratethe corvergence;t can

alsomake the correctiongoo large, andproducedivergence(if w > 2). The optimumvaluefor

o turnsoutto be

2
0=—"—,
1+/1—22

in termsof thelargesteigervalue for Jacobiteration.Whenw hasthis optimumvaluethe SOR
eigervaluebecomesn — 1. SORcanyield a hugegainin corvergencerate. Whenthe Jacobi
eigervalueis 0.999,andthe Gauss-Seidetigervalueis 0.998,then SOR hasan eigervalue of
0.914provided w is setto 1.914. Thatis a speed-upof 89 times. Empirically estimatingthe
Jacobieigervalueandthe optimuma is not simple,however.

A usefulextensionof Jacobiterationis Blodk Jacobi, for which theunknowvnsarepartitioned
into somenumberof groups,andfor eachiterationthe equationsbelongingto eachgroupare
solvedfor theunknowvnsfor thatgroupusingprior valuesof the unknonvnsin othergroups.This
is employed in parallel solution techniquedor large systemsfor which the spatialdomainis
decomposedhto subdomainsand eachsubdomairis givento a separatgrocessqror to a set
of shared-memorprocessorsBlock Jacobiis by far the simplestmethodfor solving thelinear
systemin this case.

(11.25)

11.4.2 Alter nating-Dir ection Implicit method

In 2-D diffusion problemsthe matrix A often hasthe structureof a tri-diagonalmatrix in the
y-directioncombinedwith a tri-diagonalmatrix in the z-direction, as expectedfor an operator
like

92 92

—_— . 11.26
oy 9z2 ( )

Thematrix A will alsousuallycontainsomediagonalpieces suchassource-sinkermsfor radi-
ationdiffusion. ADI is amethodwith two 1-D solutionsperfull iterationcycle,onein whichthe
z operatoiis putontotheright-handside,andajudiciously choserdiagonalcomponents added
to bothsides]eadingto atri-diagonalsystemn y on eachz line. Thesecondalf of theiteration



11.4. DIFFUSIONSOLVERS 199

cycle is thereverse.Sincethe costof atri-diagonalsolve is of the sameorderasthe numberof

unknowns,onefull ADI cycle hasaboutthe samecostasone SORcycle. Saad228] mentions
the resultthat the optimum corvergenceratefor ADI, with the bestchoiceof thatjudiciously-
choserdiagonalcomponentis the sameaswith asymmetrizedSOR,in whichtherolesof E and
F areswitchedon alternatdterations,usingtheoptimumaw in thatcase.

It is interestingto considerwhat the corvergenceratesactually are, and how they depend
on the mesh. For a simple Poissonequationproblemwith Dirichlet boundaryconditions,on a
N x N mesh theJacobieigervalueis aboutr = 1 — 72/(2N?). This meanghe optimumSOR
eigervalueis roughly 1 — 27 /N. In orderto reducetheinitial errorby afactor10° the number
of iterationswill needto benjier ~ 3IN 10N/ ~ 2.2N. Thisis the basisfor thinking thatthe
iterationcountmay scalewith thesizeof themesh.

11.4.3 Krylo v methodsin general

A greatmary of thecurrentiterative solutionmethoddgall underthegenerabdescriptiornof “K eep
multiplying the matrixinto the currentresidual andat eachstepcombineall thevectorstogether
in someway to get the next guess. This collection of vectors,which hasthe genericform

{vo, Avo, A%vy, ..., A™1yg}, spanwhatis calleda Krylov subspace What distinguisheshe

differentmethodsn this classis the “combineall the vectorstogether”part. A recurrenttheme
is to choosethe next iterateso thatthe error, or the residual,will be orthogonalto the Krylov

subspace. Since the subspacegets steadily larger as the iteration proceedsthe error can be
guenchedastandfaster

11.4.4 Conjugate gradient

The conjugategradient(CG) methodof Hestenesind Stiefel[117] andLanczos[155] is a very
usefulmethodfor symmetricpositive-definitematrices(all the eigervaluesare positive). Dif-
fusion problemscanin principle alwaysleadsto symmetricpositive-definitesystemsof finite-
differenceequationsput in the applicationthis is not alwaystrue. Whenit is, thenCG is an
excellentchoice usuallywith asuitablepreconditionerThe CG algorithm,lik e the otherKrylov
methodsrepeatedlycorrectghecurrentestimateof x by trying adisplacemenin thedirectionof
avector p, the searchdirection,which variesfrom iterationto iteration. The correctdistanceto
move alongthe p directionfor the next iterateis determinedso thatthe new residualwill beor-
thogonalto the Krylov subspacéuilt up in stepsfrom theinitial residual.A wonderfulproperty
of the symmetricsystemis thatif the new residualis just madeorthogonalto the previous one,
thenorthogonalityto thewhole subspacés guaranteedThento find the new searchdirectionthe
new residualis orthogonalizedvith respecto theprevioussearchdirection. Thisalsoguarantees
orthogonalitywith all the previous ones. Giventhe new searchdirection, the next iterationcan
begin.

The mathematicakxpressionof the algorithmis the following, where(f, g) is the notation
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for thevectorinnerproduct,which mightalsobewritten f T g, with T standingfor thetranspose:

(rj,ry)

o = —1 (11.27)
: (Apj, pj)

Xj+1 = Xj+ajpj (11.28)

ri+1 = rj—ajApj (11.29)

(rj+1,rj+2)

i = — 11.30

Bi T ( )

Pi+1 = Trj+1+8jp;. (11.31)

The iteration begins with arny good choicefor x, andwithr = p = b — Ax. At eachstep
thereis one matrix-vectormultiplication required,andtwo innerproducts. The total numberof
floating-pointoperationss aboutequalto the numberof non-zercelementsn A.

The corvergenceratevariesastheiterationsproceedput theworst-caseestimatedepend®n
the conditionnumberx of A. The conditionnumberis definedask = Amax/Amin in termsof the
largestandsmallesteigervaluesof A. Theeigervaluesareall realandpositive. The error after
mary iterationsis multiplied by the factor (\/k — 1)/(./k + 1) eachiteration. For the Poisson
problemmentionedabove, the conditionnumberof A is somethindike x = N2/72, with the
resultthatthe erroramplificationfactoris ~ 1 — 2 /N, whichis the sameasfor optimumSOR
andaboutthesameasoptimumADI. Theadwantageof CGis thatthereareno parameterto tune,
the Achilles heelof thelattermethods.

11.4.5 GMRES; ORTHOMIN; Ng; BCG; Chebyshe

We turn to analgorithmthatcanbe usedfor non-symmetrianatriceswhich unfortunatelyoften
occurevenwhenthey oughtnot. This is the GeneralizedMinimum Residualmethod, GMRES
for short. Theideaof this methodanda coupleof its variantsis thatthe m-dimensionaKrylov
subspacdasedon A andthe initial residualvectorrg is built up. The dimensionm of the sub-
spacemay have to be chosenat the outset. Thena procedurg Gram-Schmidbr Householdes
method)is usedto orthogonalizehevectorsro, Arg, ... , A" 1rg to form a setof basisvectors.
Giventhis orthonormalset, is is easyto selecta candidatesolution xm, by addingto xg alinear
combinationof the basisvectors,where,in the caseof GMRES, the L, norm of the residual
b — Axm is minimized. If this answetis not goodenoughandit will notbeif m <« N, thenthe
choicesare (1) startover againwith xm in placeof X, or (2) keepon going, with the orthogo-
nalizationprocedureappliedto only the mostrecentk vectors. The latter modificationis called
Quasi-GMRESor QGMRESby Saad. The orthogonalizatiorprocedurein the basicmethod,
and especiallyin QGMRES, becomesomplex whenthe goalsof well-conditionednumerical
operationsandstorageminimizationaretakeninto account.

Thereis areomganizedorm of GMRES, calledGeneralizedConjugateResidualGCR), that
recursvely definessearcldirectionvectorsp;j suchthatall thevectorsAp; areorthogonal.These
take the placeof theorthonormabasisin the GMRESmethod.TheKrylov subspacés thesame
in thetwo casesandbothmethodsminimize the samenormof theresidual,andthereforeshould
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bealgebraicallyequivalent. The GCR algorithmis describedy

(rij, Apj)
oj —_— 11.32
: (Apj, Apj) (11.32)
Xj+1 = Xj+ajpj (11.33)
riv1 = rj—ajApj (11.34)

(Arj+1, Api) : .

ii ———— - fori=0,1,..., 11.35
Pi (Api, Ap) : (11.33)

j
Pj+1 = rj+1+ Zi:o Bij pi . (11.36)

Theresidualis availableateachstep,soit is easyto decidewhento stopiterating. Unfortunately
unlike CG, the projectionprocessnvolvesmoreandmoretermsas j increasesThe GCRalgo-
rithm, like GMRES, caneitherbe stoppedandrestartedpr the projectionscanbe limited to the
mostrecentk vectorsyiz.,thelooponi andthesumoveri canbelimitedtoi = j—k+1,..., j.
The GCRalgorithmis calledORTHOMIN(K) in thatcase.SeeVinsome[25§].

A methoddueto Ng [194] hasbeenusedby Olson,etal. [198]; it is describedy Auer[14]
andcomparedy him with ORTHOMIN [15]. It hasvery muchthe sameflavor asORTHOMIN,
andis describedasfollows. A certainnumberk of simplerelaxationiterationsx™*1 = x" + b —
Ax" areperformedandtheresiduals " = b — Ax" arerecorded.Thenit is requiredthata new
candidatdor x givenby

k—1

X = Xk — Zap(xk —xP) (11.37)
p=0

shouldyield the minimum possibleresidualwith respecto possiblechoicesof the coeficients
ap. Whenthisis workedout (see[15]) it impliesthatthefinal residualis r¢ projectedorthogonal
to the spacespannedy thevectorsry —rp, p = 0,...,k — 1. It turnsout thatNg's method
is identicalto GMRESwith m = k andwith a restartafter eachk iterations. The difference
with ORTHOMIN(K) is that ORTHOMIN keepson going without a restart,but usesa truncated
orthogonalization.

Another wrinkle on Krylov-spacemethodsis Bi-ConjugateGradient(BCG). This usesa
methoddueto Lanczogto developtwo Krylov subspacesinebasedon A andtheotherbasedn
its transposeA’ . Sequencesf basisvectorsarechoserthataremutually orthogonaratherthan
orthogonalwithin eachset. Thelogic is very similar to thatof CG, but the solutionat eachstep
doesnot minimizethenormof aresidualasin the CG case.Saad228] providesthe details.

The final Krylov-type methodwe wish to discussis the Chebyshe methoddescribedby
Manteufel [177]. Theideabehindthe Chebyshe methodis thatthe residualat the nth stepof
theiterationis equalto thematrix Tp[(d — A)/c]/ Ta(d/c) multiplied by theinitial residual.This
matrix is acombinationof pawersof A upto thenth degree, sothisis aKrylov-subspacenethod
like the otherswe have discussedThe T, (z) arethe complex Chebyshe polynomialsandc and
d areconstantghat are estimatedbasedon knowledgeof the eigervalue spectrumof A. First
of all, the methodwill notwork unlessall the eigervalueshave positive real part (A is positive
definite). Thenc andd shouldbe suchthatanellipsewith its centeratd andfoci locatedatd + ¢
shouldbe the smallestone possiblethat enclosesall the eigervalues. (If the major axis of the
ellipseis alignedwith theimaginaryaxisthenc canbeimaginary) The Chebyshe polynomials
have amaximalpropertythatis, of thepolynomialsof agivendegreethatareboundedy 1 in the



202 CHAPTER11. NUMERICAL TECHNIQUESFORRADIATION TRANSPOR"

interval —1 < z < 1, they arethelargestpossibleoutsidethatrange.This translatesnto making
theresidualassmallaspossible . Therecurrenceelationfor Chebyshe polynomialsleadsto this
setupof theiterationmethod:

Xn = Xn_l + an_l (1138)
CZ pnfl
n 1
= — 11.40
1 n
o= % (11.41)
an = pngnfl + p?rn . (1142)

Thestartingvaluesare p(lj =2/d, pg = 0anddxg = rp/d.

The estimationof ¢ andd can be problematic. Calwetti, et al. [44], provide an efficient
algorithmfor estimatinghe corvex hull of theeigervaluesof A basedbn modifiedmomentghat
arecomputedastheiterationproceedsAfter a certainfixednumberof iterations,or sooneliif the
residualdegin to increasethe corvex hull estimatds updatednew valuesarederivedfor ¢ and
d, andtheiterationis restarted.

The Chebyshe methodhasbeensuccessfullyusedin ALTAIR [61] for iterative solutionof
thesystenof kineticequationgor theatomicpopulationsandalsoto accelerat¢heNet Radiative
Bracketiterations.

11.4.6 Multigrid

Multigrid is not simply a method,it is awholefield of researchThe readeris recommendetb

visit thewebsiteht t p: / / casper. cs. yal e. edu/ ngnet / ww/ ngnet . ht i andcon-

sult the referencedisted there, suchas the text by Wesseling[263] and the tutorials of Hen-

son[115]. The following discussioris aimedat merelygiving the flavor of multigrid methods,
andthe literaturemustbe consultedfor the details. A systemof linear equationsAx = b may
describeanelliptic PDEsuchastheradiationdiffusionproblem.Thematrix A quitepossiblyhas
nice propertiesuchasbeingsymmetricandpositive definite. Multigrid is thenamefor amethod
in whichthesolutionx = A~b is approximatedn this way:

X~ PALRb, (11.43)

in which Acoarseis a substantiallysmallermatrix than A, and P and R arerectangulamatrices.
The matrix R is called the restrictionmatrix, becauset restrictsor projectsthe vectorit acts
on to a smallerdimensionakubspacef the spacecontainingx andb. The matrix P is called
the prolongationmatrix becauset prolongsor interpolateshe datafrom the subspaceénto the
original larger space. In orderto fix the ideaswe canthink of A asbeinga finite-difference
operatoron a fine meshwith a meshspacingh, and Acoarseis the similar operatoron the mesh
with spacing2h, thatis, with every secondneshline omitted. In this picture P would be written
as |Qh andR as Iﬁh. For a 2-D problemthe dimensionof Acoarsewould be 1/4 aslarge asthatof
A, andin 3-D it would be 1/8.

The coarsesystem,with meshspacing2h, may still be too big to be solved readily. The
coarseningrocessanthenbeappliedrecursvely, sothat
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The ideais that the mesh-spaceloubling proceedgo the point that the linear systemon the

coarsesmeshH is trivial to solve. The whole processof evaluatingx usingequation(11.44)
is calleda V-cycle; the pictureis thatthe systemsize goesdown, down, down asthe restriction
operatorareappliedto b, thenthecoarsessystenis solveddirectly, afterwhichtheprolongation
operatorsare appliedup, up, up to give the answeron the finestmesh. The step-doublingand
step-halvingpictureis only generic,of course. The restrictionand prolongationoperatorscan
be anything that is corvenientfor the problemat hand, the only requirementbeing that they

arereadily appliedandleave a small enoughsystemat the coarsestevel. Thereareadditional
requirementd thematricesateverylevel areto preserethesymmetricpositive-definiteproperty
of Aitself. Oneof theseis the symmetrycondition

15 o (12T (11.45)

Thereplacemenof thesolutionx = A—b by the V-cycle doesnot solve the systemexactly
sincethefine grid is finer thanthe coarsegrid for a reason:the answeris moreaccurate.Thus
it is still necessaryo apply somerelaxationof the solutionon thefinestgrid. After oneor more
applicationsof therelaxationequationxkt1 = xK 4 rk with rk = b — Axy, therewill beafinal
residualr. Thisis the quantitythatshouldbeusedin placeof b atthe beginning of the V -cycle.
At theendof thecycle, theresultx is reallythecorrectionAx thatshouldbeaddedo thesolution
on thefinestscale. In fact, onerelaxationoperationcanbe appliedat eachlevel of refinement,
duringthedown-dowvn-down partof theV -cycle, sothattheresidualfrom thatoperatiorbecomes
theright-hand-siddor the systemat the next-coarsetevel. Thenon the up-up-uphalf of the V-
cycletheprolongedcorrectiondrom thecoarsetevel areaddedo thestoredsolutionatthatlevel
to bepassednto the next finerlevel.

Multigrid succeedbecauseelaxationatthefinestscalequickly reducesheshort-wavelength
errorsin the solution,while not affecting very muchthe long-wavelengtherror modes.But the
hierarchicaimultigrid treatmenextinguishegthoselong-wavelengtherrors.The costof applying
oneV-cycle is just a modestfactor larger than one relaxationcycle at the finestscale,so this
improvementin reducinglong-wavelengtherrorsis almostfree. Multigrid methodscanhave an
iterationcountthatis well belowv thesize N of the mesh;insteadof beingof order100, iteration
counts~ 10arenotunusual.

The multigrid applicationthatis discussedby Baldwin, etal. [22], is morecomplicatedhan
we have just described andindicateshow varied the multigrid conceptcanbe. The multigrid
approachin this caseis called SemicoarseningMultigrid, or SMG. The “Semi” in the name
refersto thefactthatin the 2-D problemsconsiderednly onedirection,sayx, is coarsenedThe
coarseoperatorat eachlevel still includesthefull fine-scalecouplingin the otherdirection. The
updateoperationsat eachlevel include a tri-diagonalsolve in the y-direction. Baldwin, et al.,
describeusing SMG by itself, andalsoincluding onestepof conjugategradientiterationbefore
andafterthe V-cycle, thatis, using SMG asa preconditioneffor CG. This turnedout to be the
most efficient of all the methodsBaldwin, et al., comparedon several of their test problems.
Its competitorswere simple SMG and one of the variationsof preconditionedCG thatwill be
describedelow.

11.4.7 Preconditioning

Thetopic of thissubsectiormasalreadybeenmentionedsereraltimes,sowe shouldfind outwhat
this means Recallthatthe conjugategradientmethodhasanasymptoticcorvergenceratio given
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by (\/k — 1)/ (/k + 1), wherex = Amax/Amin. Theratiois theconditionnumberof A. A matrix
A with alargevalueof « is calledill-conditioned;a matrixwith asmallone(i.e., closeto unity) is
well-conditioned For anill-conditionedmatrix thecorvergenceaatiois very closeto unity, which
meanghatCG, or ary otheriterative methodwill beveryslow to corverge. In theotherextreme,
a matrix with a condition numberof unity is alreadyvery closeto a scalartimesthe identity
matrix, which makes the corvergenceof the iteratve methodsimmediate. Preconditionings
thenthe namefor an operationthatwill take anill-conditionedmatrix andmake it into a well-
conditionedone,or atleastbetter
Consideragainthe simplerelaxationmethod,

Xk+1 — Xk +b— AXk =b+(l — A)Xk . (1146)

If Ais very closeto the identity matrix the corvergencewill be swift. SupposeA is not very
closeto theidentity, but thatanothematrix M is at handthatis closeenoughto A thatM 1A is
reasonablyloseto theidentity. Thenif M~ is appliedto thelinearsystembeforesettingup the
relaxationequationtheiterationbecomes

XKL = xK + ML — AX) = M7+ (I — M~TAXX. (11.47)

We now hopethatthe conditionnumberof M~1 A is muchcloserto unity thatwasthe condition
numberof A, andthatthereforethe corvergenceratio will be muchless. In applyingprecondi-
tioning we do not actuallydemonstratéhe matrix M—1, or multiply it by A. We just have to be
ableto solve alinear systemwith matrix M. The preconditionedterationof whatever kind goes
like this: Firstevaluatetheresidualin theaccuratdinear systemusingthe currentx:

rk=b— AxK. (11.48)
Thensolwe thefollowing systemfor the preconditionedesidual:
MK =rk. (11.49)

Now proceedwith the choseniterationmethodusingf* wherethe residualwould normally ap-
pear Iterationmethoddike CG andGMRESrequirebeingableto multiply avectorp by A, and
they generatgheresidualusinga recursiorrelation. In this case for the preconditionedystem,
p is first multiplied by A, andthenthelinearsystemMv = Ap is solvedfor thevectorv thatis
putin the placewhere Ap shouldbe.

In the previoussubsectiomwe discussedisingmultigrid asa preconditionerandin theappli-
cationby Baldwin, et al., it wasusedto preconditionCG. The second-simplestf all precondi-
tionersis the diagonalof the matrix, M = D. (The simplestis no preconditioning.)Diagonal
preconditioningof simplerelaxationis just Jacobiiteration. Diagonalpreconditioningof conju-
gategradientmay alsobe a goodthing to do, asshovn by Baldwin, etal. CG is unafectedby
a scalefactorappliedto the entirelinear system but diagonalscalingwill balancethe diagonal
elementsn differentrows of thematrix, andaccordingo Gershgorinstheoreng this shouldhelp
balancethe eigervaluesand make the conditionnumbersmaller But thereare betterprecondi-
tionersfor CG, aswe seenext.

2The eigevaluesof a matrix lie in the union of the circlesin the complex planecenterecbn eachdiagonalelement
with aradiusequalto the sumof theabsolutevaluesof theremainingelementsn the correspondingow; the sameis true
for columns.
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Probablythe mostimportantpreconditioneis IncompletelL U factorization(ILU). We recall
that LU factorizationis the decompositiorof A in thisway: A = LU, in which L is a lower-
triangularmatrix with a unit diagonal,andU is an uppettriangularmatrix. The factorization
makesit very easyto thensolve alinearsystemAx = b, sinceb = U ~1(L ~1b) canbeevaluated
by firstdoingv = L~1b recursvelyin theforwarddirection,thendoingU ~1v by recursionin the
backwarddirection.If A isasparsanatrix, sothatthenon-zeroelementsn eachrow spanquite
alargenumberof columnson eithersideof thediagonal(for example,aboutNy on eachsidefor
a 2-D diffusion problemwith a 5-pointor 9-point stencil),the LU decompositiorwill produce
matricesL andU in which the interveningelementghatarezeroin A have becomenon-zero.
Thatis, thereis fill-in of the sparsitypattern. This is why the exact LU decompositiorof A is
expensveto do.

IncompleteLU is definedin this way: Performa normalLU decompositiongxceptthat at
eachpoint of the eliminationprocessjf a non-zerovaluewould be generatedor someelement
of L or U whereyou do not wantone,thendiscardthatelementandproceed.The “where you
do notwantone” partgivesyou somelatitude. The commonlyadoptedchoiceis to throw away
ary elementghatareplaceswherethe elementof A vanishes.Thatis, “whereyou do not want
one”is ary placewhereajj; = 0. Saad[228] discusseshe pseudocodéor achieving this. Saad
alsoprovesthatthelLU factorizations awell-conditionedoperationf A is a M-matrix3 Some
of theiterative methodssuchasCG canbe provedto be corvergentonly if AisaM-matrix. The
resultof ILU preconditioningof a M-matrixis alsoa M-matrix.

ILU is usedasa preconditioneby letting the matrix M discusseckarlierbe LU, wherelL
andU aretheresultsof thelLU process.The LU decompositiorwould be doneonceandfor
all andstoredduringtheiterations. The solutionof Mv = Ap discussedbove is evaluatedas
v = U~L(L~1Ap). Saadprovidesexamplesof applyingGMRESwith ILU preconditioningas
justdescribedandit shavs big gainsfor several of the examplesover simple GMRES.

Saadalsodiscussesthervariantsof ILU. Oneof theses ILUT, which standsor Incomplete
LU factorizationwith Thresholding. The ILUT algorithmtakestwo parametersThefirstis a
tolerancesuchthatafill-in elemenis discardedf its magnitudas lessthanthespecifiedolerance
timesthe normof therow. Thesecondparameters the maximumnumberof fill-in elementghat
will bekept,basednalist in which the elementsareorderedby decreasingnagnitude Sample
calculationsby Saadshow that ILUT is significantly more robust, and alsofaster than simple
ILU. Forthetestcasesn Baldwin, etal., ILUT-GMRESperformedairly well, but wasgenerally
outperformedby preconditionedCG and multigrid. Of course ILUT-GMRESis a methodthat
workson non-symmetrignatricesfor which CG variationsdo not,andmary implementationf
multigrid do not eithet

For positive definite symmetricmatricesthe methodof LU factorizationcan be modified
somavhatto presere the symmetryin the factors. It alsoallows only one of the factorsto be
stored.Thisis the Cholesk decomposition,

A=LLT, (11.50)

in which a singlelower-triangularmatrix L appearsandU hasbeenreplacedy thetransposef
L. Thealgorithmfor performingthe Cholesky decompositioris almostthesameasfor LU except
the squareroot of the diagonalelementis extractedat eachstepand usedto scalethe column

3A matrix A is a M-matrix if it hasa positive diagonal negative off-diagonalelementsandthe elementsf A~1 are
positive. Thelastconditioncanbereplacedby the conditionthatthespectraradiusof | — D1 Aiis lessthanunity, where
D is thediagonalof A.
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ratherthanusingthediagonalelementitself. ThelncompleteCholesly preconditionemtroduced
by Meijerink, etal. [182], is arrived at by performinga Cholesly factorizationanddiscarding
fill-in elementsxactly asin ILU. SimplelC decompositionwith all fill-in elementdiscarded,
is shawvn by Meijerink, et al., to always succeedf A is a M-matrix. The implementationof
IC-preconditioneatonjugategradient(ICCG) by Kershav [142] for radiationdiffusionproblems
shavs a greatsuperiorityover Gauss-SeideADI andblock-SOR.In Baldwin, etal., athreshold
variationICT of IC preconditioningvasappliedwith criteriathe sameasthe ILUT factorization
justdescribedIn their samplecalculationsa thresholdof 10~4 wasallowedanda generougimit
on the numberof fill-in elements.The ICT-CG methodturnedout to be quite competitive with
multigrid asthe bestmethod.

11.4.8 Nonlinear systems;Newton-Krylov

ThegenericPDEfor radiationdiffusionis

% — V- (D(T)VE) = kp(47B — cE), (11.51)

wherethediffusioncoeficient D is afunctionof thematerialtemperaturd’, whichis determined
by
ae(T)
ot

= k(CE — 47B). (11.52)

The dependencesf DonT,of BonT, of x onT, of eon T, andevenof D on E and VE,
areall quite nonlinear The nonlinearitypersistsevenif the equilibrium-diffusion assumption
cE = 47 B is made.To ensurestability this equatioris discretizedn timeimplicitly, asdiscussed
earlier Thatmeanghatthetime-adancedE™! will appeaiin the diffusioncoeficient, aswell
asin the VE factor, asin

™ -|-n+1 =l En+1
E”—E”+1—|—AtV-[D( + )V( + )} =0, (11.53)

2 2

in which T"+1 comesfrom E™1 by anauxiliary calculation.Thisis to besolvedfor EM1. This
is the prototypenonlineardiffusionproblem.

The solutionchoicesare (1) lag D by using D(T") insteadof the time-centeredorm; (2)
usethetime-centered but solve the equationin a Picarditerationin which D is updatedafter
eachsolve? (3) useNewton-Raphsoriterationon E"1, including the variation of T"*1 and
thereforeD with E"*1. Choice(1) is unacceptableecaus®f inaccuray andpossibleproblems
with thermalinstability. For choice(2) the corvergences not nearlyasgoodaswith choice(3).

The Newton-Raphsomethodfor a systemof nonlinearequationg= (X) = 0 is theiteration

JXMX™L = J(XMX" — F(X"), (11.54)

in which J standgor the Jacobiarmatrix J = 9 F /9 X. The Jacobiarof this systemwill beone
of thoselarge,sparsamatrices sothislinearsystenthatmustbesolvedfor eachNewtoniteration
fallsin thecatggory we have beendiscussingBut anadditionalconsideratiorns thatthe Jacobian

4picarditerationis anelegantway of saying“substitutethe unknavn backin anddoit agair’
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matrix elementshemseles may be costly to evaluate. In someothernonlinearproblems,not
radiationdiffusion,it maybe quitedifficult to explicitly dothederivativesfor the JacobianThis
is wherethe Newton-Krylov methodcomesto therescue.

Recallthatall the Krylov-subspacenethoddor solvinglinear systemsiependon the matrix
A (hereto bereplacedby the JacobianJ) only throughits productsAv with specifiedvectors.
But we have away of doing Jv; it is

Jv = IimOE[F(X” +ev) — F(XM)]. (11.55)
e—=0 €

If we simply evaluate(F (X" +ev) — F(X")) /e with asuitablesmalle, we shouldgetanapprox-
imatevalueof Jv thatis goodenoughfor the purpose.The Newton-Krylov method first applied
to problemssuchasthis by Brown and Saad[39], is a doubleiterationwith Newton iterations,
andinneriterationsusingGMRESor anotheiKrylov method,andusingtherelationjust givento
replacematrix-vectorproducts.

The GMRES iterationsmay well needpreconditioningto corverge satishctorily. But the
preconditioneroften explicitly usethe matrix, e.g., asin ILU or IC preconditioning. What
shouldbe doneaboutthis? In a studyof preconditionedNewton-Krylov solutionof equilibrium
diffusionproblemsRider,Knoll andOlson[219] useonemultigrid V-cycle basedon the matrix
A of the linear diffusion equation,i.e., the onewith fully laggedcoeficients,to precondition
the GMRES:iterations. It is not necessaryo updateA during the Newton-Raphsoriterations.
The amountof GMRESiterationwithin the Newton-Raphsonoop is adjustable.It could fully
corvergethe GMRESfor every Newton iteration,or do only a singleiteration,or somethingn
betweenRider, etal., choseto do avariablenumberof GMRESiterations with thecorvergence
toleranceighteningasthe Newton iterationsproceeded.

JonesandWoodward[136] examineda problemof ground-waterdiffusionthatis described
usinga nonlinearadwection-difusionequation. They appliedthe Newton-Krylov methodusing
GMRES with two kinds of multigrid preconditioner: one usedpointwise coarseningand the
other the SMG from above, usedcoarsenindy planeshroughthe mesh.Therelaxationapplied
at eachlevel was Gauss-SeidelThe GMRES corvergencetolerancewas adjusteddynamically
asthe Newton-Raphsorcorverged. The resultsshoved thattherewas a trade-of betweenthe
simplerandcheapepointwisemultigrid andthe morerobustSMG.

The Chebyshe methodcanalsosene asa nonlinearsolver. HymanandManteufel [131]
describea nonlinearmethodthat exploits the eventuallinearity of Picard-typeterationx™t1 =
F (xM) to applyideasfrom the Chebyshe algorithmto estimatethe optimumcoeficientsa and
B in arelaxationequation

X" = x" far" + B(x" = X"y, (11.56)
wheretheresidualis definedto be
r"=x"-Fx". (11.57)

This performedqyuitewell ona 3-D solutionof Burgersequation.Castor DykemaandKlein [61]
usedChebyshe acceleratiorfor the Picarditeration appliedto the Net Radiatve Bracletsin
the multi-level ETLA methodfor NLTE radiative transfer The nonlinearityis severein these
problemsandthe Jacobiaris notreadily obtainednor is a preconditioneravailable. Chebyshe
is the bestacceleratiomethodthathasbeenfoundfor this problem.
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Ng acceleratiorhasalsobeenusedfor nonlinearcalculations.For example,the CONRAD
code[176] in useat the Fusion Technologylnstitute of the University of WisconsinusesNg
acceleratiorfor the level populationsin a 1-D collisional-radiatve equilibrium modelbasedon
single-flightescap@robabilities.

11.5 Eddington factors and flux limiters

The Eddington-actormethod alsocalledthe variableEddingtonfactor(VEF) method,is simple
in concept:If thepreciseratio of thepressurdensorto the enegy densitywereincludedasanad
hoc multiplier in the Eddingtonapproximationequationsthey would thenbecomeexact. This
methodof solvingtransporiproblemsoriginatedwith thework of Gol’'din [103], underthename
Quasi-Difusion. The Eddingtontensomomenclaturavasintroducedby Freemanetal. [92].

Let the EddingtontensorT bedefinedby

P=TE. (11.58)

Substitutingarelationlik ethis into themonochromaticsecondnomentequatiorin thecomoving
frame,equation(6.50),for example leadsto

19F, 1
stV UR) +CVA(TE) = —kiFy. (11.59)

If, asin 811.3,we dropthe 1/c termshereandsolwve for F,, which is substitutednto the first
momentequationwe get

D(E,/p)
"ot

c

+ET,Vu—V. [ V.(T, Ev)} = 47, — iy pCE,. (11.60)

v

A frequeng-averagedrersionof equation(11.60)takesthe placeof equation(11.9),andcanbe
usedin the sameway. The solution costis muchthe same,exceptthat the partial differential
equationis not self-adjointin general andthereforecannot, evenin principle, be approximated
by a differencerepresentationwith a symmetricmatrix. Thuswe are compelledto use non-
symmetricsolversfrom the outset.

Someotherfeaturesof the VEF equationare seenby taking certainlimiting cases. If the
materialtermsandthevelocity termsaredroppedn equation(11.59)andalsoin equation(4.27),
andthenF, is eliminatedbetweerthem,theresultis

92E,

e c®V-[V+(T,E,)] = 0. (11.61)

This equationhaswave solutionsthatlocally obey thedispersiorrelation

w2

& =kTok, (11.62)
For aradiationfront propagatingn the directionn the Eddingtontensorwill bejust nn, which
meansthe dispersionrelationis @ = k-nc. This meansthe groupvelocity is exactly ¢ in the
directionn. Sothewave speeccomesoutright.
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A similar limit thatis informative is to considera vacuumregion in steadystatethat hasa
radiationfield passinghoughit. Apparentlythis field mustsatisfy

V-(T,E,) = 0. (11.63)
If we expandthetensordivergencewe find
E,V-T, +T,-VE, = 0, (11.64)
andif we thenmultiply ontheleft by theinverseof thematrix T, anddivide by E, we get
T,1.V.T, = —VIogE,. (11.65)

With a generaltensorT, this equationwill be inconsistentbecause conditionfor solubility is
apparently

vx[T;Lv.T,1=0. (11.66)

Puttingthis argumentdifferently, we cansaythat sinceunderthe statedconditionsthereis cer
tainly a solutionfor theradiationfield, thenequation(11.66)mustbe satisfied.But supposehat
thetensorhasbeenobtainedby someapproximationprocedureanddoesnot exactly obey equa-
tion (11.66),and supposehatthe region is not exactly a vacuum,but thereare small valuesof
absorptvity andemissvity thatwe let tendto zero. Thenwhatwe expectis thatthis limit is a
singularlimit, andthatthe solutionthatis foundin the limit doesnot have a finite value of the
flux. This sadexpectationis supportechy somenumericalexperience.

This problemsignificantlyimpairsthe robustnes®of the VEF method. A possibleremedyis
thefollowing. Supposeherewereanintegratingfactorg, suchthat

V'(TU EU) = qiTU'V(qu Eu) (1167)

v

weretrueregardlesof E,. Apparentlytheintegratingfactorwould have to obey this equation
T,-Vlogqg, = V-T,. (11.68)

This doesnot seemlik e progresssincethe conditionfor this to be solubleis also(11.66). But
now supposéhatwe extractasinglescalarequatiorfrom this vectorequatiorandobtaing, from
it, thenmalke thereplacemen(11.67)asan additionalapproximation.Onepossibility is to take
thedivergenceof the equationwhich gives

V.[T,-Vlogg,] = V-(V-T,), (11.69)

astheequatiorfrom whichq, is to befound. Givenanumericalestimateof T,, we would evaluate
thesecondlerivative on theright-handside,thensolve the Poisson-equation-l&PDEfor log g,
The additive constantis unimportantsince a multiplicative factorin g, cancelsout whenthe
integratingfactoris used.Becaus€T, is symmetricandpositive definitethis self-adjointelliptic
equationis easyto solve usingiterative methods.This approximationdeahashopefor it since
the curl condition(11.66)is accuratelyobeyedin boththe diffusionlimit andthe free-streaming
limit.
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If theformulafor theflux is alteredusingequation(11.67)thenthe VEF equatiorbecomes

D(E,/p)
P~ bt

cT,

+E,T,:Vu— V- [ V(G E,,)] = 47, — kypCE,, (11.70)

vPy
which alsonow hasthe nice propertyof beingself-adjoint.In fact,it is this propertythatmakes
theequatiorwell-posedfor ary T,, in thelimit k, — 0.

This approachwasintroducedby Auerin sphericalgeometryfor which the curl conditionis
exactly satisfied asameansof improving the conditioningof the VEF equation(11.60).We will
returnto thatbelow in discussingphericalproblems.

The questionbeforeus now is, wheredoesthe Eddingtontensorcomefrom? Therearetwo
generalphilosophies.Thefirst is to usean analyticmodel basedon the problemgeometrythat
attemptsto capturethe main featuresof the tensorasthey dependon thatgeometry Let's take
sphericageometryastheillustration. At a particularpointwe setup alocal Cartesiarcoordinate
systemwith the z axisin the radial direction,andx andy tangential. Axial symmetryaboutz
meanshatthetensoris diagonalandthe x andy diagonalelementsare equal. Thusthe tensor
hastheform

0
f o]. (11.71)

sincethe tracemustbe unity. In otherwords,we let therr componenbf thetensorbe f, then
the two transersecomponentare (1 — f)/2. We speakof f asthe Eddingtonfactor. This is
definedin the sameway asthe Eddingtonfactorin slab geometrydiscussecdearlier A simple
analyticmodelfor f of thetypewe arediscussings the formulathatcomesfrom assuminghat
the photospheraf a starradiatesan equalintensityin all directions,andthatthe spaceabove
the photospherés completelytransparent.Thus at a point locatedabove the photospherghe
radiationfield is constantithin a certainconeandzerooutsideit. The half-angleof theconeis
0 = sin‘l(Rp/r) in termsof the photosphericadius R, andthelocal radiusr. The cosineof

thisangleis u = cosd = ,/1 — (Rp/r)2. Doingtheintegralsfor P;; andE leadsto

1
f = §(1+u+u2). (11.72)

Asr approacheRRp, thevalueof u tendsto zero,sothe Eddingtonfactor f tendsto 1/3. Soin
this simplemodelwe would adoptthis formulafor f inr > Rpandsetf =1/3inr < Rp. As
apracticalmatter it hasbeenfoundthatusingsuchformulasfor the Eddingtonfactorameliorate
somevhattheerrorsin the Eddingtonapproximationput notenough.

The secondgeneralapproachto the VEF method,now usedexclusively, is to employ an
auxiliary calculationthat solves the radiative transferequationas accuratelyas possible,with
good resolutionin anglespace,and obtain the tensorpoint by point in spacefrom the angle
momentgderivedfrom this calculation.Onemaywell ask,why botherwith the VEF equationat
all whenan accurateangle-dependeritansfercalculationwill have to be doneanyway? There
are at leasttwo reasons.Oneis that making the large set of radiationtransportequationsfor
mary anglesimplicitly coupledthroughthe materialtemperaturdeadsto a systemtoo costly
to solve. For the auxiliary calculationthe distribution of temperaturas taken asgiven, which
removes the implicitnessand thus makes the transfermuch cheaper The secondreasonhas
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to do with retardationthe presenceof the time derivative termin the transportequation. The
burdenof carryingthis termis severe— notin the costof solving the spatialdifferencingwith
this small correction,but in the amountof storagerequiredto carry all the intensitiesfrom one
time stepto the next. It may be true that droppingretardationstill producesa tensorthat is
sufficiently accurategventhoughthe flux andenegy densityin the auxiliary calculationmight
have unacceptablsystematierrorsasaresult. The casefor the VEF methodhasprosandcons,
andis by no meansclosed. We will returnto this discussionn connectionwith approximate
operatoiterationmethodgALl), alsocalledpreconditioning.

Thereis anothermodificationto the Eddingtonapproximationthat is somevhat relatedto
the useof Eddingtonfactors,andis an alternative to it. This is the flux limiter. The primary
referenceon flux limiters and their connectionto the Eddingtonfactorin 1-D is Pomranings
paper[208]. Theideais to discardthe 9F/at termin the flux momentequationand malke the
EddingtonapproximatiorP,, = (E,/3)l, but compensatéhe errorsof theseapproximationdy
includinga correctionfactorin thediffusioncoeficient:

Fo=—PvE, (11.73)

Kyp

Thetensor(in general)D is theflux limiter. The only differencebetweerD andT is which side
of the divergenceoperatorthe tensorstandson; the insidefor T andthe outsidefor D. From
this point on, the philosophiesof flux limiters and Eddingtonfactorsbegin to differ. Thereis
no practicalway to self-consistentlyalculatea flux limiter soasto produceagreemenbetween
solutionsusingequation(11.73)andaccurateransportsolutions.Instead flux limiters areused
in the way thatanalytically-basedEddingtonfactorsmight be usedbut todayarenot. Thatis, a
relatively simpleformulais adoptedfor the flux limiter that capturessomeessentiafeaturesof
the problem but which cannotbevery accurate Flux limiters areintendedmainly to compensate
for the omissionof the 9F /ot term. The raw Eddingtonapproximationcangive a flux thatis
arbitrarily large comparedwith cE if the gradientof E is large enough;this is somethingthat
cannever happenf dF/dt is retained.This problemis correctecby makingsurethatD becomes
smallwhen VE is large, sothe flux is indeedlimited to be no largerthancE. ThetensorD is
invariably choserto be a scalartensor thatis, justa scalarfactor D, andthisis consideredo be
afunctionof thedimensionlessgjuantity

_|VE|

R= (11.74)

KvPEv-

A small value of R meansthat the ordinary diffusion flux is small comparedwith cE,, and
thereforeno limiting shouldbe necessaryand D shouldbe 1/3. A largevalueof R meanghat
thephysicallimit ontheflux is violatedby the ordinaryflux formula,andlimiting is neededThe
properlimit F,, — cE, is obtainedf

1
D(R) —» = for R—oco. (11.75)

Theliteratureon flux limiters hasbecomesxtensve,andwe will quotethreehere:

1
TR sum

1
D(R) = | ma3 R max ) (11.76)
L (COthR - %) Levermore
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The sum and the max flux limiters are just formulae chosento have the right limits. Lever-
mores[168, 169 flux limiter is derivedfrom anapplicationof the Chapman-Enség methodof
kinetictheory Levermorestheorymodifiesthedefinitionsgivenhereby includingafactorof the
scatteringalbedow in the denominatoof thedefinitionof R, andtheresultfor D thencontains
afactorm in thedenominatomswell. Theeffect of the albedois to leave bothlimits of the flux
limiter unchangedput to changehetypical valueof E/|VE| whereD switchesrom onelimit to
theotherfrom onemeanfree pathfor thetotal absorptvity to onescatteringneanfree path. Thus
in aproblemwith almostpureabsorptiorthevalueof R would belargeandtheflux would be set
to cE, evenatlarge opticaldepth. This is appropriatdf thereis no internalsourceof radiation
andonly a beamincidentat the boundarybut it is clearlywrongin the moreusualcasewith an
internalsource.

Thereare somecommentsto be madeaboutthe applicationof flux limiting in animplicit
radiationdiffusionproblem. It is evidentthatthe global geometryof the problem,which deter
minesthe angulardistribution of the radiationfield andimplicitly boththe Eddingtonfactorand
thetensorD, cannot beencompasselly formulaslik e equation(11.76). Thatis, no matterhow
muchskill is employedin selectingD, theerrorwill none-the-lesbe similarto the20%error of
the Eddingtonapproximatiorin general.For this reasorthereseemdittle to choosebetweerthe
alternatve expressions.The secondpointis that D is a non-linearfunctionof E, andits gradi-
ent,andthis addsadditionalnon-linearityto equation(11.9)beyondthatdueto thetemperature.
Furthermorein 2-D or 3-D thegradientdn the differentdirectionsarecombinedn thediffusion
coeficientsinceD depend®n the norm of the gradient. The alternatve of usinga functionfor
eachcoordinatadirectionthatdepend®n thatcomponenbf the gradientalonecanleadto a flux
vectorthatmakesa largeanglewith VE,,, andthis is unphysical.The betterapproachs eitherto
dealwith the non-linearitiesusingNewton-Raphsoror to lag thevalueof D in time.

11.6 Method of discreteordinates

This methodwasoriginally introducedoy Chandrasekhd65] to solve the standardoroblemsof
monochromatior grayscatteringn 1-D slabgeometry andit is particularto thatgeometry We
refer to section5.2 for the definition of the anglecosineu andthe formulationof the relation
betweerthe sourcefunction S andthe meanintensity J, equation(5.25). Theideaof themethod
of discreteordinatesis to choosea setof discretevaluesof © = {4ui,i = 1,...,n} anda
quadraturdormula

1 n
[ a0 = S witf o+ fo (a1.77)

i=1

The quadraturewill alwaysbenormalizedsothat

> wi=1 (11.78)

i=1

Chandrasekharonfinedhimselfto the even-ordeiGaussiamjuadraturesn [—1, 1] for whichthe
valuesof uj arethepositive zeroeof the LegendrepolynomialsPa, (1). Thefirst approximation
hasasinglevalueof u; which is the zeroof P>(u), namely1l/+/3. Much moreaccurataesults
are obtainedwith otherquadratureschemessuchas subdiiding [0, 1] into a large numberof
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subintenals and applying 3-point Gaussiarguadratureon eachsubintenal. The Hopf function
in section5.3wasobtainedusing12 pointschosenn this way with 4 subintenals;its accurag is
aboutb.5 significantfigures.

Whenthis discretesetof angless usedfor thetransferequationit takesthis form

dix .
tui—— =17 -8 (11.79)

dl’ !
Forafully computationahpproacho this problemthisequatioris thenwrittenin finite-difference
form leadingto alinearsystenmof equationgor Iii atasetof discretedepthsrj whicharesolved
in astandardvay. Chandrasekhasmethoddoestheanalysisof thedifferentialequationsnalyt-
ically. Theequationg11.79)canbe solvedformally andsubstitutednto the quadraturdormula
definingS. Theresultis exactly Milne’sfirstintegral equationexceptthatthe E; kernelhasbeen
replacedaccordingo

—E1(IXI) - Z — (—m> . (11.80)

Thisphilosophycanbeappliedin amuchmoregeneralvay: If we arefacedwith arny corvolution-
typeintegral equationon a full-spaceor a half-spacewe canfind approximationgo thekernelin
theform of asumof exponentialsandproceedexactly asfor the Milne problem.For example the
non-LTE problemof line scatteringvith completeredistritution, which leadsto anintegral equa-
tion with thekernelK1(7) asdescribeckarlier, is treatedn exactly thisway. Thisis developedat
somelengthin thebookby Ivanor.

Thenext stepin theanalysignvolvesfindingthefunctionT (z) thatapproximated — K1(i /2).
Sincethe Fouriertransformof (a/2) exp(—a|x|) is 1/(1 + k?/a?), therepresentationf T (z) in
theconsenrative scatteringwr = 1) caseis

n

T =1- Z Z v (11.81)
B 1- MZ/ZZ — uZ— 22 '

We obsene that T (z) mustbe a rationalfunction of z sinceit is a sumof rationalfunctions. It
has2n poles,atthepointsz = 4p;. SinceapparentlyT (z) « 1/2? for z — oo, it musthave the
form Ron—2(2)/ Sn(2), whereR and S arepolynomialsof theindicateddegrees.ThereforeT (2)
shouldhave 2n — 2 zeroestz,, o« = 1,...,n — 1. The computationalvork at this pointis to
actuallyusean algebraicroot finder to evaluate(to high precision!) theseroots. Oncethey are
foundT (z) canbeexpressedn factoredform as

n—1
1‘[ 1-2°/2%)

=1

T ="
H 1- z2/u2>

(11.82)

wherethe multiplicative constanfactorhasbeenadjustedo satisfy T (0) = 1. Now it is simple
to factorT (z) into partsanalyticin theleft andright half-planes,
1

T(2) = HoOH(—2)' (11.83)
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n
1@+ 2z/p)

H(z) = 37 (11.84)

1_[1(1 +2/24)

The problemis now essentiallydone,becauseH (u) is the angledependencef the emegent
intensityandH (1/p)/ p is the Laplacetransformof the sourcefunction,for half-spacegproblems.
The Laplaceinversioncanbe doneeasilywith the methodof residuessincethe polesof H, the
points—z,, arealreadyknown.

Thereis a relationbetweenall the roots and the quadraturepoints that comesfrom noting
thatT(z) ~ —1/322 for z — oo assumingthat the quadraturdormula does [u?du = 1/3
accuratelylt is

n
[T i
= _ 1 (11.85)
n-1 3 )
. V3
a=1
Usingthis relationwe seethatthe expansionof H (z) for largez is
H(2) ~ v3(z+ ), (11.86)
wherethe constant is givenby
n n—-1
Ooo = D 1 = ) Za (11.87)
i=1 a=1

Settingp = 1/z thusgivesthebehaior of the Laplacetransformof S at small p, namely
- 1 Ooo
S~V30) (S5 + =), (11.88)
p p
andthereforeS for large t is givenby
S~ V/3S(0)(7 + Go). (11.89)
In otherwordsthe large- valueof the Hopf function comesout immediatelyfrom the solution
of the characteristiequationT (z) = 0 for therootsz,.

11.7 Spherical symmetry

Sphericakadiative transferis onestepup in complexity from radiative transferin slabgeometry
Goodreviews of sphericalradiative transferarefoundin refs.[186], p. 250ff, and[189], §83.
For sphericalproblemsall the scalarssuchas opacities,temperaturesourcefunction, etc., are
functionsonly of theradius(andperhapgime), but theintensitiesarefunctionsof radiusand u,



11.7. SPHERICALSYMMETRY 215

whereu is definedastheradialcomponentf thedirectionvectorn. However, sphericakcoordi-
natesarecurvilinear, which meangthat i variesalonga straightray. We introducecoordinates
basedon the rays, which arethe pathlength alongthe ray measuredrom the point of closest
approacho thecenter

z=rp, (11.90)

andtheimpactparametenpf thisray relative to the center

p=ry1- u2 (11.91)

As a photonmovesalongthe ray, p remainsconstantout r and . vary as z increasesy the
distanceraveled. Theinverseof therelationsgiving z and p in termsof r andu are

r=.p%+22 (11.92)

z
SNl

The derivativesof thesewith respecto z at constantp give the variationsof r andu alongthe
path:

and

(11.93)

<3r> - z___ (11.94)
0z p B RV, p2 + 72 —H .
I p? 1—p?

i = = . 11.95
<8z>p (p? + z2)3/2 r ( )

Thecorrectform of thetransporequatioromitting velocitiesin (r, ) coordinatess therefore

191, al,  1—p?a8l,

-—— — jo — Ky ly. 11.96
c ot 122 ar r o Jv vly ( )

Formingthe first two momentsof the transportequationis easy sincethe u-derivative termcan
beintegratedoby parts.We find

oE, oF, 2F,

T = dn)y—cE, (11.97)
10F, P, 3P, — E,
Z —__- - = _k,F 11.
cat TS T v (11.98)

which we would have expectedfrom the general-geometryelationsgiven earlier if we were
familiar with theform of atensordivergencen sphericasymmetry

Much work hasbeendonewith radiative transferin sphericalsymmetryin the steady-state
case.We will pursuethis briefly by droppingthe time-derivative terms. The momentequations
thenbecome

1 ar2F, .
2 4rj, — CE,, (11.99)
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and
P P,— E
AR el S (11.100)
ar r
Hereis wherethe Eddingtonfactor
P,
fy=— (11.101)
E,

canbeintroduced aswell asAuer’sintegratingfactorq, definedby

1
logq, = /O:_r (3— f—>. (11.102)

This allows theflux to be calculatedrom E,, usingthe divergence-lileformula

c 0

Fo=m—
! k,qy or

(@ fyEy) . (11.103)

The sphericalversionof the VEF methodthen proceedausing this formula for F, and either
equation(11.97)or equation(11.99). This part of the problemis thenno more costly thanslab
geometry
The questionremainshow to calculatethe Eddingtonfactor One approachis to select

ananglemeshpu; aswell asa radiusmeshr; andcorvert equation(11.96)or its steady-state
equialentinto a setof finite differenceequations By choosinganupwind form of differencing
theseequationsanbe solvedin asinglesweepfrom theupwindsidein thedownwind direction.
(This ideaof sweepingin the upwind-to-davnwind directionwill be explainedmorebelow, in
connectiorwith Sy methods.Wewill notdiscusghis morehere becaus¢heaccurag turnsout
to bebad,andabettermethodis available.

The bettermethodis to usethe (p, z) variablesasthe coordinates. The meshis actually
constructedy finding the intersectiorpointsof thecirclesr = rj with theraysp = p;. Thez

valuescomeouttobez j = + /rj2 — piz. Thetwo possiblesignscorrespondo thetwo directions
of propagatioron theray atagivenradius,but we canalsothink of along ray thatstartsoutside
the starat negative z, comesinward asz increaseshroughnegative values,reacheghe point of

closestapproacthat z = 0, thenpasse®ut againasz increaseshroughthe positive values.Such
ameshisillustratedin Figure11.1. Thetransferequationin thesecoordinatess simply

al, .
(E) = v —Koly. (11.104)

Thisis usedin theauxiliary calculationfor the VEF methodto find 1, givenvaluesof k, and j,.
Sometimedghis stepis calledtheformal solution Theintegrationcanbedoneby marchingalong
eachray in thedirectionof increasingz. Alternatively, the Feautriervariables(cf., 85.6) 4, and
f, maybeused ;sothat;, obeysatwo-pointboundary-alueproblem,

3 10\ | .
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The boundaryconditionsaregiven on the symmetryplaneatz = 0 —where#,, vanishes—and
the outsideradius. If thereis aninnerboundaryradius,thena conditiontheremay replacethe
z = 0 conditionfor somerays.

However theintensityin the p, z coordinatess obtained the anglemomentsarethencalcu-
latedby

fi

E,ri) = o dzij 1 (pi,z,j) (11.106)
| —Trj
27 (T

Fo(ri) = 2 dzj z,jl(pi,z,j) (11.107)
i/
2 (Ui

) = —3 dzj z2;1(pi. ). (11.108)
i

Becauseghemeshin z ; is quite uneven,somecarehasto be givento makingthe spatialdiffer-
encingof thetransferequationandthe quadraturever z sufficiently accurate.

11.8 Escapeprobability methods

Theuseof thesingle-flightescaperobabilityasa replacementor solvingthe equationof radia-
tive transferhasthe statusof a numericaltechnique sinceit enablessolving coupledradiation
hydrodynamicgroblemsor NLTE problemswith large numbersof level populationsandradia-
tive transitions thatwould be prohibitively expensve to solve with moredetailedmethods.At

the simplestlevel thesemight be 0-dimensionahtomickinetic equationsperhapsoupledwith

anenegy equatiorfor the evolution of thetemperatureThe “goldenrule” of usingsingle-flight
escapeprobabilitiesin thesesituationswas describecearlier (cf., §9.3),andjustified by Irons’
theorem:

Z —> Pesc- (11.109)

Thequantityz is the Net Radiatve Bracket,z = 1 — J/S, and pescis thetwo-sidedsingle-flight
escapegrobability. For aspectraline pescis givenby

1
Pesc= > [Ka(z) + Ka(mo — 7)] (11.110)

in termsof thekernelfunctiondefinedby equation(9.18). Irons’ theoremsaysthatz and pescare
equalin the meansense.Sotheresultsshouldnot be too badin a 0-dimensionabr “one-zone”
modelif themeanvalueof pescis usedto make thereplacementl — (1 — pesd Sin thekinetic
equationsandalsoto approximatahetermin the materialenegy equation

471/ dvk,(J, — S) & —47 Y ki PescS. (11.111)
0

lines

The resultsare much less satishctoryif z is replacedpoint-by-pointwith pescin a spatially-
distributedmodelin a hydrodynamicsimulation,for example. Evenin the O-dimensionakase,
the approximatiorof theradiationfield in photoionizatiorcontinuausingescapeprobabilitiesis
notasaccurateasfor lines,andfar from satishictory
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An exceptionto the statementiboutescapeprobabilitiesnot being accuratepoint-by-point
may behigh-velocity flows for whichthe Soboler approximatior(cf., 86.8)is valid. TheSoboles
approximatiormaygiveresultsatthe 10%level of accurag while for staticmediatheaccurag of
thenormalescapgrobabilityapproximatioris afactortwo in goodcasesHowever, Hummerand
Rybicki [129] have givenaratherpessimisticassessmerf the accurag of the simple Sobole
approximatiorin certaincases.

Another classof methodsthat have beenproposedby Athay [11], Frischand Frisch[96]
and Canfield, et al. [47], mayfill the gapwherepoint-by-pointresultsof reasonable@ccuray
are neededbut it is prohibitively expensve to solve all the transferequations. It is reviewed
by Rybicki [222], andalsoby Athay, Frischand Canfieldin the samevolume. Athay calls his
methodprobabilistic radiativetransfer thetermalsousedby Canfield,while Rybicki prefersto
callthemethodsecond-oterescapgrobability. Second-ordein Rybicki’'snomenclatureneans
thatthe methodis derivedfrom a quadratidantegralformularatherthanfrom alinearone,notthat
it is thesecondnembetin a systematiexpansion.Neithertermquite suggestsvhatthe method
is without further explanation. The essenc®f the methodis to obtaina first-orderdifferential
equationfor J (or z) asa function of optical depthin which the single-flightescapeprobability
appearsas a coeficient. This canbe solved much more cheaplythan doing detailedtransfer
calculationsbecausé¢hereareno frequencie®r anglesto considerandthe equationis first-order
notsecond.

Thederivationby Canfield,et al., is thefollowing. Thereis a quadraticexactintegral of the
Milne equationthatwassuggestedby FrischandFrisch;it is

x 39J OO 0 * / ’ / 1 2
/ dr 8—5(1) =/ dr S(r)a—/ di'Ki(lt =1 |)S(r)+§Soo. (11.112)
o T o T Js

Ontheapproximatiorthat S(t) is slowly varyingon the scaleof thewidth of the kernelKy, the
two factorsof S canbefactoredout of theintegralson theright-handside. Whatresultsis

/oodr ES(r) = —33(0)2(1 — Ka(o)) + }sgo. (11.113)
p ot 2 2

The K> function can be identified as 2 pesc for the semi-infinitemediumon the basisof equa-
tion (11.110). Notice thatthis escapeprobability is two-sided. Differentiatingthe equationand
dividing by Sleadsto

9  9S  OPesc 9S
~_=_ -2 ) 11.114
Jat ot ot S pesc% ( )

This is the basicequationof the probabilisticradiative transfer/second-ordescapegrobability
method. An equivalentequationwas given by Frisch and Frisch [96]. Athay’s [10] form is
somevhatdifferent. As notedby Rybicki, the integral of this relation,assumingJ (co) = S,
gives

- *© 0S
(1) = (1 - pesdS(T) + f 0’ Pescy— - (11.115)

Anotherway of writing the sameequationis

1 [ 9S
Z= Pesc— = / dt’ Pesc; - (11.116)
SJ;: ot
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Thefirst termin this relationis the ordinaryescape-probabilitgpproximation.The seconderm
is responsibldor theimprovedaccurag of the second-ordeapproximation.

If therelationS = (1 — €)J + ¢ B for thetwo-level atomis usedto eliminateJ from equation
(11.114),assumingB is constantthenS mustobey this equation:

1105 05 OPescg IS (11.117)
at T at at
Theintegral of thisequationthatgivesS = B for pesc= 01is
JeB

= , (11.118)
e+ (1 —€)2pesc

in exactagreementvith lvanos’sapproximation9.26)for a semi-infiniteslab(zg — 00).
Thismethodhasprovedto bevery usefulfor thingslike modelingquasabroad-emission-line

spectrg47]. Canfield,McClymontandPuettef{45] describeapplicationsof the methodaswell

asanextensionto finite slabs.

11.9 Sy methods

At this point we would like to distinguishlong-characteristicnethodsfrom short-characteristic
methodsfor solving the transferequation. A long-characteristicnethodmeansthat we march
alonga singlestraightray to solve the equation,althoughthe ray directionmay be changingin
termsof component®f n alongthelocal coordinatedirections.An exampleof thiswasjustseen
in the p, z coordinatedor spherical-symmetrproblems.A shortcharacteristienethodis onein
whichabundleof raysis createdat eachmeshpoint, eachoneof which goesin the directionof a
certainn with respecto thelocal coordinatesTheraysin this bundleareextendedn theupwind
directiononly asfar asthe next spatialcell. Eachspatialnodehasits own bundle,andthesedo
notconnecfrom onenodeto the next for two reasonstheray directionsarenot parallelwith the
vectorsjoining neighboringnodesandtheray directionsat onenodearenot necessarilyarallel
to thoseat the neighboringnode. The nameSy is often usedfor short-characteristimethods.
Theslabgeometrycaseis anillustration of bothlong- andshort-characteristimethodspecause
in this casethe ray segmentsfrom all the nodesdo join into long rays. For othergeometrieghis
is nottrue.

The Sy methodis developing very rapidly at this time. Pomraning[206] describeshis
methodat an early state. The problemsassociatedvith the unhappy choice betweeninaccu-
ragy (stepdifferencing)andnegative solutions(typified by the diamond-diferencemethod)have
vanishedoday thoughthe useof the discontinuoudinite-elementmethod(cf., [85]) andthe new
cornerbalancemethodof refs.[62, 2].

One exampleof shortcharacteristichasbeenencounteredlready the sphericalequation
in r, u coordinates.The Sy approactregardsthis asan adwectionproblemin r, u space.The
equationcanactuallybe castinto conserative form as

19/, a [1—p? .
r_Za_r(r ulu)+@( r |v>_1u—kvlv. (11.119)

One approachto forming the Sy equationsis to integratethis equationover a radial volume
elementfri, ri+1] andan angleelementij, 11j+11. The “surfacefluxes”, r2ul in radiusand
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(1— u?)1/r in u, for thatradius-angleell arerepresentedsinterpolatedvaluesalongthe mesh
lines,wherepreferences givento thevaluesonthesideof themeshliine correspondingo thecell
from whichtheradiationis flowing. Thisis the“upwind differencing”idea. It shouldbefamiliar
from thediscussiorof cell-centeredidvectionin theEulerianhydrodynamicsnethods§3.2. The
fluxescanbe madefirst-orderaccuratewhich makesthemethodsecond-ordeaccurateby doing
theinterpolationappropriately

Anotherway to do it is to expandthe intensityin a setof basisfunctionsfor eachr, u cell,
suchasthe four functionsneededto representt with bilinear interpolation. Substitutingthis
expansionfor | into the transportequationyields a residualfunctionthatideally would be zero
everywhere but of coursewill notbein practice. By taking projectionsof the residualon the
basisfunctions(or perhapsanotherset) we derive enoughequationgo determinethe unknown
expansioncoeficients. This is thefinite elementmethod.By allowing every cell to have its own
setof expansioncoeficientsindependentf its neighborsthatis, by not enforcingcontinuity of
I betweemeighborcells,the numberof degreesof freedomis increasedndwith this theability
to represensharpchangesn the intensityis improved. The “upwinding” entersin this version
of thefinite elementmethodwhenthe surfacetermsthatarisefrom theintegrationoveracell are
systematicallyevaluatedusingthe variableson the upwind sideof the cell boundary Thisis the
discontinuousinite elementmethod.

Assumingthat upwind differencinghasbeenapplied, the equation(s)or a givenr, n cell
couplein the valuesfor the neighborcell at smallerr (if © > 0) or largerr (if © < 0) andat
smalleru. Thatmeanghatit is possibleto do arasterscanof thewhole meshin theproperorder
andfind thatall the neighborcell datathatareneededat eachpoint have alreadybeencomputed.
Thusonescanthroughthe meshis suficientto evaluateall theintensities.This is whatwe mean
by “sweeping”themesh.

The radiationtransportmethodin ZEUS-2D,an axial-symmetry2-D Eulerianradiationhy-
drodynamicscode[244), illustratessomeof the short-characteristicsleasin two spacedimen-
sions.Thecharacteristicef thetransportequationin r zgeometryarehyperbolaepeningin the
r direction,which meanghateitherthe angleadwectionis treatedseparatelfrom spatialdiffer-
encing,asjustdiscussedyr thecurvedpathsmustbetracked. In ZEUS-2Dtheproblemis solved
by usingthe axial-symmetryextensionof the pz coordinatesystemusedfor sphericalgeometry,
cf., 811.7. Tangentplanesparallelto the z-axis take the placeof the rayswith impactparameter
p in thesphericalcase.Thereareasmary tangentplanesastherearezonesin ther directionin
themesh.Theslicesby thesetangeniplaneshroughthe hydrodynamianeshdefinethetransport
meshin eachplane. The numberof cellsin the z directionis the sameasin the hydrodynamic
mesh,while the numberin the lateraldirectionvariesfrom twice the numberof radial zonesto
two, dependingn the distancebetweerthe slice andthe z axis. The transporton eachtangent
planeis computedfor several valuesof nz, the directioncosineof the ray with respecto the z
axis. Sousingthis transformatiorreducedhe axial symmetryproblemto oneof transportin xy
geometrywith a Cartesiarmesh.

The short characteristicsnethodof Stone,Mihalas and Norman[244)], appliedin ZEUS-
2D, hasfeaturesin commonwith the Mihalas, Auer and Mihalas [188] (MAM) method,and
especiallywith the methodof Kunaszand Auer [152]. The salientfeaturesof MAM arethe
following. Theintensityis describedoy pointwisevalueslocatedat the meshnodes. For each
of the chosenanglesaray is drawvn througha givennode O in thatdirection,both upwind and
downwind, andit intersectsthe far sidesof the neighboringzonesat an upwind point M and
a downwind point P. The transportequationis written in Feautrierform, cf., 85.6, alongthis
characteristicand Auer’s [12] Hermite differencingof the Feautrierequationis used,which
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givesa fourth-orderaccurateelationconnectinghe Feautriervaluesj andthe sourcefunctions
S atthe threepoints MOP. PointsM and P arenot at nodes,soboth j and S at thesepoints
arerepresentedy quadraticinterpolationof the valueson the appropriatesidesof the 9-node
stencilsurroundingO. Theresultis a 9-pointdifferencingof the Feautrierform of thetransport
equationfor this ray direction. Taken all togetheyfor a givendirection,the resultis a block-tri-
diagonallinearsystentor theunknavns j. Sincethe sourcefunctionsmaydependnall the j’s
throughthe scatteringerm J, the Rybicki eliminationmethod[221] is applied. The downsides
of this approacharetwo: (1) The block-tri-diagonalsystemis very expensve to solve. This is
unavoidablewith the Feautrierform. (2) The quadraticinterpolationswill produceringing and
can,andoftendo, yield negative intensities.

Kunaszand Auer [152] departfrom MAM by usingthe first-orderform of the equationof
transfer—ratherthanthe Feautrierform usedby MAM—which is integrated(exactly) with the
relation

At
lo = Im exp(—AT) + dr’ S(z') exp[— (AT — /)], (11.120)
0

in which S(z’) mustberepresentethy aninterpolationfunction. They considerthe alternatves
of usinglinearinterpolationof SbetweerpointsM andO, or usingparabolidnterpolationbased
onthethreepointsM OP. Thevaluesof SatpointsM andP maybegivenby linearor parabolic
interpolationalso. The parabolicinterpolationsfor the upwind point M will sometimeanalke
useof dataone point beyond the 9-point stencilon the upwind faceof the box definedby the
9 points. This resultsin atotal of 13 pointson which datamay be usedto obtain . Unlike
the casewith Feautrierdifferencing,the intensitiescan be calculatedin a downwind sweepin
the Kunaszand Auer method. This makesthe operationcountscalelinearly with the product
Ny Nz, where Ny and N, arethe numberof meshlinesin thosedirections,whereashe MAM
methodscalesasNZN2. Thereis a heary penaltyfor usingthe Feautriewvariablesn 2-D or 3-D.
The computationatesultsin Kunaszand Auer [152] indicatean unfortunatetrade-of between
accurag andpositiity in problemswith discontinuouslata,suchasthe searchlighbeam.They
pointoutthatmoretypical problemsareforgiving in this respect.

Thedifferencesn ZEUS-2Dwith respecto KunaszandAuer [152] are:linearinterpolation
replacegjuadratidnterpolationfor thevaluesat point M, andSis representedly linearinterpo-
lationalongtheray. Thesolutionof thetransferequatiorfor theseggmentM O, givenby equation
(11.120),becomes

lo =Imexp(—A7) + (So — Suw) exp(—Ar) + %[1 —exp(—A7)]. (11.121)

This differencingis first-orderaccurateandit is not consistentvith the diffusionlimit. Thatis,
therelationJ, ~ S, — V-(VS, /k,)/(3k,) will notbeobeyedin theopticallythick limit, although
F, ~ —VS,/(3k,) maybe. Theschemas alsonot consenrative. Theseobjectionsareaddressed
by usingthetransporisolutiononly for the purposeof obtainingthe Eddingtontensor cf., §11.5.
The Eddingtontensoris incorporatedn a consenrative cell-centeredlifferencingof theradiation
enegy equation.

Two approacheso Sy radiationtransportthat do not useshort-characteristifinite differ-
encesaretheupstreantornerbalancemethod(UCB) describedy Adams[2] andthenon-linear
cornerbalancemethod(NLCB) of Castrianniand Adams[62]. The Adams[2] methodis quite
similar to the bilinear discontinuoudinite element(BLD) methodusedby Dykema,Klein and
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Castor[85]; seealsoCastor DykemaandKlein [60]. Adams[2] reviews a variety of different
methods.A generalfeatureof thesemethodss to retainsecond-ordeaccuray while preserv-
ing positivity asmuchaspossible.A very generalresultis thatsecond-ordeaccuray andstrict
positiity (I cannever be negative whatever the sourcefunctionis, provided S > 0) are mutu-
ally exclusive in alinear algorithm. Non-linearalgorithmscanhave simultaneousecond-order
accurag andpositivity, andindeedNLCB does.

A sampleof how the BLD methodworksis the 1-D problem.Let's saywe wantto solve

ol
—=—-1+8S (11.122)
ot

onameshwith nodesry 2, 732, . . ., Sothatzonei is boundedoy 7j_1,2 andrj11/2. We focuson

zonei, anddefinex = (t — 1j_1/2)/(ti+1/2 — Ti—1/2). For thelineardiscontinuousnethodthe
intensityin zonei is representety

=17+ =17, (11.123)

Thatis, thevalueatri_1/2 is I;” andthevalueatt;1/2 is I;*. Thesevariablesareall independent,
soat eachnodei + 1/2 the intensityis double-walued,having the value Iﬁ on the left andthe
valuel” ; ontheright. Theinterpolationfor | canbe describedby sayingthatwe expandin a
setof two basisfunctions;the basisfunction associatedvith the left-handnodeis wo = 1 — X,
andthe function associatedvith the right-handnodeis w1 = x. The Galerkin prescriptionfor
thefinite-elementnethodis to substitutehe expressior(11.123)into equation(11.122)andthen
form the projectionsonthe two basisfunctions.Thereis upwindingbuilt into this procedurethe
integrationovertheinterval [1i_1/2, 7i41/2] is extendedatits lower limit (upwindside)infinites-
imally into theinterval [tj _3/2, 7i—1/2]. This bringsin the value Iitl whenadl /9t is integrated.
Carryingouttheseoperationdeadsto thefollowing equationwhichis repeatedor k = 0, 1:

1 3 B 1
~ [(li — T Dwk(0) + (177 — 1, )fo wk(x)dx] =

1 1
(S - 'D/ wr(X)(L—x)dx + (S — |i+)/ we(X)xdx. (11.124)
0 0

It is perfectlypossibleto usethis pair of equationsas-is,but stability andpositiity areimproved
by makinga modificationthatis called“masslumping”. This consistof replacingSJr — Ii+ on

theright-handsideof thek = 0 equationby § — I;, andreplacing§ — I, ontheright-hand
sideof thek = 1 equationby §" — I;*. Thefinal resultis

1 _ 1 _ 1 _

E[Ii - 'if1+§(|ﬁ— i )} = 5§ =1 (11.125)

11 _
ar a0 10)]
Thesolutionof this pair of equationss
1.2 - + + 1 1.2
- = <1+ AT+ SAT ) [Ii_l + AT <|i_1 +5(§ - aﬂ) +5Ar s—}
(11.127)

-1
It = <1+ AT+ %Arz) [lﬁ_l - %Az(ﬁ* +59)+ %Aﬁsﬂ : (11.128)

%(sr —1%). (11.126)
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Theseconcequationcanbesolvedrecursvely for all the Ii+, fromwhichthel;” follow usingthe
first equation.We canseefrom the form of the equationghatit is quite possiblethatthis linear
discontinuousnethodis second-ordeaccurateandindeedit is. Theaveragel; = (I, +1,7)/2
is the adoptedhodalvalue. This quantityis not guaranteedo be positive. If the sourcefunction
increasesiramaticallyin zonei, thenl;” cango negative, andthereforesocanthenodalaverage.

Adams[2] describedirst the SimpleCornerBalancemethod(SCB). Thisintroducegheidea
of a“corner”, whichis asubdvision of ameshcell obtainedn thisway: Definethe centerof the
cell in someway, suchashy averagingthe coordinatef the vertices. Thenin 2-D draw lines
from the centerto the midpointsof all the sidesof the cell, which canbe an arbitrary polygon.
Thesdinesthendivide the cell into cornerswith eachcornercontainingoneof the vertices.In
3-D thecell is slicedup by planesthatconnectthe midpointsof two edgesandthe centerof the
cell, but thesemay be further divided into tetrahedradependingon the method. In 1-D there
aretwo “corners” percell, the left half andtheright half. With quadrilaterakellsin 2-D there
arefour cornerspercell, andin a hexahedraimeshin 3-D thereareeightcornerspercell. There
can be 48 tetrahedrgper hex, which is quite an obstacleto using tets, despitetheir attractive
simplicity. The concepunderlyingthe cornerbalancenethodds thattheintensityis regardedas
constanin eachcorner.Thetransporiequationis treatedoy applyingconsenrative finite-volume
differencingoneachcorner Thenode-or edge-or face-centerefluxesmustbe specifiedandthe
usualSy choicesare: (1) Diamond,which meanghatthe edgeflux is derived from the average
intensity of the cellson eachside;and(2) Step,which meanghatthe upwind intensityis used.
Diamondis secondorderwith ringing andthe possibility of negative intensities,while Stepis
first orderandpositive. In the cornerbalancemethodthe edgesr facesof acornercanbeeither
exterior, meaningthat the adjacentcornerbelongsto anothercell, or interior, meaningthat the
adjacentorneris in the samecell. The SCBmethodappliesStepto exterior edgesandDiamond
to interior edges.

As pointedout by Adams[2], for slabsandfor Cartesiamrmeshesn 2-D, the equationf the
SCB methodareidenticalto the fully mass-lumpedinear discontinuousnethod,i.e., to equa-
tions (11.125,11.126)n 1-D. Thereare somedravbacksof the SCB method. The first is that
if the meshis distortedin 2-D or 3-D (and SCBis no longerthe sameaslumpedBLD in that
case)thenthe wrong effective diffusion coeficient is obtainedin the optically-thick limit. The
boundaryconditionin the optically-thicklimit may not be the properdiffusion boundarycondi-
tion, dependingnthe cell geometry Thefinal drawbackis thatalinearsystemsolve is required
to obtainthe cornerintensitiesfor all the cornersin the cell; thisis 2 x 2 in 1-D, cf.,, equation
(11.125,11.126)ut becomes muchmorecostly8 x 8in 3-D. Adamsaddressetheseproblems
with his UpstreamCornerBalancemethod.

The essencef Adams’ UCB modificationis to replacethe Diamondchoicefor the interior
facesof the cornerswith an upwind expressiorthatis not Step,but a form thatis itself derived
by consideringhe optically-thicklimit. Sinceit is upwind,this meanghatall the cornersin the
cell areupwind-differencecandcanbesolvedin sequencethusavoiding the linearsystentfor all
thecornersof SCB. The numericalresultsshovn by Adams|2] illustratetherobustnes$ut poor
performanceén somecase®f SCB,theaccurag in mostcasef non-mass-lumpeBLD but the
negativity it givesin aproblemwith complicatedyeometryandthejust-rightbehaior of UCB.

In both sphericalgeometryand 2-D axial-symmetrygeometrythe anglederivative question
must be faced,as discussedabove. In sphericalgeometrythe polar anglecos ! 1 decreases
alongtheray in thedirectionof propagation.n axial symmetrygeometrythe inclination of the
rayto thesymmetryaxisz is constantbut theazimuthalangleof theraywith respecto theradial
directiondecreaseslongtheray. Therelationsareformally thesamen thetwo casesapartfrom
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afactor(1 — n2)/2 to projectpathlengthinto the xy planein the cylindrical case.The current
Sy methodssuchasUCB andBLD do not apply a finite-volume methodin angle,asdescribed
earlier but representhe anglederivative in finite-differenceform. Someof the backgroundof

this questionis foundin Chapte of RichtmyerandMorton [217].

Thisis illustratedfor axial symmetryasfollows. Let thedirectionvectorhave acomponenj
in the +z direction,andlet theanglebetweertheray’s projectionon the xy planeandtheradial
directionbe ¢. (In muchof the transportliterature¢ is usedfor the scalarflux, i.e., our 4 J,
and v is usedfor the angularflux, our I, but that shouldnot be a confusionhere.) Theimpact

parameteof theray, aconstanfjuantity is p = /1 — u?r sing. Therefored¢/dr alongtheray

isd¢/dr = —tang¢/r. This meanghetransferequatiorbecomes
9l ol 1—p2 9l
— +4/1—pu? R S — = —kl +kS. 11.12
Maz + ? COSp o - sing 29 + kS ( 9)

This canalsobewrittenin conserative form as

B 10 10
2 2% (/1,2 _ =% J1_ 24 __
az(M|)+r8r( 1 urcos¢l) r8¢< ) sm¢>|)_ kl +kS. (11.130)

It is the differencingof the lasttermon theleft-handsidethatis the question.In Sy schemes
and¢ areassignedspecificvalues,andtherewill be,in general several directionvectorswith
differentvaluesof ¢ for eachvalueof u; seebelow. If thesep valuesfor the discretedirections
aredenotedby 0 < ¢1 < ¢2 < ... < ¢k < m, thenwe candefinea meshof cellsin ¢ by
Pir1/2 = (Pk + Pr41)/2 plusg1/2 = 0 andgk +1/2 = 7. Theaverageof thetermin questionin
thetransferequationovertheinterval [¢x—1/2, ¢k+1/2] is givenby

V1—p?

r Agg

with Agx = ¢ry1/2 — dk—1/2. Theflux-like quantity (sing|)k+1/2 apparentlyvanishesat the
endsk = Oandk = K. Thequestioris, whatvalueto assigrpointsthatareinteriorto therange?
As is frequentlythe casein transporttheory the two commonchoicesare Stepand Diamond.
With Diamonddifferencing,the cell-centerintensityis assumedo be the averageof the cell-
edgevaluesoneitherside, lx = (lk—1/2 + lk+1/2)/2; thisis writtenaslk_1/2 = 2l — lk+1/2 and
usedto evaluatethe cell-edgeflux atk — 1/2. The calculationprocedurebeginswith a special
startingcalculationat ¢ = r, for which the ¢-flux vanishesandthis is usedto provide Ik 41/2.
Theintensitiesat smallervaluesof k and¢ arethenfoundrecursvely. With Stepdifferencingthe
replacementy1/2 = lks1 is made.Diamondhasbeenthe choicein thetraditional Sy method,
viz.,Carlsons[51]. Furtherinformationis availablein thebookby Lewis andMiller [170].

Theaverageof the secondermontheleft sideof thetransferequationover [¢x—1/2, pk+1/2]
leadsto acoeficient/1 — u2(cos¢)k thatis identifiedwith oneof thespecifieddirectioncosines
of the angleset; likewise, A¢x mustbe the azimuthalanglefactorin the angularquadrature
weight. Both thesequantitiesaredeterminedor a givenquadratureset(cf., the next section).In
the casethattheintensityis preciselyuniform andisotropicthe curvatureeffectsthatarisefrom
the secondandthird termsin the transferequationmust exactly cancel,which meansthat the
effective coeficients(sing)k+1/2 mustsatisfythis recursiorrelation:

[(sing1)k—1/2 — (SiNp 1 )kt1/2] (11.131)

(SiN@)k+1/2 — (SiNP)k—1/2 = APk (COSH)k - (11.132)



11.10. WHAT ARE THE ANGLES?THE BAD NEWS 225

This alsois discussedy Lewis and Miller [170]. Morel and Montry [193] point out that the
cunvaturetermsdo not quite cancelout in forming the diffusionlimit of the Sy equationswith
either Stepor Diamonddifferencing,andthis causesanomaloudips in the solutionfor r —
0. They proposea weighted-diamondlifferencingin which insteadof a 50-50 averagelx =
(Ik=1/2 + lk+1/2)/2, a weightedaverageis usedwith weightsthat dependon the mis-centering
of cosgy in [(COSpk—1/2), (COSPk+1/2)]. This hasprovedto be quite successful.

It is often requiredto solve the Sy equationswith a sourcefunction that includesscatter
ing, eithertrue scatteringor with an effective sourcetermin which thermalemissionhasbeen
linearizedandexpressedn termsof the absorbedadiation. Sourceiteration (Lambdaiteration,
Jacobiiteration)involvesestimatingthe sourcefunction, solvingthe Sy equationdor theinten-
sities, usingtheseto evaluatethe scatteringterm(s)andthusobtaina new sourcefunction, and
thenrepeatingo cornvergence As we have saidbeforeandwill repeatagain,thiskind of iteration
canbevery slow to cornverge. The preconditioningnethodghatareoftenemployedto speedup
corvergenceare (1) Eddingtontensor(cf., §11.5),(2) Diffusion SyntheticAcceleration,and(3)
TransportSyntheticAcceleration. The Eddingtontensormethodis not exactly an acceleration
schemesincein this methodthe materialcouplingis to theradiationmomentsobtainedfrom the
moment-equatiorolution,notto the Sy intensities.TheDiffusionSyntheticAcceleration DSA)
methodis basedn thework of Kopp[149] andlaterdevelopedby Reed[215] andespeciallyAl-
couffe [7]. In DSA a suitabledefineddiffusion operatoris usedto preconditionthe scattering
termsin Sy, in justtheway to be describedbelow, in §11.11. It is found with someof the Sy
schemesparticularlyif themeshis distorted thatthediffusionoperatoifails asa preconditioner;
thatis, the spectralradiusof the preconditionedteration matrix is too large, andthe iterations
convergepoorly or diverge. In suchcasesa helpful approacthis to usea consistently-diferenced
Sy methodof muchlower order, perhapsS,, asa preconditioner This leadsto the Transport
SyntheticAccelerationmethoddescribecby Ramoreé, AdamsandNowak [212]. In someper
versecasesventhis methodmay fail without useradjustmentsThis maybe expectedto be the
caseif the problemat handis afflicted with ray effects(seethe next section).In suchcaseshe
availableanglesetsaresimply inadequatéo desccribethe solution,anddifferentanglesetswill
differ markedly from eachother;it is no surpriseif the effectivenessf the acceleratioris poor
whenthis happens.

It shouldbe obviousthatthereis alot of computationaéngineeringhatgoesinto doingthese
calculationscertainlyin 2-D and 3-D, andthe interestedeadershouldconsultthe literatureto
learnthe currentstateof theart.

11.10 What arethe angles?The bad news

Thenomenclaturef Sy andin somecaseghe actualvaluesof the anglescomefrom the early
neutrontransportwork, summarizediy Carlson[51], with later improvementssummarizedn
[52]. In thiswork Carlsonexplainshow the directionvectorswhich correspondo certainpoints
ontheunit spherecanbe chosernto obey someimportantintegral constraintsandespeciallythe
symmetryrequiremenbdf beingunchangedinderpermutation®f thethreecoordinatedirections
XY Z. This symmetryrequiremenimeansthat the patternof the directionsin the first octant,
X > 0,y < 0,z > 0, musthave three-foldsymmetry;a rotationaboutthe direction(1, 1, 1) by
120 shouldtake the patterninto itself. The additionalassumptiorthatthe directionsshouldbe
arrangedn rows at constantlatitude, i.e., of constantdirection cosinewith respectto ary one
of the threecoordinateaxes, meanghatin the simplestcasethe directionsshouldresemblethe
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graphof atrianglenumber.Thetrianglenumbersare1, 3, 6, 10,15, ... k(k + 1)/2, .... These
correspondo rows of onedirection;rows of oneandtwo directions;rows of one,two andthree
directions;andsoon. For thekth trianglearraytherewill bek differentpositive directioncosines
with respectto one of the axesin the first octant. Taking into accountthe reflecteddirections
thathave negative valuesof the directioncosinemeanghatthe kth trianglearraygivesN = 2k

differentdirectioncosines.This is the definition of N. The numberof directionsin one octant
is thereforek(k + 1)/2 = N(N + 2)/8. We obsene that N is alwaysan even numberin this

nomenclature\N is the numberof rows (i.e., the numberof polar angles)in two octants. The
triangle-numbennglesetsare Carlsons SetA. He alsodescribesSetB, which differsfrom Set
A in thatthethreeverticesof thetriangleareclippedoff. With N/2 still takenfor the numberof

surviving rows, thetotal numberof directionsperoctantbecomegN + 8)(N — 2)/8. For agiven
N > 6 therearesomavhatmoreanglesin SetB thanin SetA. Theresultsfor SetsA andB are
takulatedby Carlsonfor N up to 8, andwith somedifficulty the generakelationscanbeworked
out.

In laterwork, LathropandCarlson[163] andCarlson[52] derivedotherquadraturesetsthat,
unlike SetsA andB, exactly integratecertainhigherdegreepolynomialsin the component®f
the direction vector This is importantwhen calculatingtransportusing a highly-anisotropic
scatteringphasefunction,whichis very oftenexpandedn Legendrepolynomialsof the cosineof
thescatteringangle. The Carlson[52] setsarecalledby the name“level-symmetriocquadraturé,
anddenotedsymbolicallyby L Qn. Thesehave the triangle-numbeshape with N(N + 2)/8
directionsperoctant. The L Qn quadraturentegratesexactly all evenpolynomialsin ny, ny, n,
upto degreeN — 2. ThelLathropandCarlson[163] quadraturesnake theadditionalassumption
thatthe quadraturenveightfor a givendirectionis the sumof threeweightsassociatedvith the
threedirectioncosineg(asin [51]) with the additionalrequirementhateven polynomialsin ny
up to the Nth degreebe integratedexactly.

How mary octantsare neededo describethe radiationin a given problem? The symmetry
of the radiationfield, at a generallocationin space,is not as high asthe spatialsymmetryof
the problemitself, sincea symmetryelementof the spatialstructuredoesnot correspondo a
symmetryelementof the radiationfield at this particularlocationunlessthe locationlies on the
element. So, for example,a sphericallysymmetricspatialstructurehassymmetryelementsof
the full rotation group, but only the rotationsaboutan axis that passeshroughthe centerof
symmetryand the point of obsenation are symmetriesof the radiationfield. The symmetry
groupof theradiationfield for a sphericalproblemturnsoutto be C., in Schoenfliesotation.
Thustheradiationfield is axially symmetric,but the full rangeof polaranglesfrom —x to x is
required. The samegroupandthe sameanglesapplyto 1-D slabgeometry But the symmetry
is lessfor 1-D cylindrical geometry the geometryof aninfinite cylinder, sincein that casethe
only symmetryelementf the spatialstructurethat leave the point of obsenationfixedarethe
reflectionsin a horizontalplaneanda vertical plane,and a rotation aboutthe radial direction
by 7, plus combinationsof these. In otherwords, the group of the radiationfield is C»,. The
radiationfield is two-dimensionalbut only two octantsareneededo describet: onewithn, > 0
andonewith n, < 0. Thatmeansatotal of N(N + 2)/4 directionsfor thetypical Sy angleset.
In the two-dimensionakpatialgeometriesxy andr z, thereis only a single symmetryelement
thatleavesthe point of obsenationfixed, namelya reflection,correspondindo the group Cip.
The symmetryplaneis the xy planein xy geometry andthe planethroughthe z-axis andthe
obsenation point in r z geometry Thusfour of the eight octantsare requiredto describethe
radiationfield in eitherof the 2-D geometrieswith N(N + 2)/2 directionsin all. If the spatial
structureof the problemhasary lesssymmetrythantheonessofar mentionedthentheradiation
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field hasno symmetriesvhatsoeer at the generalpoint of obsenation,andall eightoctantsare
essentialyith N(N + 2) directions.

The problemof finding an adequateanglesetin 2-D or 3-D is much more severethanin
1-D. Recallthatby usingatotal of 36 directionsit waspossibleto getthe 1-D Hopf functionto
somethingike 6 significantfigures. The sadtruth is thatit is not at all hardto imaginea 2-D
problemfor which 36 directionswill notevengive onesignificantfigurein theresult.

Imaginethatwe are calculatingthe transportof hydrogenline andfree-freeemissionin the
solarcorona,andthatthe sourceis a solarflare, wherea large of amountof thermalenegy has
beendepositedn aregion perhapnly tensof kmin size.We wantto calculatethe UV radiation
field that resultson the oppositeside of a supegranulationcell thatis 30,000km across.The
cleversolarphysicistwould do ahandcalculationto getthis answeybut whathappensf thecode
is asledto doit?

The angle subtendecby the flare-heatedegion at the obsenation point is lessthan (100
km)/(3 x 10*km), or 1/300rad = 0.2 degree. If our trusty codeis using Sy andhaschosenan
anglesetthatcanaccommodatéhe unexpectedlarewherererit might occur, thenthe numberof
anglepointsit will have to usemustbe 47r/(1/300)2, whichis 108! This might seenvidiculous,
butit is true. If, say amerefew hundreddirectionsareusedwhicharespacedy about9 degrees
on the spherethenaswe move away from theflare the local flux aswe computeit will fall off
as1/r? until we areabout700km away, andafterthatthe resultsgetbad. If we decideto walk
away alongoneof theray directionsof our discretesetthenwe will find thattheflux doesnotfall
off veryrapidly atall beyond700km. If, ontheotherhand,wewalk away in adirectionthatfalls
betweerthe raystheflux falls off muchfasterthan1/r2. By thetime we are3 x 10* km away
thereis a disagreemenf severalordersof magnitudebetweertheflux in theray directionsand
thedirectionsin between.

The generalnamefor this difficulty with Sy calculationss called“ray effects” Thereis no
easyfix for this problem. It goesaway oncethe anglesetis sufficiently denseto resole all the
featureghatthe solutioncontains.

A concepthatcouldhelpoutis theideaof adaptve directions.Supposahe anglesetateach
spatialpointis madedynamic,andateachtime it movestowardthedirectionsthatwould resole
the“important” featuresn theradiationfield. This mightdoit, but it is not very easyto imple-
ment. How do you define“important™? Is this basedon the grossmagnitudeof the intensity?
Whathappensf you areinterestedn acritical featurethatis notvery largein magnitudeVhat
happensvhenthereareeventsin oppositehemispheredyoth of which call for attention?What
happensvhenthereis a suddenonset,asin a flare? The directionsmay startwheelingtoward
the properdirection,but not getto wherethey areusefulin resolvingthe flare until it is over. Or
if thedynamicresponsés madebrisk, the directionsmay chatterin a dreadfulway anddestrgy
the accuray of the calculation. Finally, adaptve directionscanendup makingit impossibleto
performthe Sy sweepustdiscussedwhichimpliesalarge penaltyin computingcost.

The summaryof the anglecrisisis asfollows. Do anexaminationof your problemin which
you establishthe smallestinear size of theimportantspatialinhomogeneitie®f absorptvity or
emissvity. You would like to be ableto resole in anglethe radiationproducedby this object.
Then decideon the largestviewing distanceyou really care about; this is no larger thanthe
diameterof the problem,but it is alsono larger than the longestmeanfree pathfor radiation
you careabout.If you view from a greateristancethanthat, you cannotseethe objectanyway.
Divide the size by the distanceand corvert thatto an angle. If your anglesetcannot resohe
that,thenyou arefooling yourselfwhenyou saythatyou arecalculatingradiationtransport.You
mightjust aswell usediffusion;the answeravould be noworse,andmuchcheapeto compute.
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11.11 Implicit solutions— acceleration

Theobjectivein this sectionis to describgoreconditioningnethodgor radiative transfer A gen-
eral namethatappliesto mary of theseis Accelerated_ambdalteration(ALI), andthis will be

definedbelown. But first let’s review thelist of variablesand equationave needto solve for the

radiationhydrodynamicgroblem. Thereare the massand momentumdensityand the corre-
spondingconserationequationsywhich we mayor maynot choosdo treatby operatorsplitting.

Thereis the materialtemperaturendits correspondingnternalenegy equation(or perhapghe

total enegy equation)which we arerathersurewe cannot split. Thereareall theintensitiesthat

areneededo describethe radiationfield for us. Dependingon our needsthesemay be asfew

asasinglefrequeng-integratedenegy density or asmary astherearecombinationsf dozens
to hundredsf frequencieith tensto thousand®of angles. The intensitiesare surely coupled
implicitly to the materialtemperaturelf the problemis non-LTE thenthelevel populationsare
anotherarge setof unknavnsthatarelocally coupledto the radiationfield. Thatis, they enter
theproblemin away similarto thetemperaturefFor all exceptthesmallesof theseproblemsthe

Jacobiarmatrix of the setof non-linearequationds too large for a directsolution. The point of

theacceleratioomethodss to solve thelinearizedsystemiteratively, andthe heartof theiterative

methodss theway of preconditioningheiteration.

To fix theideasconsidera steady-statecatteringproblemwith grayradiationanda constant
albedow < 1, in otherwordsthe secondMilne problem. Thelanguagantroducedmary years
agofor the operationof actinguponthe sourcefunction with E;(|z" — 7|)/2 is “applying the
lambdaoperator”. (SeeKourganof [150].) In otherwordswe definea linearoperatorA in this
way:

A[S] = %/wdr’ E1(jt' — ) S(T)). (11.133)
0

In termsof A, Milne’s secondoroblemis
S=(1A-w)B+wA[S]. (11.134)

The namelambdahasbecomeattachedo variousiterative methodgor solvingthe Milne prob-
lem. Thefirst to consideris lambdaiteration. This is thefollowing operationappliedrepeatedly
to corvergence:

Sl = 1-w)B+wA[S]. (11.135)

This will indeedcorvergesincew < 1 andalsothe smallesteigervaluei of A, definedasa
valuefor which theequation

u= AA[uU] (11.136)

hasan admissiblesolution, is unity (for a full-spaceof half-spaceproblem)or larger. This can
take avery large numberof iterationsto corverge. A physicalpictureof theiterationcountis the
following. Eachstepof theiterationis like letting a photonhave oneflight. Imaginereleasing
photonsthroughoutthe problemandtrackingthemthroughflight afterflight until they all have
eitherbeenquenchedthroughthe destructiorprobability 1 — =, or have escapedThis number
of flights will beroughlywhicheveris lessof 1/(1 — @) and7 2, where7 2 is thetotal optical
thicknes=of theatmosphereThis is usuallyunacceptablyarge.
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In linear algebralanguagdambdaiterationis calledJacobiiteration. We cangeneralizeour
thinking aboutMilne’s secondproblemby sayingthat S standsfor ary of the variablesthatde-
scribethe material,suchasdensity velocity, temperaturer level populationsandthe relation
that gives S in termsof J standsfor the hydrodynamicconseration laws and atomickinetics
equationgthat determinethesematerial variablesin termsof the radiationfield. The lambda
operatorstandgfor the transportequationthat determineghe radiationfield in termsof the ma-
terial variables.Milne’s secondequationis thusa stand-infor the statementhatall the material
propertiesareself-consistentvith theradiationthey determine.

Theanswetto thequestionwhatdoyou dowhenJacobiterationis too slow, is precondition.
Hereis how to precondition.We useour inventivenesandfind a cheapbut accurateoperatorA
to approximateA. We supposehataftern stepswe have anapproximationS”, but we aregoing
to gettheexactanswernthen + 1ststep.Thatwill bethe casef

St _9 = Ql-w)B+wAlSH -
= 1-2)B+wAIS" - +wAF]-
oA ST -+ 1-m)B+wA[S— S +
@ (A — AH[SH - . (11.137)

We getour preconditionedterationby neglectingthelasttermin thelastequalityon thegrounds
thatit is a smalloperatorappliedto a smalldifference . Thustheacceleratedterationis

QL—wAH ST - =1-o)B+wA[S]- S (11.138)

The quantityon the right-handsideis the residualin the Milne equationaftern iterations. The
correspondindormulafor J itself is

JHL AR 4 30 AR S (11.139)

Without the factor involving A* on the left side, the correctionto S" is just setequalto the
residual,which is Jacobiiteration. Thusthis factoris what providesthe acceleration.As we
seefrom the derivation, if the approximate_ambddaoperatoris accuratethencorvergenceis
immediate.The namefor methoddik e this is acceleratetambdaiteration(ALI) or approximate
operatoiiteration(AOl), dependingntheauthor TheALI method$have beendescribedn mary
places A placeto startis ref. [139].

The amplificationfactorfor this iteration, thatis, the factorby which the erroris multiplied
eachtime, depend®nthe eigervaluesof this operator:

A—o A o (A — AY). (11.140)

We call the acceleratiorgentleif the operatorm A* is smallin somesenseandaggressie if it
is closeto the unit operator Sincethe operatorw A itself is closeto the unit operatorin those
situationsin which we mostneedaccelerationthe acceleratiorhasto be aggressie to do ary
good. Too aggressie is bad, however. If @ A* is morethan half-way from @ A to the unit
operatoithe acceleratedterationdiverges.

The origin of the methodsin this classis the work of Cannon[48] in 1973. From 1981—
1986 this was picked up and extendedby mary others,including Scharmeff231]; Scharmer
andCarlsson232]; WernerandHusfeld[262]; Olson,Auer andBuchler[198]; Hamann[107];
Rybicki [222] and Olson and Kunasz[199]. The variationsare considerablebut a common
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themeis to let A* be eithera diagonaloperatoror onethatcouplesnearesneighbors.The most
“aggressie” diagonaltthatdoesnot producenstability turnsoutto be approximatelthis:

A* ~ 1 — PesdzON®, (11.141)

where pesdzone is thezone-aeragesingleflight escapgrobability from the givenzoneto ary
of its neighbors.The escapeprobability caneitherbe calculatedrom expressionsnvolving Ez
functions, integrals over line profiles correctedfor the velocity field, etc., or obtainedby just
computingthe lambdamatrix in detail usingthe Sy equationsor whatyou will, anddiscarding
everythingbut the diagonalof it. In fact, the diagonalcanbe found by doing only a few local
calculationsso the wastedeffort on the off-diagonalpartsneednot be done. (SeeRybicki and
Hummer[225], AppendixB.) If pesdzone is overestimatedomparedvith theideal valuethen
theiterationbecomesluggish.If it is underestimatedy a factortwo the iterationwill diverge.
Thusa somevhatcarefulcalculationof it is indicated;seeOlsonandKunasZ199].

The approximation(11.141)hasaninterestingconsequencehenit is usedin the non-LTE
rateequationsEquation(11.139)for J, which determineshe photoabsorptiomate,becomes

I~ (1 — Pesdzone) S 4+ J" — (1 — pesdzone)S". (11.142)
Thenetphotoabsorptiomateis calculatedrom
Ro1 = No(Ag1 + Bp1J™1) — NiBpoJ™t (11.143)

but we cansimplify this expressiorby identifying S"*1 with the value computedirom N; and
N2 usingequation(9.6). Doing thisyields

R21 = N2A1Pesdzong
—(N1B12 — N2B21)[J" — (1 — Pesdzone)S"]. (11.144)

We canpick off the coeficientsof Ny and N2 ontheright-handsideto bethe effective radiatve
ratecoeficientsthatareputinto the kinetic equations.This approacthasbeenusedby Rybicki
andHummer[225, 226, andnon-LTE calculation®f superneaspectrausingtheir methodhave
beenmadeby Hauschildtandcolleagueg111, 110, 26].

The several NLTE stellaratmosphereodeshuilt onthe ALl principlethatwerein existence
in 1990werereviewed by Hummerand Hubery [128]. Thereis a technicalpoint aboutthese
codesthatis of interestin the presentcontext. It is that mary of the codessubstitutethe ALI
approximation(11.139)into the rateequationsbut thentake into accountthe dependencef the
coeficientsin A* onthelevel populationsthusforming a nonlinearsystemfor the populations.
In thesemethodge.g., [261] and[53)]), thereis adoubleiterationloop, with outerALI iterations
andinnerNewton-Raphsoiiterations.The RybickiandHummer[225, 226 modificationlagsthe
A* coeficients,whichmakestherateequationsinearandthereforeno Newton-Raphsoiteration
is necessaryThe costis additionalALI iterations,whichin [225, 226] areminimizedby using
Ng [194] accelerationDreizlerandWerner[84] describea double-loopmethodthat minimizes
Newton-Raphsorostby usinga quasi-Nevtonmethoddueto Broyden[41], in whichtheinverse
JacobianJ—1 = (3F/ax)~1 is approximatedby a matrix B~1 that is formed recursvely by
addingon at eachiterationa rank-1matrix derived from Ax, AF andthe previous B—1. This
quasi-Nevton methodthenhasthe flavor of the Newton-Krylov methoddescribecearlier The
TLUSTY codeof Hubery andLanz[123] representahybridof ALl andtraditionallinearization,
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in thattheradiative transitionscanbetreatedwith or without ALI attheusers option. A double
iterationwith inner Newton-Raphsoriterationsis used. Theseauthorsremarkthat they have
foundthe approactof laggingthe approximatdambdaoperatorto fail for someproblems

The VEF methodis anotheraccelerationtechnique.In this casethe approximateoperatoris
the tensordiffusion operatoy which shouldbe quite accurateexceptthatit may not reflectthe
changeghatoccurduringthetime step.We may supposehatoneapplicationof thetensordiffu-
sionoperatoris sufiicientto correctthe estimatedneanintensityinsteadof the tensof iterations
thatmayberequiredwith adiagonalapproximateoperatorhowever the costof a diffusionsolu-
tion is muchgreater Thetrade-of betweencostperiterationandthe iterationcountmay favor
onemethodor theotherin differentproblems Alcouffe’sdiffusionsyntheticacceleratiomethod
is avariationof this, but herethetensoris omittedandtheunmodifiedEddingtonoperatoiis used
astheacceleratar

Theimplicit couplingof multi-frequeng radiationtransportto the materialenegy equation
is includedwithin the generalALI framewvork aswashintedearlier Equation(11.142)cannot
only be putinto thekinetic equationsput into the internalenegy equationaswell, andusedto
derive the correctionto the materialtemperature No matricesdimensionedy frequeng need
to be solved in this procedure.Othertypesof acceleratiorcanbe usedfor the materialenegy
equation,however. The multi-frequeng-gray methodis one such. The frequeng-integrated
implicit couplingequationsare usedwith meanopacitieshasedon the accuratemulti-frequeny
spectraldistributionsinsteadof the PlanckandRosselananeans.The spectraldistributionsand
the meanopacitiesare updatedn the formal transferpart of theiterationcycle. This approach
wasusedby Castor[57], andis discussedbriefly by PintoandEastmarj205].

In generalthereis now a well-filled storehous®f preconditioningmethodsto allow the so-
lution of radiationhydrodynamicproblemswith large dimensionswithout directly solving ary
hugelinearsystems.

11.12 Monte Carlo methods

TheMonte Carlomethodfor solvingalineartransportequationike

%aa—lt"Jrn-VIU: jo — kyly (11.145)
is really quite simple.We samplethedistribution |, to createnew particlesin variouszoneswith
variousfrequenciesanddirections. We may alsosamplethe boundarysourcesif thereareary.
Theneachparticleis trackedthroughtheproblemuntil it leavesacrossaboundaryor is destrged.
Every time stepof the hydrodynamigroblemeachof the particlesis tracked from zoneto zone
until thetime for thatstepis usedup, assumingt survivesthatlong. Whentheparticleis tracked
througha particularzone,the optical thicknessacrosshe zonealongthe track is computedand
usedo samplewvhethettheparticleis destrgedin crossinghezoneor not. At theendof thecycle
the countof particlesin eachzoneis an estimatorof the enegy densityfor thatzone. Another,
possiblylessnoisy, estimatoris the sumof the tracklengthsfor all the particlesthatcrossedhat
zoneduring the time step. The effect of the fluid velocity, thatis, the Dopplerandaberration
effects,areeasilytakeninto account.The particlesaretaggedwith their fixed-framefrequeng,
but whenaparticleis trackedin agivenzoneit is transformednto thefluid framefor thatzoneto
computethe probability of materialinteractions Whentheemissvity is sampledthefluid frame
emissvity is usedto getthefrequeng, andthedirectionis sampledthenthetransformationgre
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appliedto getthefixed-framevaluesthatthe particlewill carry. Comptonscatterings included
in full generalityby samplinga relatvistic electronvelocity distribution andthe Klein-Nishina
crosssectionto determinewhethera scatteringeventwill occurin a givenzoneor not, andif
it does,thenthe relatiistic kinematicsof the scatteringprocesscan be appliedto find the new
frequeny anddirectionafter scattering.In short,all theseawkward processesanbe accounted
for in full, accurataletail.

A bit of concernariseswith the needto implicitly couplethe Monte Carlo radiationto the
materialtemperatureThetrick thatwasintroducedby Fleck (cf., FleckandCummingg90] and
FleckandCanfield[89)) is to linearizethe materialenegy equationandeliminatethe tempera-
ture perturbatiorbetweerthatlinearizedequatiorandthelinearizationof theemissvity function.
This producesineffectiveemissvity thatis linearin thephotoabsorptionate, muchlik e thescat-
tering sourcefunctionin Milne’s secondproblemor in the discussiorof ALI methods.This is
the“effective scattering”conceptabsorptiorfollowedby thermalemissionis treatedik e a scat-
teringevent. Thefrequeng afteremissionis changedhowever; it is re-sampledom thethermal
emissionspectrum. It hasbeenfound by Larsenand Mercier [161] that the Fleck-Cummings
effective scatteringormulationis inaccuratevhenthetime stepis longerthantheradiative cool-
ing time, which is whenthe implicit methodis mostneeded.Somestepstoward correctingthis
problemhave beenmadeby AhrensandLarsen[6], andby Martin andBrown [180].

Canthe“effective scattering’processeappliedto non-LTE problems?This works perfectly
well for resonancdine scattering.Indeed,someof the mostcompletestudiesof line scattering
with angle-dependergartial redistrilution combinedwith fluid flow have beenmadethis way.
Thefailure pointis whenthe particlesmustinteractwith excitedatomswhoseabsorbingropula-
tion is itself sensitve to the Monte Carloestimateof aresonancéine intensity. Thecombination
of thenoiseandthe non-lineamprocessproducedargeerrors.

Therearesomary positivesaboutthe Monte Carlomethodthatit might seemsurprisingthat
ary othermethodis used. The answey of course,is the wildly exorbitantcostof doing such
calculations.Hereis one naive estimateof that cost. Let’'s saythatwe will be happy with our
statisticsif we canbin all the particlespresenton a giventime stepaccordingto the zonethey
arein, thefrequeng they have andthedirectionthey aregoing, with perhapsL(® binsin all, not
to betoo greedy For 1% statisticsin every bin we would need10* particlesperbin, or 102 in
all. Now every particle crosseqjuite a few zonesin a time step,and somedozensof floating
point operationsare neededor eachzonethatis crossed.So let's say 10°~10° operationsare
neededper particle per time step. That meansabout10“-10* operationsn all pertime step.
What would it costto do this calculationdeterministically using Sy, for instance? We have
oneintensityvariableper photonbin, andwe have to performa few operationger variableper
iterationcycle pertime step. If 107 of theimplicit couplingiterationsareneededthenthe work
is 10°—10° operationgervariablepertime step,or somethindik e 10'°-10' total operationgper
time step. Thatis very roughly 10* timeslesswork thanfor Monte Carlo. But, saythe Monte
Carlofolks, requiring10* particlesperbin in every singlebin is vastlymorethanyou needif the
numberyou wantto estimates oneglobal quantity suchasthe total power out of the problem.
Sure,youneed10* particlesin a bin whosecontentsareanobsenableon which you arefocusing
your attention.But who caresaboutall thoseotherbinsthatyou will notexaminein detail. But
radiationhydrodynamicsn anon-lineamproblem,andwhatassurances therethatextremelypoor
statisticson large partsof the radiationfield will not causea serioushiasin the estimateof even
that one global quantity you want? This is a difficult question,and knowledgein this areais
mostly empirical. Monte Carlostill liveswith themantleof beinga very expensve method.

Monte Carlo methodscan not be donejusticein a few lines. Someof the astrophysical
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applicationshave beento Comptonizationin x-ray sources(ref. [209]) andto resonancdine
transportin the presencef a velocity gradient(ref. [54]).
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Chapter 12

Examples

In this chaptemwe illustratesomeof theideasof radiationtransporiandhydrodynamicsoupled
with radiationtransportby meansof a small selectionof examples. As describedn the intro-
duction, the challengingapplicationsof the theory are left for the technicalliterature,and the
problemspresentedherehave beenchoserfor their simplicity or pedagogicavalue.

12.1 Marshak wave and evaporation fr onts

The classicexample of non-linearradiationdiffusion is the Marshakwave, first discussedy
Marshakin 1958[179]. It is a self-similar thermalwave, treatedwith the thermal diffusion
approximationfor a materialwith a constantspecificheatandfor which the Rosselandnean
opacityvariesasa power of thetemperatureHydrodynamiomotionis ignored. This assumption
is unrealistic,but is madefor simplicity. This “thermalwave” is notawave in the senseve used
earlier;it doesnot comefrom a hyperbolicsystemof PDEs,andthe dispersiorrelationdoesnot
yield wave speedsv/ K, etc. It is awavein the sensdhatthereis a characterististructurejn this
casea sharptemperaturdront, that movesthroughthe materialin the courseof time, of which
theshaperemainsfairly constant.The propagatiodaw is notdistancex time, asexpectedfor a
hyperbolicsystem put distancex time'/? instead owing to its diffusionnature.

A thoroughdiscussiorof how the thermaldiffusion solutionto this problemcompareswith
transportsolutionsis givenin ref. [189], §103. Zel'dovich and Raizer[270] devote chapt. 10
to thermalwavesin general,and 87 to the Marshakproblem. Pomraning[207, 98] givesan
analyticsolutionin alinearcasewith k = constanandC, o T2 usingnon-equilibriumdiffusion
(Eddingtonapproximationyandtransport.Larsenand Pomraning162] useasymptoticanalysis
to obtainasystenoneordermoreaccuratéhanthermaldiffusion,usingwhichit canbeexplained
why thediffusionMarshakfront speeds too great.SuandOlson[246] presenaccuratesolutions
to Pomranings linear problemin the Eddingtonapproximation.

The geometryof the problemis a slabof materiallocatedin z > 0, andit is initially atzero
temperatureStartingattime zeroradiationis appliedatthez = 0 interfacethatis a blackbodyat
T = Top, andthis remainsconstanthereafter This is oneof thoseinstancesvherethe someavhat
unphysicalboundaryconditionis appliedthatthetotal enegy densityis specified,E = aTg‘ in
this case.Ilt would be moresensibleo requirethattheincomingradiationbethe hemispherdlux
ng‘, sincethe flux that comesback out from the problemis less,but that boundarycondition
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makesthe problemnon-self-similar We proceedwith the simpleboundarycondition,andafter
all, theexampleis intendedonly to “guide theinsight”

We let p be the materialdensityand C, be the specificheat, both constant. The thermal
diffusionformulais used sotheflux is

160T3 9T
po 10T0T (12.1)
3krp 0z

Theopacitykr is assumedo follow a power law:

T\ "
kR = kR(To) (T_o> : (12.2)

The exponentn will be setto eithern = 0, which describeslectronscatteringorton = 3,
whichis representatie of bound-freeandfree-freeabsorption Onethingto noticeis thatit is the
opacityfor temperaturesearTy thatis beingrepresenteéh this way, notthe opacityof thecold
materialin the slabat the start. Whenthe formulafor the opacityis put into equation(12.1)it
becomes

160 gTn+4

F=— , 12.3
3N+ HTJer(To)p 32 (12:3)

wherethe powersof T in thediffusivity have beencombinedwith the T insidethegradient.The
diffusionequationfor thetemperaturdollows directly from this, andis

aT 1 9 160 aTn+4
— = A (12.4)
ot pC, 0z 3(n+4)T0 kr(To)p 0z
Thetemperaturecaledby Ty is the self-similardependenvariablefor this problem,
T
=, 12.5
9= (12.5)
andaninspectionof theequationsuggestshat
K
=—z 12.6
§ NG (12.6)

bethescaledndependentariable,with a suitableconstanfactorK. Collectingthe constantsn
the equationgivesthis result

d d2 n+4
_g£= dggz (12.7)
providedK is definedto be
1/2
A)kR(To)p?
K — (3(”+ 1)2:;30)‘) C”) . (12.8)
0
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Equation(12.7)is to be solvedwith theboundaryconditionthatg = 1 até = 0, andanother
conditionthatis consistentvith thematerialaheadf thethermalwave beingat zerotemperature.
It will be seenthatthe solutionsof equation(12.7)goto exactly zeroatafinite valueof &, which
we will call §max. Therearean infinite numberof solutionsthatgo to zeroat a particularémax,
but for all but oneof thesetheflux tendsto anon-zerovaluein thelimit &€ — &nax. Thatit should
be zeroseemshvious physically but it alsofollows from equation(12.7)if we integratefrom
avalueé < &max to avalueof & locatedin the zero-temperatureegion aheadof the front. An
integrationby partsof theleft-handsideleadsto

dgn+4

i (12.9)

o
§9+ / gdé = —
£
The left-handside clearly tendsto zeroasé — &max, SO theright-handside, which is propor
tional to the flux, musttendto zeroalso. We candeterminethe behaiior of g nearthe front by
approximatingheleft-handsideof equation(12.9)with émaxg, which leadsto theform

3 1/(n+3)
g~ (m%i“*“@max— s>) . (12.10)

Thisrelationis theactualboundaryconditionaté = &mnax, andusedin conjunctionwith g = 1 at
& = 0it determines® uniquesolution. Thevalueof &nax mustbeadjustedoy trial anderroruntil
anintegrationfrom &mnax to 0, startedwith the correctlimiting form at the front, givesg = 1 at
&§=0.

Thevaluesfoundfor &max are1.232for n = 0 and1.121for n = 3. The scaledtemperature
distributionsfor thesetwo casesareshowvn in Figure12.1. We seethatfor the highervalueof n
thetemperaturerofileis closerto asquareshape In fact,thedegreeof squareness remarkable.
Almost all the materialthathasbeenheatedby thewave is at a temperatureloseto Tp, andthe
drop occursvery abruptlyjust at the front. This is a consequencef the “bleaching”associated
with thewave. The material,very opaqueto startwith, becomegdransparenésit is heated.Not
totally so, but sufficiently transparento allow theflow of radiationto equalizethetemperature.

Theflux is recoveredfrom the solutionby substitutingthe similarity variablesinto equation
(12.1). Theresultis

dg
F= Fldg , (12.11)

whereF; is the scalingvalueof theflux,

(12.12)

o _ (8 +40TgCiTo 1z
l =
3kr(To) pt

The otherscalefor flux we think aboutis Fg = cEg = 40T5‘, andif theflux is scaledto thatwe
find

F_ ((n + 4),OCvTO)»R(TO))1/  dg (1213)

cEo 60 Tot dg’

Theratio pC, ToAr(Tg) /o Tg‘t thatappearsierehasaphysicalinterpretationit is thecomparison
of theheatcontentof alayeroneRosselananeanfree paththick (at To) with theenegy receied
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from a blackbodyat Tp in thetime t. If the ratio is small, enoughheathasbeenabsorbedo
warm a layer mary meanfree pathsthick. This meansthatthe absorptionof heatslows down
andthe netflux acrossthe z = 0 boundaryis diminished. If theratio is largethenpresumably
thefront cannot have penetrate@venonemeanfree path. This meanghatthe thermaldiffusion
approximatioris poor. We seethatin valuesof F/cEg thatarelargerthanunity. In otherwords,

- (n+4)pCyToAr(To)

t
4
60 T;

(12.14)

is aconditionfor thismodelto bevalid. We alsoseethevalidity conditionby substitutingk back
into therelationgiving the scalingof z:

(12.15)

32Tt 1z
3(n+4)pC, ToAr(To)

z = Ar(To) (

Thusthe front will have penetratedeseral meanfree pathsonly if thetime obeys the condition
(12.14).

Even when the time is late enoughto obey condition (12.14)the flux can still violate
F < cE becauseé decreasetowardthe front muchlesssteeplythat E o T# does. The self-
similar profile of F/cE is shovn in Figure12.3. This scalingfunction reachewvaluesof 10-20
beforethefront is approachedvenmoderatelyclosely As aresultcondition(12.14)would have
to be obeyed by a large factor, perhapsl00 or more,for F < cE to be satisfiedover mostof
the heatedegion. MihalasandMihalasillustrate othercalculationsof the Marshakproblemfor
which theradiationtransportapproximatiorhasbeenimproved, eitherby usinga flux limiter or
by doingaccurateangle-dependemtansport.Theseresultssupportthefactorl00suggestetiere.
In particularapplicationst is possiblethatthe conditionis adequatelyatisfied put thatcertainly
shouldbechecledbeforemakingroughestimatedasedon Marshakscaling.

The simple Marshaktheory presentechereis extendedin anotherway by Hammerand
Rosen[108]; ratherthanconsideringransportand multi-frequengy modificationsto the theory
they presenta simple asymptoticmethodthat providesan analyticsolutionandthat canbe ex-
tendedto considersubsonidhermalwavesandmaterialswith real physicalproperties—specific
heatandopacity—inplaceof the power-law relationswe have considered.

A problemthatis relatedin somewaysto the Marshakproblemis evaporationof a cold
sphericalcloud that is immersedin a hot surroundingmedium. This problemwas originally
treatedoy Cowie andMcKee[76] andis acentralpartof themulti-phasemodelof theinterstellar
medium. A subsequenpaper[181] incorporateghe cooling effect of (optically thin) radiation.
In the Cowie and McKeemodelthe heatflux is causedy thermalconduction,not by radiation
diffusion,but the analysisis just the same.Theinterior of the cloudis treatedascold anddense,
andthe evaporationfront progressesnto the cloud so slowly that a reasonablepproximation
is a steadyoutflow of the heatedmaterial. This flow begins nearthe front at a neggligible speed
andacceleratesutward andin factbecomegransonic.It reachegjuite high velocitiesfar from
the cloud. The temperaturestartsfrom somelow valueat the front andalsoincreasesutward,
but it levels off far from the cloud at the temperatureof the surroundingmedium. This set of
assumptionss notappropriatdor all conditionswhenacold cloudis embeddedh ahotmedium,
but it mayhave somedomainof applicability.

Theproblemis describedy the steadyflow equationsin sphericasymmetryfor theconser
vationof massmomentumandenegy. Thethermalconductionentersonly in the lastequation.
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If the outflow velocityis u, thedensityp andthe pressurés representeds p = pa?, wherea is
theisothermakoundspeedandtaking F; for theconductiorflux, the conserationlaws are

M
our? = = (12.16)
4
du a?dp da2
U—4——+— = 0 12.17
dr + p dr + dr ( )
1, 5, 4nr?F
§u2+§a2+u - o (12.18)

The conductionflux is obtainedusinga law like Spitzers [243], but neglectingthe variation of
the Coulomblogarithm:

dT
Fe = —KST5/2d—r, (12.19)
whichwe putin termsof the soundspeedas
2
Fe = —Ksﬁ—7/2(a2)5/2%i:. (12.20)

(HereR is thegasconstantdividedby themeanatomicweight.) Usingthis relationwe cansolve
equation(12.18)for da?/dr andobtain

da? B A

2 2
o = e 5, (12.21)

whereA is thecollectionof constants
MR7/2

A= . 12.22
8 KS ( )

Eliminating p from themomentunequation(12.17)usingthemassequation(12.16)leadsto this
form of theacceleratiorequationyery familiar from stellarwind theory:

1 a2\ du? 2a? da?
(1—?) - —0. (12.23)

2

dr r + dr
Our stratgy now is the following. Whatwe know is that the velocity and temperaturego

to negligible valuesasr — Ry, which is the radiusfor the cold cloud, and which we assume

is given. We alsoknow thatthe temperaturgoesto a value T, asr — oo, which meansthat

a — a.. We do not know the evaporationrate .M, andthatis onemajor thing we wantto find

out, which meanghat A is aneigervaluefor the problem.

Fig.12.4

Fig.12.5

Theinitial attackis to make scaletransformation®f radiusandvelocity sothatafterscaling
the sonicpoint, whereu = a, is at unit radius,andboth u anda areunity there. We forthwith
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adoptthatscalingwithout changingthelabelsfor thevariables We will putthe properunitsback
in later Thefirst thing we obsenre is thatsincer, u anda areall oneat the sonicpoint, thenif
du?/dr is to befinite there,asit mustbeif thereis atransonidlow, thenit mustbetruethat

(%) —2 (12.24)

for the sonicpoint value. ThatimmediatelydeterminesA in the scaledunits (but not in natural
units),
1
A=, (12.25)
3
which meanghatthe enegy equationtakesthis form with no unknown coeficients:

da’ 1
dr 3(612)5/2r2(u

Therestof thesolutionmethodconsistsof solvingequationg12.23)and(12.26)asasystem,
beginningwith the sonicpoint conditionsandintegratingeachway in radius. The sonicpointis
a singularpoint, of course andtheintegrationsubroutinesdlow up if the integrationis actually
begunat the sonicpoint. It is necessaryo take a small stepaway in the directiontheintegration
shouldgo. But whatslopeshouldbeassumedor u?? This requiresanapplicationof L’'Hospital’s
rule,

2 4 5a%). (12.26)

o =2 . (12.27)

du?\ . 2a%r —da’/dr _di2a%/r — da’/dr/dr
I A dIL— a?/u?]/dr

The derivativesare carriedout usingequation(12.26)to obtainthe secondderivative of a? and
leaving thefirst derivative of u? asanunknowvn. Whatis foundis

w2y
_,383— )3

2\/
= 12.28
C) W —2 (12.28)
aquadraticequationthathastheroots
u? = 2(1 ++58 %(1 — J/58), (12.29)

from which we have to selectthe positive root for anacceleratedow.

Now we simply do the numericalintegrationsandtatulateu? anda? asfunctionsof radius.
We find thatu? anda? vanishatr = 0.823in sonicradiusunits, which meansthat the true
locationof thesonicpointis

rs 1

= =_——_=1215 12.30

Ro 0.823 ( )
Thedistributionsof velocity andtemperatur@areshowvn in Figuresl2.4and12.5.

The squaredsoundspeechasthe asymptoticvalueat larger of 2.380,which meanghatthe
sonicpointtemperaturés

Ts = 0.420T,,. (12.31)
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RestoringA to its naturalunitsgives
1s
A= éasrs, (12.32)

which meanghattheevaporatiorrateis

87Ks | _ 87(85/80)°(r's/ Ro) RoK (Tex)
R 3R

_ 0092727 RoK (o)
R

M =
(12.33)

Justfor fun, we putin the radiusof the sunanda roughestimate 1.5 x 10°K, for the coronal
temperatureandderive anevaporatiorrateof 2.9 x 10~ M y~1, whichis in theright ballpark
comparedvith the sun’s mass-lossate!

We alsofind thatin the subsonicpart of the flow, whereu <« a, the pressurgendsto a
constantvalue. This pressurds the reactionto the outflowing material,thatis, it is dueto the
“rocketeffect”. This pressura@urnsoutto be

M(RTo0)Y/? K (Too) Ta/?
Poup = 100852 R T" _ ¢ ggash Tl Toe (12.34)
47 R} RoR1/2

This hasthe order of magnitudeof the conductionflux for temperaturely, if thetemperature
gradientis T/ Ro, divided by the soundspeedat T,. For the solarexamplethe pressurdurns
outto be4 x 10~*dynecm~2 correspondindo a particledensityof 2 x 106 cm3, whichis on
thelow sidefor thebaseof the coronabut perhapsiottoo badfor coronalholes. Theflow speed
continuegto rise at larger asexpectedfrom Bernoulli's law, sincein isothermalconditionsthe
work functionis the Helmholtzfree enegy, which goeslogarithmicallyto —oco asp — 0. At

r = 100Ry thevelocity is around6as, which for the coronaexampleis 820kms=1. Thisis large,
but not by morethanafactor2.

Thefactthattheseestimatedor themasdossfrom thecoronaarenotcompletelyoutrageous,
eventhoughgravity hasbeenneglectedin this model,demonstratethatthermalconductionis a
majoringredientin the solarwind, althoughonly one part of the total picture. The conduction-
dominatedmodel of the solarwind is Chamberlairs [64], althoughtransonicsolutionswere
consideredater by Noble and Scarf[195]. Thesemodelsstandin contrastto Parker’s [202]
original wind model,for which conductionis ignored. A goodreview of the subjectis foundin
Brandts[38] book.

12.2 lonization fronts

A structurethatoccursin starsandnelulaethatis like a shockwave in severalrespectsbut also
hascharacteristicen commonwith the Marshakwave, is the ionizationfront. (SeeKahn[137],
Axford [21] andMihalasandMihalas[189].) We areconsideringadiationhydrodynamidehar-
ior of a systemmadeup of the typical cosmicmixture, which is mostly hydrogen.We suppose
thatthereis a quite sizableradiatie flux, F, flowing throughthe system.The factsthat (1) hy-
drogenusuallyionizesaroundT = 10%K in LTE; (2) thehydrogenopacityis sharplyincreasing
with T whenhydrogenis neutral,but decreasewith T whenhydrogenis ionized;and(3) ther
mal relaxationcauseghe radiationflux to tendto a spatially constantvalue; combineto create



Fig. 12.6

242 CHAPTER12. EXAMPLES

aspatialprofile of thetemperatureéhathasa sharpsteparound10*K. Thisis a consequencef

the diffusion formula, accordingto which VT o «r(T)pF/ T2, but is obsened evenwhenthe
diffusionapproximationis not applicable. The temperaturdasa sharpstepevenwhenthe flux

is not actually constantprovided F variesbetweentwo fixed positive limits. Not infrequently
theregion on onesidethatis mostly neutralwill relaxto oneconstanvalueof theflux while the
mostlyionizedregionontheothersidewill haverelaxedto adifferentvalue. Thetwo valuesof F

remaindifferentsincethehigh opacityandhigh specificheat(dueto ionization)of the T ~ 10* K

materialmakesthis aninsulatingbarrier.

The conceptof an “ionization front” emegesif we imaginethatthe opacityin a certain
temperatureange,say 7000K—-15000K, is someenormousvalue, and otherwiseis whatit is
supposedo be. This idealizationmakesthe temperaturgump discontinuouslyfrom 7000K to
15000K acrosssomesurfacein spacetheionizationfront. In reality the opacityis large but not
infinite in this range andthethicknessof thefront is not zero,but somethinghatdepend®nthe
magnitudeof kr(T)pF/ T*. Theidealizationmaybeusefulin casedor which thetruethickness
is quite smallcomparedvith otherlengthscales.

This discussiorhasbeenbasedn theassumptiorof LTE, andin particularon thevalidity of
the Sahaequationwhich determinesghe degreeof ionizationin termsof thetemperatureThisis
theappropriateegimefor starsbut notfor nelulae.Out of LTE we have to regardtheionization
fractionof hydrogenx, asanadditionaldegreeof freedomthatis determinedy the equatiorfor
ionizationkinetics. In thiscasetoo, it mayhapperthatthescaldengthfor x to jumpfrom avalue
<« 1to nearlyonemay be shortcomparedwith otherlengthscales.We canusethe ionization
front picturehereaswell, but for this casethe“neutral” and“ionized” statesarenot strictly tied
to particularvaluesof thetemperaturealthoughthe values7000K and15000K arereasonable.

In neitherthe LTE northenon-LTE casds theionizationtransitionactuallya phasdransition
in the thermodynamicsense.In the latter picture the two phasesan coexist only on a certain
curvein (p, T) spacewhereaghe neutralandionizedspeciesarepresento a greateror lesser
degreeat all p andT. Butin a broad-brushway, whenwe ignore the small neutralfraction
in a mostly ionized plasmaor the small ionizedfractionin a mostly neutralgas,thereis some
similarity, andthe quantity analogoudo the latentheatis the ionization potentialof hydrogen
expressegerunit massof material. This hasthelargevalue1.302 x 103 ergg 1 for the cosmic
mixture with a hydrogenmassfraction X = 0.7. Thisis equivalentto the specifickinetic enegy
for aflow velocity of 51kms™1. For flows with u <« 50kms™1 the ionizationenegy andthe
radiative flux arethe largesttermsin theenegy budget.

We continuethe discussiorof ionizationfronts by consideringthe jump conditionsthat ex-
pressthe conserationlaws for massmomentumandenegy whenthereis alocally-steadyflow
throughthefront. What“locally-steady”’meanss thatchangesresmallin thetime requiredfor
aparcelof masgo pasghroughthefront. We assigrspecifictemperatureto theneutral(#1) side
andtheionized(#2) sideof thefront, 7000K and15000K, respectiely, sotheisothermalkound
speedsarea; ~ 7kms 1 anda, ~ 13kms 1. Theidealgaslaw for ay = 5/3 gasis assumed,
exceptthattheionizedgashasaninternalenegy thatis largerthanthatof the neutralgasby an
incrementl 1, theionizationenegy perunit mass~ 1.302 x 103 emyg~1. Thejump conditions
arethen

p1v1 = p2v2 = Cy (12.35)
p1+ p1vs = P2+ p2vs (12.36)

S P O [ 12.37
(2p2+ ”*2”2> ( P! (12.37)



12.2. IONIZATION FRONTS 243

Our discussiorof the magnitudeof 1y suggestshatfor relatively low velocity flows the kinetic
enegy andenthalfy termsmay be neglectedin the enegy jump condition,which thenbecomes
arelationthatfixesthe massflux throughthe front in termsof thejump in theradiative flux.

The possiblesolutionsof the massand momentumjump conditionsare representedsthe
relationsbetweerthecompressiomatio,n = p2/p1 = v1/v2, andthe(isothermalMachnumbers
ontheneutralsideM; = v1/a; andtheionizedside M2 = vy/ay,

2 _
Mf — M (12.38)
n—1
2
M2 m 12.39
2 n(n—1) (12:39)

Theserelationsareshavn in Figure12.6.

Therelationin Figure12.6indicateshow ionizationfrontsareclassifiednto four types.The
upperbranchcorrespondso thosefronts that are supersonion the neutralside andthe lower
branchconsistf the frontsthat are subsonicon the neutralside. The “weak” fronts consistof
thosefor whichthecompressioris closerto unity—andthe“strong” onesfor whichthecompres-
sionis fartherfrom unity—ata givenneutralMachnumber Theweakfrontshave the samechar
acter supersoni@r subsonicon both sides,while for the strongfronts the supersonic/subsonic
characteis reversedor thetwo sides.frontlweak

If avaluefor theflux jump AF is specifiedandif p; is given,thenthereis animplied value
of C1 andthereforeof v1. We speakof R-typeconditionswhentheimplied v, fallsin therange
of R-typefronts, of D-type conditionswhenthe implied v1 falls in the rangeof D-type fronts,
andof M-type conditionswhenthe implied velocity falls in the gapbetweenthe two branches.
This gapis the Mach numberrange0.29-3.42for a2/al = 1.87. M-type conditionscannot
simply produceanionizationfront with a suitablespeedbut somethingelsemusthappen.This
is generallythe creationof a shockthataltersthe conditionson the neutralsidesothatD-typeor
R-typeconditionsaremet. If theshockis asweakaspossible sothe D-type or R-typeconditions
arebarely met,thenthesewill be D-critical or R-critical, thatis, at oneof the ape< pointswhere
theionizedMachnumberis unity.

Thereis a closeparallelbetweenionizationfronts and comhustionfronts. The latter occur
whenthe materialcontainschemicallyreactingspecies and whenthe constituentsare mostly
unreactedn onesside of the front while the reactionis nearly completeon the otherside. If
thelabel 1 is associatedvith unreactednaterialandlabel 2 is associatedvith reactedmaterial,
thenthe jump conditionsarethe sameasequationg12.35-12.37)gxceptthat the combination
AF/Cy — Iy isreplacedby the heatof reactionAH . The solutionsarequalitatively like those
for theionizationfront: Thereare supersonicomhustionfronts, which are calleddetonations
and subsoniccomhustionfronts, which are called deflagrations andeachtype canbe weakor
strong,basedon the Mach numberon the burnt side. Thecritical fronts, wherethe flow speeds
justsonicontheburntside,arecalledChapman-Jouggtrocesses.

Becausgheradiationfield is (presumablyhegligible for comhustionfronts,thesecondaw of
thermodynamics&nd chemicalkinetics considerationseadto constraintson comhustionfronts
that do not apply to ionizationfronts. Theseincludethe following: The flow mustbein the
#1 to #2 direction, so the reactiongoesin the exothermicdirectionwhenmasspasseghrough
the front; strongdeflagrationgD-fronts) and weak detonationgR-fronts) are impossible. A
weakdetonationcasealwaysleadsto a pre-compressinghockanda critical detonation.Thisis
the Jougethypothesisandit makesthe propertiesof the Chapman-Jougetetonationof prime
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importancein modelingexplosives. This questionis addressedn Landauand Lifshitz [156],
§8121-122,and also Zel'dovich and Raizer[270]. It is alsotreatedfrom a slightly different
viewpointin CourantandFriedrichs[74]. The essentiatifferencebetweerionizationfrontsand
comhustionfrontsis thatthelatterareeverywheren thermalequilibrium,while ionizationfronts
aremodifiedby the non-equilibriumradiationflux.

In orderto understandetterhow an ionization front affects the surroundingflow, we can
countthenumberof C or C_ characteristicthatcanreachapointontheneutralsideandonthe
ionizedsideof thefront. We recallthatfor a shockwave, two characteristicseachthe pre-shock
sideof theshockfront, andjust onereacheshe shockfrom the post-shoclside. A Cy character
istic alsosuppliesthe pre-shockentropy. Therearefive mechanicalariablesneededo describe
the stateof the fluid on eachside of the shockandthe shocks motion; theseareus, p1, U2, p2
andus. Thedataprovided by the threeacousticcharacteristicsplus the two mechanicajump
conditions just determinethesefive variables.The two additionalthermodynamiwariablesthe
pre- and post-shockentropies,matchthe datafrom the Co characteristiand the enegy jump
condition. Soshocksarefully determinedin particulat thedetailsof theinternalstructureof the
shockcannotinfluencethe surroundinglow.

The countof justthe mechanicalC, andC_) characteristicseachingeachside of anion-
izationfront is givenin thefollowing table,wherewe distinguishan advancingfront, for which
theflow is from the neutralsideto theionizedside,from arecedingfront:

Countof Characteristicat lonizationFronts

Type adwancing receding

weak | 2 neutral,0ionized | 0 neutral,2 ionized
strong | 2 neutral,1ionized | 0 neutral,1 ionized
weak | 1neutral,lionized | 1 neutral,1ionized
strong | 1 neutral,0ionized | 1 neutral,2 ionized

R

D

We have the samefive mechanicalariables,andwe have two mechanicajJump conditions;the
enegy jump conditiongivesanadditionalconstraintf the valueof AF is imposed.This means
thatif therearetwo C; and C_ characteristicghe flow including the ionization front with a
specifiedA F is just determinedjf therearelessthantwo characteristicé is underdetermined,
andif therearemorethantwo it is overdetermined.What we seefrom an examinationof the
tableis thatthe weakfronts of eithertype, whetheradvancingor receding,arejust determined.
The advancingstrongR andrecedingstrongD fronts are overdeterminedand suchflows may
resole into critical frontsfollowedby ararefaction(advancingstrongR) or precededy a shock
(recedingstrongD). TheunderdeterminedasesadwancingstrongD andrecedingstrongR, may
be truly dependenfor their behaior on the detailsof the internal structureof the front. The
adwancingweak-Randbothadvancingandrecedingweak-Dtypeionizationfronts arethe ones
oftenencounteredh simulationsof H Il regionsandstellaratmospheresgspectiely.

12.3 Comptonization
In this sectionwe considerthosecorrectionsto the statementsnadeearlierthat the frequeny

changen Compton(or Thomson)scatterings negligible, andthatsuchscatteringhasno effect
on the enegy exchangebetweenradiationand matter. Thesemay be fair approximationsput
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they cannotbetruein generallf this wereso,we could put 1012 photonssampledrom a black-
bodydistribution at 10° K in a1 cm? box togethemith 1012 electronswith akinetic temperature
of 10°K andthey would remainat their respectie temperature$orever. We do not think this
happenswith billiard balls,why shouldit happerwith electronsandphotons?The collisionsbe-
tweenbilliard balls,whentheballsbounceoff eachotherat someangleof scatteringresultin the
exchangeof enegy andmomentunbetweerthecolliders,justin orderto satisfytheconseration
laws. Thisis all it takesto resultin equilibrationof thetwo species.

It is just sowith scatteringof photonsby electrons.We will look more closelyat the rela-
tionsfor scatteringof anarbitraryintensityfield by a thermal-equilibriumelectrongas. We will
introducea new function R(v, v"), theredistritution function for Comptonscattering.Actually,
we sawv sucha functionin the discussiorof partialredistritutionin line scatteringandmary of
thepropertieof R aresimilar for thetwo kindsof scattering.Thedefinitionof R is this: aradia-
tion field of low intensity (which meansignorestimulatedemissionthathasanangle-aeraged
intensity J,», andthereforefor which the enegy densityin the bandwidthdyv’ is 4z J,,dv’/c,
producesaanemissvity dueto this bandin abanddv atadistinctfrequeng v equalto

NeoT R(v, V) J,ydvdy’. (12.40)

The choiceof o1 hereasthe scalingcrosssectionis just a corvenience.The frequeng depen-
denceof thecrosssectionis containedn R. Thedefinitionof R involvestheenegy of the source
photonsandthe enegy of the emittedphotonsratherthanthe photonnumbers.ThereforeR is
relatedto thedifferentialcrosssectionwith respecto final photonfrequeny asfollows:

/
or R, V) = = do(v,v) (12.41)
v dv
Noticethatin R(v, v") thefirst agumentis the frequeng of the photonafter scatteringandthe
secondargumentis thefrequeng beforescattering.

Recallthe definition of the modal photondensityn,: n, = (2hv3/c?)~1J,, for the mean
numberper modeafter integratingover solid angle. The equationfor the rate of changeof the
modaldensitydue just to scatteringwhenaccountis taken of the in-scatteringsaswell asthe
out-scatteringandthe stimulatedscatteringactorsarenow includedasin thediscussiorin §8.3,
isthis (cf., 84.2,[4.24)):

1 8[‘1 Cz o0 V C2J/
L= | d{-R0,v»—=J |1 ;
Neorc 9t 2hv3/o v: vy |:+2hv’3:|+
2
c-J,
R(v, v')J,/ [1+ W] } (12.42)

Beforeproceedingve have to considewhatkind of symmetryis possessely the function
R. Earlierit wasstatedthat R is symmetricunderexchangeof v andv’. We will seethatthisis
almosttrue, by thefollowing argument.Considera thoughtexperimentin which someradiation
is introducedinto a sealedbox, with perfectly reflectingwalls, containingthermalelectronsat
a temperaturel, andthe radiationis allowed to cometo equilibrium with them; however, no
sourcesor sinks of radiationexist within the box — the samebilliard-ball picture mentioned
above. Whentheradiationis atequilibrium, it mustbe describedy a Bose-Einsteirdistribution
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at the temperaturerl of the scattererswith a fugacity z that dependson the fixed numberof
photonsin the box:

_ 2h3)e?
"7 zexpthv/kT) —1°

(12.43)

For this value of the intensity the stimulationfactor1 + n becomesz/(z — exp(—hv/kT)).
Therefore,if the intensity hasthe form given by equation(12.43),the photongainsandlosses
mustexactly balance The equatiorthatresultsis

/3

/ / v

/d” RO V) L expthv’ /KT — 111z — exp(—hv/KT)] (12.44)

P v4 1
- /dv ROV, ”7 [zexp(hv/KT) — 1][z — exp(=hv'/KT)]’ (12.45)

A rearrangementields
Jorfown- oot o
y3

(12.47)

[zexp(hv’/KT) — 1][z — exp(—hv/KT)] =0,

which mustbetruefor all z. Thereforethe redistritution function hasto have this symmetry:

R, V') = (§>4exp <w> ROV, ). (12.48)

In otherwords, Ris symmetricapartfrom asmallbiasthatis relatedto thedifferencebetweerthe
two frequenciesAt high temperatureéhe redistritution favors upshiftingthe photonfrequencies
becausef thev* factorsputif thetemperaturés low in comparisomwith hv/k thendownshifting
is favored. In essencetherewill be a smallbiastendingto bring the photonstowardthe middle
of the Planckdistributionathv = 4kT.

Now we canputthetwo R functionsin equation(12.42)in termsof a singleoneandexpress
theresultin termsof modaldensitiesn this form

1 odn, ® v ,
= —R
NeoTC 0Ot /0 dv V! (', v)
h(v/ —v)
x | —ny(14+n,) + exp T ny(1+ny,)|. (12.49)

Fromourearlierdiscussiorwe expectR(v’, v) to besharplypealedaroundv’ = v, andtherefore
providedthattheradiationfield variessmoothlywith v it shouldbepossibleto introducea Taylor
seriesin v' — v for the functionin squarebraclets,do the integralsover v/, which will be mo-
mentsof (v/v")R(v, V'), andthusexpressthe right-handsideof equation(12.49)in termsof the
radiationfield andits derivatives. This is the Fokker-Planckmethod. It may be comparedwith

Harringtons methodfor PRD,describedn §9.2.1.Whencarriedto thesecondrderin v/ — v the
equationthatresultsis the Kompaneetgquation.The following discussiormostnearlyfollows
Pomranindg206], with partsadaptedrom Rybicki andLightman[227].
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We let F (v, V") bethefunctionin squarebracletsin equation(12.49),

h(v/ —v)

Fw,v)=-n,1+ny,) + eXIO( T

) ny(1+ny). (12.50)
We form the Taylor expansionof F in thevariablev’ aroundthepoint v,

Fv,v)=Fy(w,v)(v/ —v) + 1F v, VO — v)2+--- (12.51)

wherethe constantermis seento vanish.After doingtheintegralswe find

1 o4n, 1
Neorc ot = AW)Fy(v,v) + EB(U) Foy,v)+---, (12.52)
wherethe derivativesare
on h
Fo(v,v) = "+ —n,(1+n,) (12.53)
ov k
Eowyy = oM (1+n) h 2n(1+n) (12.54)
A S b ’ k) " v '

ThequantitiesA(v) and B(v) arethe momentof the differentialcrosssection,

Ay = 2 [Tavo - )da(” Y) (12.55)
oT o

By = = [ dvo— )ZM. (12.56)
oT Jo

The exact, relatistic differentialcrosssectionis ratherugly. It beginswith the Klein-Nishina
differentialcrosssectionversusnitial photonfrequeng andscatteringangle,which applyin the
restframe of the initial electron,which thenmustbe averagedover the relativistic Maxwellian
distribution. In orderto obtainthe differentialcrosssectionfor specificinitial andfinal frequen-
ciesasa function of scatteringangle,all measuredn the fixed frame, the Doppler shift and
aberratiorconstraintdor initial andfinal photonamustbeapplied,andtheelectron-framgyhoton
coordinatesnay be integratedout. This becomesa 9-dimensionalintegral, althoughit includes
7 deltafunctions. The final two integrationsare over an azimuthalanglefor the electronve-
locity, which is easy andthe speeddistribution, which canonly be donenumerically Efficient
routinesfor doing this calculationhave beendevelopedby Kershav, Prasadand Beason143].
Power-seriesexpansionsn the two small quantitieshv/mc? andkT/mc? have beendeveloped
for the differentialcrosssectionfrom which it hasbeenshovn thatto first orderin the two small
parameterthe momentsaregivenby

kT hv
AG) = (4— ﬁ) , (12.57)

and

2kT
B(v) = V2, 12.58
W)= —5v ( )
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Theseexpressionscould be improved using the resultsfor the relativistic regime obtainedby
Cooper72].

Thevaluefor B, themeansquardrequeng shift, is nothardto derivefrom thenon-relatvistic
Dopplereffect formulawithout worrying aboutthe Klein-Nishinacorrections.As it happensA
canthenbe calculatedrom it usingthe requirementf thermodynamiconsisteng. Whenthese
valuesfor A andB areusedwith thederivativesfrom equationg12.53)and(12.54)in theFokker-
Planckequation(12.52)it becomes

1 an, KT [ ,8%n,
NeoTCc 9t ~ mc? v2

+-—ny(n, +1)

o T (12.59)

hv 1 on, 4hv
|:4+ ﬁ(znv‘i‘l)— v }s

which canberearrangednto the standardKompaneetform

1 ank KT 1 9 [ ,/dng
— = ——— | X" — 4+ ny(n 1 12.60
NeoTC ot mc2 x2 ax | <8X e+ ))] ( )

in whichthefrequeng variablehasbeenscaledby thetemperature,

hv
X = T (12.61)
Kompaneetsequationhasthe expectednice properties:it is written to preciselyconsere
photons,sincethe integral [ nxx2dx is the photonnumberdensity. It must be remembered
thatthis equationis only for the local scatteringerm; it mustbe supplementedy the transport
term,then - V part,in the completetransportequation.Besidesconservingohotonsthe Kompa-
neetsequatiorwill give backanexactBose-Einsteirdistributionin equilibrium. In thatcasethe
frequeng-flux vanishedecause¢he equation

ad
% + (e +1) =0 (12.62)

is obeyedexactly by functions

1

M= om0 1 (12.63)

i.e., arny Bose-Einsteirdistribution with thelocal electrontemperature.
If we multiply theKompaneetsquatiorby x* andintegratewe getanequatiorthatdescribes
how the meanfrequeng of the photonsevolveswith time. It is

d{x) kT 2
i = Neore— (4(x> ~ )). (12.64)

Soadistribution concentratedhitially atlow frequeng will be boostedaxponentiallywith time
accordingo

(x) o &, (12.65)
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wherethe parametey is

ANegoTctkT  4kTN

y = v = (12.66)
whereN is themeannumberof scatteringshathave occurred.

An illustrationof the useof the Kompaneetgquations to find the spectradistribution of the
photonsthatbegin with a certainfrequeng in aninfinite volumeof electronsat a fixedtempera-
ture T afteralargenumberN of scatteringsThis is alsoa chanceo illustratesomeideasabout
probability distributionsof the numberof scattering@andgeneratingunctions.

The modalphotondensitywill obey equation(12.60). The left handsideis the changeof ny
is themeantime betweerscatteringssowe canregardtheright handsideasthechangen ny per
scatteringWe write theright-handsideas

=Ny + (Nx + K[nx]) (12.67)

wherethefirst termrepresentshe disappearancef the radiationasit wasbeforethe event,and
thesecondermis thereappearancef radiationasmodifiedby the Comptonscatteringprocess.
Thatis, the first term is the rate of absorptionandthe secondis the rate of reemission. The
operatorK is the Kompaneet®peratorandwe will dropthe stimulatedterm,thusmakingit a

linearoperatoy
KT 1 8 [ 4(0n
KInN=—s—=S— —+n])]|. 12.68

nl mc? x2 9x [X <8x+ )] ( )

Now, let’s keeptrack of the photonsaccordingto how mary timesthey have scattered.Let
no(X, t) bewhatremainsof theinitial distribution of photonghathave survivedun-scatteredntil
timet. Letny(X, t) bethosephotonsthathave hadoneandonly onescatteringup to timet, and
soon.We canwrite the evolution equationgor the groupsof photonsthatlook lik e this:

1 dng
— = —np, 12.69
L o ne +nNr—1 + K[np_1] forr > 1 (12.70)
NeorC 0t ' -1 -1 - '

The photonsin group0 canonly be destryed, but the otherphotonsin groupsl, 2, ... canbe
destryed,or createdby the actionof scatteringon the photonsin groupr — 1. Now thespectral
distribution of photonds determinedy how mary timesthey have scatteredbut doesnotchange
afterthelastscatteringhatqualifiesthemto join thatgroup. Thusthe modaldensityfunctionfor
photonghathave scatterec definitenumberof timesfactorsinto onefactorthatdepend®ntime
andvariesasthe populationof this groupgrows anddecaysanda secondactorthatdependsn
frequeng, andis the spectrunfor all the photonsin thatgroup:

ne (X, t) = ar (HHuy (X). (12.71)

We have notedthat the scatteringoperationdoesnot changethe total numberof photons,only
their frequengy distribution, so every function u, (X) is normalizedthe sameastheinitial distri-
bution,

/ooxzdx ur(X) = /Ooxzdx Uo(X). (12.72)
0 0
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If we thenintegrateover x? dx equation(12.70)we find this setof equationgor the evolution of
thegrouppopulations:

1 dag

— = — 12.73

1 da
- = _ 1. 12.74
Neorc dt a +ar-1 ( )

The K term goesaway in the integration sinceit conseres photons. This set of differential
equationss easilysolvedby recursionandwe find

r
ar (t) = exp(—NeoT ct)('\'e@%d), (12.75)

sothatatarny timet therelative numbersof photonswith differentnumbersof scatteringg$ollows
Poissorstatistics.Themeannumberof scatteringsn timet is just NeoT Ct.

We arereally moreinterestedn the spectraldistribution, sowe integrateover time in equa-
tion (12.70). We verify thatthe integral of every & (t) is the sameasthe meantime between
scatteringsl/NeoTC. Theintegral of the equationfor r = 0 vanisheddentically, andthe other
equationgjive

Ur = Ur_]_ + K[Ur_]_]. (1276)

We wantto know aboutlargenumbersof scatteringssothis equationwould be painful to usefor
oner afteranotherdirectly. Thisis wherethe generatingunction conceptcomesin. We define
thegeneratingunction,or @ transformif you prefer, by

o0
i=) o'u. (12.77)
r=0

This would be the spectraldistribution of all the photonstogetherif the scatteringalbedowere
w insteadof unity. But we do not have to think of = asarealalbedo but caninsteachandleit

asa free parameter Whenthe typical numberof scatteringss so large thatwe cantreatr like
a continuousvariable,this sum canbe approximatedy an integral, which is thenthe Laplace
transformof u with respecto r, andthetransformvariablep is — log @'

o0
0=) @'ur ~ L logmlul. (12.78)
r=0

Whenit is desiredto invertthe transformto obtainu, from G thisrelationcanbeused:
1 Udw
U =—r@ —. 12.79
" 27 % o'+l ( )

(This is the Cauchyintegral formulafor ther -th derivative of G, atew = 0, dividedbyr!.) The
contourshouldenclosethe origin andnot enclosesingularitiesof @, suchasthepointw = 1.

Performingthe sum (12.77)on equation(12.76)and noting thatther = 0 termis missing
leadsto

0 — Up = o (G + K[aD). (12.80)
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We do alittle rearrangemertf this equationandit takesthis form,

Up i w
l-o 1-w

0= K1dl, (12.81)
so the generatingunction satisfiesan inhomogeneougsquationwith the Kompaneet®perator
andtheinitial distributionis thesource.

Working outthe derivativesputsthe equationin this form:

d2i

da
2_ _ J— (] [ ——
X + X(X + 4)dx + <4x T a (12.82)

dx2 kKT @

mc3(1 — w)) mc? ug
With oneor two transformationshis equatiorbecomes confluenthypeigeometricequationand
we will just quotethe answerfor the responsen the casethatthe initial distribution is a delta
functionatx = Xo:

r(9)x5x%e ™

0=
@ [(25 + 4)

M(s, 25+ 4, X )HU(S, 25+ 4, X)), (12.83)

wherex. = min(x, Xg) andx. = max(X, Xg), M andU aretheregularandirregularconfluent
hypegeometridunctionsands, theroot of theindicial equationjs

S=—=
2+

3 9 mc3(l—w)
. 12.84

\/4 * kTo (12.84)
Thevalueof s dependon the Comptony parametedefinedin equation(12.66)in termsof the

numberof scatteringdN. Herewe associatéN with @ /(1 — @), sos is relatedto y by

3 9 4
S=—— Z-. 12.85
5+ 4+y ( )

Wheny is very small, aswhenthe numberof scatteringds small, thens is large, andin
that case( is very sharplypealed at x = Xg. Whenthe y parameteiis moderate thens is
moderatealso, and an interestingresultin that caseis if we considerhvg « kT. This is the
inverseComptonscatteringcase pecausénsteadof hot photonsbeingdegradedby scatteringon
cold electronsherecold photonsareboostedby scatteringon hot electrons.The limiting forms
for the M andU functionsproducethe resultthatl X(S)Jrzx—s‘3 in therangex > xp. Sowe
geta declining power-law distribution for the scatteredspectrumthat is flatter andflatter asy
getslargerands getssmaller Wheny > 1 thens is small,andthe M andU functionstendto
unity. Whathappensn thatcasds that,whatever theoriginal distribution was,thosephotonsare
distributedoveraWiendistributionu oc e * in thefinal spectrumTheprogressiomf thespectra
of 0 with y isillustratedin Figure12.7.

The evolution of G with y is suggestie of how the inverseComptonspectrumchangeswith
time or the numberof scatteringshut for a completepicture the inversea -transformhasto
be taken. Figure 12.8 shaws the time-dependenspectrumfor this samecase,obtainedfrom
a numericalintegration of the Kompaneetgquation. The suggestiorof a powerlaw spectral
distribution in the rangexp « X < 4 at intermediatevaluesof y, which is seenin x30, is
not evident in the actualtime-dependenspectrum. Insteadthe initial sharppeakat xg is just



Fig.12.8

Fig. 12.9

252 CHAPTER12. EXAMPLES

broadene@ndshiftedupwardin frequeng with increasing, andwhenthe peakreachex ~ 1,
the further evolution consistsof sharpeningf the peakanddepletionof the low-frequeng talil,
until the Wien distribution is approached.

InverseComptonreflectionis anothelinterestingapplicationof thesesameideas.(See
Lightmanand Rybicki [172], andalso Rybicki andLightman[227], §7.5.) The problemto be
worked outis to find the spectrumof initially low frequeng radiationthatis diffuselyreflected
by a hot cloud, for which Comptonscatterings the only procesghat needbe considered.This
is the sameinverseComptonprocessonsideredbove, but now the numberof scatteringss not
an independenvariable,but hasa probability distribution determinedby the diffuse reflection
processAlthoughthe photonsthatarereflectedafterjust a singlescatteringarethe mostnumer
ous,the numberthatscatterseveral times,or even hundred=of times,beforere-emegingis not
negligible, andsopartof thereflectedspectrundoesconsistof thosephotonsthathave scattered
agreatmary times.

The methodthatwe useto analyzethis problemis, asabove, to itemizethe reflectedflux
accordingo thenumberof scatteringsandto applyto thosephotonghathave aparticulamumber
n of scatteringghe spectraldistribution expectedfrom the Kompaneetgquationfor thatn. The
probability distribution pn of n is the partof thediscussiorthatis new, andwe will describethat
in someavhatmoredetail.

We comebackto ourfriend, the @ -transform.The generatingunctionfor p;

o
F=Y o"p (12.86)
n=1

is the diffusereflectance— reflectedflux divided by the incidentflux — if the scatterings not
conserative, but if insteadthereis a single-scatteringlbedow. This is one of thosequan-
tities that is calculatedusing the classicalmethodsof radiative transfertheory expoundedby
Chandrasekhandothers.If theincidentintensityis isotropicin theincominghemispheréhen
Chandrasekhastesultis

1
F=1-2J1— w/ H(u)pdu (12.87)
0

in termsof the standardH -function. Using a very precisesubroutineto generatea table of the
H -function for a few small valuesof = allows the valuesof p, to be found by estimatingthe
numericalderivativesof F atw = 0; in fact py is the nth derivative at o = 0, divided by n!.
Owing to cancellation this methodis goodonly for n < 5 or so. The valuesfor largern can
be estimatedby replacingH () in equation(12.87)by the functionfor w = 1, for which the
integral hastheexactvalue2/+/3, thenusingthe binomialtheorento expand./1 — @ in powers
of w. This givesthisresultfor n > 1:

2
3rn3/2°

Thishastheinterestingmplicationthatsomethindik e 1% of thephotonswill havebeenscattered
10* or moretimes! Thedetailsof the numericaldifferentiationandof the asymptotidaw canbe
checledusingavery simpleMonte Carlocode.An exampleof thefinal resultis the spectrumn

Figure12.9,which is, asbefore,for aninitial frequeny xo = 10~2, andherekT hasthe value
10-2mc? = 5.11keV. In this spectrunthereis a hint of a power law aroundx = 1071, anda

Pn ~ (12.88)
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pronouncedumpatx = 3, the Wien peak.n this problem4kT/mc? is 0.04,sofor photonsto
be boostedfrom xo = 1072 to x = 4 takesIn(400)/0.04 ~ 150 scatteringsand 10.6%of the
photonsscatterat leastthatmary times,thuspopulatingthe Wien peak.

12.4 Radiating shockwaves

Oneof the mostimportantsituationsin which the radiative enegy flux works with the gasdy-
namicsequationto producea complex structureis in radiatve shockwaves. Theseare shock
in which the materialis heatedsufiiciently for the radiative flux to be comparableo the flux of
kinetic enegy ontheupwindsideof thefront. Theclassicdiscussiorof radiatingshockwavesis
in Zel'dovich andRaizer[270], §VI1.14-18;this is repeatecandextendedvery clearlyin [189),
§104.

We have to keepin mind thedimensionlessumberthatgivestherelative importanceof radi-
ationandenegy transporty massmotion. It is the Boltzmannnumber or actuallyits reciprocal:

Bol— oT?
~ pC, TV’

(12.89)

For the shockproblemthe denominators thekinetic enegy flux (1/2),001)8 andthetemperature
is estimatedfor scalingpurposesas (3/16)v§/=7¥, the strongshocklimit for y = 5/3. Sothe
typicalinverseBoltzmannnumberfor ashockis Bo~! = 0.0025v3/pR*.

Justto illustratethe numberswve quotetheinverseBoltzmannnumberfor a 100kms~1 shock
in gaswith a pre-shockdensityof 10~° gcm3; it is about6000. Underthesecircumstancethe
influenceof radiationon the shockstructureis profound.

Thediagnosticdiagramthataidsunderstandinghe influenceof radiationon the shockis the
mechanicaflux vs. temperaturaiagram.This is constructedrom the steadyconsenrationlaws
(2.92),(2.93)and(2.97)in whichviscosityis discardedut heatconductionis replacedy amore
generakadiationflux:

pv=Cq (12.90)

pv? +p=Cy (12.91)
1

pve + Epvs + pv+ F = Cs. (12.92)

We divide the secondequationby thefirst to get
P_, (2 _ v> — RT. (12.93)

In the third equationwe assumehe ideal gamma-lav relatione = (3/2) p/p, so pressureand
densitycanbe eliminatedto expressthe flux in termsof v:

; (?9 _ 2,,) _G—F (12.94)

Farupstreanfrom theshockF mayhave anasymptoticvalue F,. Thevalueof C,/C1 is vy, the
stagnatiorvelocity. Thevalueof Cs is Fo plusanamountthatis closeto v3/2 ~ C2/2C2 for a
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large Machnumber Thediagnostiadiagramis the plot of theleft sideof equation(12.94)vs. the
left sideof equation(12.93).

Thefirst panelin Figure12.10illustratesthe diagnosticdiagramin the absencef radiation.
Theinitial upstreanstateis point A atzerotemperature— negligible comparedo the stagnation
temperatura;f/,ﬂ for high Mach number— and at a flux value correspondingo (1/2)pvf.
Acrossthe shockthereis no jumpin flux, sincethatis oneof the Rankine-Hugoniotonditions,
andpoint B, evenwith point A but onthe subsonidranch representthe downstreanstate.The
post-shockemperaturés 3/16in unitsof the stagnatiortemperature.

The secondpanelillustratesthe casein which thereis a moderateamountof radiationpresent.
Both the upstreamand downstreanregionsare optically thick to the radiationthatis produced
within the shock,andthereforeby moving far enoughfrom the shockin eachdirectionwe can
reachpoints A and B wheretheflux is negligible. Thesepointsdefinethe valuesof the constants
C; and Cy, andit is at point A wherethe temperaturas very small in comparisonwith the
stagnatiortemperature.The points A and B thereforeobey the Rankine-Hugoniotonditions.
But considemow whathappensiswe approachhe shockthroughthe pre-shockegion. As the
radiative flux from the shockbecomesoticeable representing flux from downstreantoward
upstrearmandthereforenegative the way we have definedit, thevalueof Cs — F becomedarger
thatit was,andthereforethe point representinghe conditionsin the diagnosticdiagrammoves
upward and to the right along the supersonidranch. For this shockthe actualgas-dynamic
discontinuityoccursat the point C. The jump acrossthe discontinuitymustagainbe horizontal
in the diagram,becausdhe radiative flux is actually continuous. This assumesve look at the
flux “in the small”, thatis, on a scalesmallerthanthe radiationmeanfree path, andtherefore
sincethe intensityhasno discontinuityneitherdoesthe flux. Thusthe radiatingshockstructure
is a shock-within-a-shock.The remoteupstreamand downstreamconditionsobey one set of
Rankine-Hugoniotelations,andthe obsener at a greatdistancethinks theseare“the” pre-and
post-shockconditions. But within the shock,whenwe look closely thereis the gas-dynamic
shockwith anothersetof Rankine-Hugoniotelations. In the flow downstreamfrom the inner
shockthe hot material producesemission,thatis dF/dx > 0, which meansthat F goesup
(towardzero)andthereforethe point on the diagnostiadiagramgoesdown andto theleft, onthe
subsonidranchthis time. Whenthe materialstopsemitting,andtheflux is restoredo zero,we
againarrive at point B, the eventualdownstreamnstate.We seethatthe amountof flux absorbed
within the upstreanpartof the flow just equalsthe flux emittedwithin the downstreanregion.
Thethird panelillustrateswhat is called a supercritical shock,in which the amountof ra-
diation is considerablymorethanin the previous case. This actually producesthe situationin
which the post-shockemperaturet theinnershockis drivenup to almostexactly the maximum
possiblevalue,1/4 of the stagnationemperaturePointC cannotriseary higherthanthatonthe
supersonidranch,sincetherewould be nowherefor point D to go. Whatthis doesto the shock
structurewe will seeshortly. In the post-shoclcooling region the temperatureecoversto point
B asbefore. Now you will noticethatpoint C is at exactly the sametemperatureas point B.
This is remarkable The precursotheatingdueto the radiationproducedwithin the coolingzone
raisesthe pre-shockemperaturaup to just what the downsteamtempeature would havebeen
withoutradiation. The actualpost-shockemperaturés madehotterthanthis, andonly afterthe
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post-shockcooling hasoccurreddoesthe downstreammaterialreturnto this temperaturelf ary
attemptis madeto getmoreradiationthanthis out of the shockby turningup variousparameters
or whatever, thereis no further changen thesetemperaturesAll thathappenss thatthe shock
adjuststhe structureof the precursormregion andthe cooling region sothat the right amountsof
enegy areproducedandabsorbedo give thesetemperatures.

This radiatingshockstructurecan be analyzedin a roughway that necessarilyignoresthe
importantnonlinearitiesout catcheghe main qualitative features.Theideais to obsene thatthe
supersoni@andsubsonidranche®f thediagnosticcurve arebothvaguelylinearwith a positive
slope. In factthe slopes,—dF/d(p/pR) areequalto C;C, andC;Cp in the supersoniand
subsoniclimits, respectiely, whereC, is the specificheatat constantvolume and Cy, is the
specificheatat constanpressure Solet’s forgetaboutthe nonlinearityandusea linear formula
connectingF and T, but perhapswith differentslopesif we like. We do alsoneedto putin the
offset: the (radiative) flux goesto zeroat T = 0 in the supersonidranch,but it goesto zeroat
point B in the subsonidoranchwhereT = Ty is large. We will usethevalueaTg‘ = Eg below.
Whatwe actuallywantis alinear relationbetweerthe flux andthe equilibrium enegy density
aT*. We expressthatslopeas

daT 2dT 4aT?3 160 T4
=4aT°— = — = - . 12.95
dF dF C.C cCiCT ( )
We adoptthe Eddingtonapproximation(not thermaldiffusion)for which
c dE
F—_ —, 12.96
3krp dx ( )

so the coeficient of the relation between aT* and (1/krp)dE/dx s
160 T#/3C,CT. Apart from the factor16/3 this is the inverseof the Boltzmannnumber. As
mentionedabove, the specificheatC is smallerin the supersonieegion thanit is in thesubsonic
regionby afactory = 5/3; we will notworry aboutthis minor inaccurag sincethe nonlinearity
of therelationbetweeraT# and T is muchmoreserious.Finally we adoptthesdinearrelations
betweeraT* andF:

BoldE
T upstream
4
aTé = | 1% B dE g : (12.97)
0+ erp X ownstream

The next stepis to solve the Eddingtonapproximationequationof transfergiven that aT#
is obtainedfrom theselinearrelations. Keepingto the spirit of this crudemodelwe will not be
concernedvith the variationof the absorptvity with locationwithin the shock— a large effect
in reality — andthusmalke all the coeficientsspatiallyconstant.The Eddingtonequationfor E
is then

_1
42E 3(krp)? (E - ‘?f;p ‘é—E) upstream
2 = Bo—1dE . (1298)
dx 3(krp)2 (E — Eg — = W) downstream

ThehomogeneousquatiorhasexponentiakolutionsE ~ exp(px), andtherootsfor p arefound

to be
1/2
p 3 3\2
e =~ 280 + [3+ (280) . (12.99)



Fig. 12.11

256 CHAPTER12. EXAMPLES

Theserootstell aninterestingstory. The positive onehasto be usedupstreamandthe negative
onedownstream.Whenthe Boltzmannnumberis large — weakradiation— the rootsarethe
usual+1/+/3 andtheradiationextendssymmetricallyonemeanfree pathor soin eachdirection.
But in the strong-radiatiorcasethe roots are very unequal. The positive root goesto Bokrp
while the negative onegoesto —3krp/Bo. Soon the upstreansidethe extentof theradiationis
very large, of orderBo~! meanfree paths,but on the downstreansidethe radiationdropsvery
abruptly in Bo meanfree paths. The very sharpcooling zonebehindthe shockmeansthat the
thermaldiffusionapproximatioris hopelesshere;it justgivesthewronganswer

We canfind the correctsolutionsnow. We putin adjustablecoeficientsfor the exponentials,
andtry thesesolutions:

E_ Ea exp(pax) upstream

= , (12.100)
Eo + Epexp(ppx) downstream

wherep; is thepositive rootand py is thenegativeroot. We have to find theconstant€,; andEy,
by matchingthe valuesof E and F at the shock. (The secondderivative is discontinuoussince
aT*is discontinuous.rheresultsare

Po
0
Po — Pa
Pa
0 .
Pb — Pa

Since p, is positive and py, is negative, E; will be positive and Ep will benegative. This means
that E increasesnonotonicallywith x throughtheshock,sotheflux is in the —x directionevery-
where. The flux follows from equation(12.96)andthe distribution of aT* (i.e, of temperature)
followsfrom (12.97).

A sampleof whatthe solutionslook like is shovn in Figure12.11. Therunsof E andaT?
trackfairly closelywith the notableexceptionof thetemperaturepike behindthe shock,which,
becausat is quite optically thin, hasalmostno influenceon E. The flux profile is shovn on a
wider rangeof x to shaw the very greatextentof the precursor.On this scalethejunpin flux at
the shockappearsliscontinuousbut it is not. The lengthscalefor F to rise from its minimum
value at the front toward zerois aboutonetenth of a meanfree path,the sameasthe width of
the cooling region. It shouldbe notedthat this value of the inverseBoltzmannnumber 4, is
quitemodestWith Bo~! ~ 6000the precursomandtemperaturaspike lengthscalesareordersof
magnitudedifferent. Or, they would beif someneglectedphysicalprocesseslid not changethe
scale.The predictedwidth of the spike is comparablevith the scalelengthsfor someof thevery
fastestplasmaprocesseselectron-ioncoupling, collisional ionization, and shorterthan some,
suchasthat for radiatve recombination.Calculatingthe shockstructurein detail requiresthe
mostinvolvedkind of plasmatransportmodeling,andthe modelingwork hasprobablynot yet
be carriedoutwith sufficientthoroughnesto give a satishctoryaccounof someof the excellent
laboratoryexperiments.

Thefinal remarksaboutradiatingshocksconcernghe effect of frequeng-dependetopacity,
andin particular the effect of very opaquepartsof the spectrumwith quite transparentvindows

Ea = (12.101)

Ep = (12.102)
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betweenA modelbasednthe Rosselandneanis notadequatéo catchthe mainfeaturedn this
case.Thereasortherecanbe a qualitative differencewith andwithout a spectralwindow to the
outsideworld is thattheexistenceof thewindow malesit possiblefor thehot post-shocknaterial
to cool down to the original temperaturef theupstreangas.Thatis, thereis an“outsideworld”
temperaturdathandthe spectrawindow makesit possiblefor the post-shoclgasto equilibrate
to it. Thestructurecloseto the shockis not modifiedasmuch,althoughthe actuallengthscales
representveragesover differentopacitiesanddiffer from thosein the gray opacity model. In
the diagnosticdiagramthe new qualitative featureis that from point B the post-shockcooling
flow proceedon down in temperatureintil a valuenearzerois reached.Thefinal stateandthe
startingstateA areconnectby theisothermajump conditions which consere massmomentum
andtemperatureseplacingenegy.
It is helpfulto remembetheserelationsfor isothermalkhocks:

povo = p1v1 (12.103)
Po+povg = P1+p1vf (12.104)
P _ PL_ 2 (12.105)
00 p1
from whichwe seethat

a
0_2_w, (12.106)

v1

the Machnumber(relative to theisothermalkoundspeed)sothedensityratio is

P

M?. (12.107)
£0

Theformationof isothermakhocksn therelatively denseatmospheresf pulsatingstarsandthe
differencein the way they develop with heightcomparedwith adiabaticshocksis a significant
topic for pulsatingstar physics,which we cannotdiscusshere. It shouldbe notedthat not all
shocksin materialthathasspectrawindowswill beisothermal.This requiresthatthe emissvity
of the hot shocled matterbe suficiently large thatthe lengthscalefor the coolingis shortcom-
paredwith thelarger problemdimensions.This is a statemenaboutthe densityof the shocled
material.As ashockpropagatesipwardthrougha densitygradientspanningordersof magnitude
it mayfirst beadiabatidbecauseventhespectralindowsareopaquesnougho blocktheescape
of radiation;thentheremay be anisothermalpropagatiorphase becausehe radiationescapes
but the cooling length scaleis still shortcomparedwith otherdimensionsfinally the shockis
adiabaticagainbecausé¢hecoolingprocesseareinefficient. Thesetransitionsn shockbehavior
form oneof the mostinterestingaspect®f studyingpulsatingstars.

12.5 Radiatively drivenstellar winds

Thefinal exampleto bediscusseds thetheoryof radiatively-drivenstellarwinds. Theastrophys-
ical motivation s the existencein somestars,and perhapsn active galacticnuclei, molecular
cloudsandsomecircumstellaroutflows, of supersonianotionsthatare combinedwith spectral
line transport. The momentundepositedoy theline radiationis certainlyimportantin someof
thesecases.We have alreadystudiedhow to approximatelysolve the transportequationin the
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Soboley, large velocity gradient,approximationandwe found an expressiorfor the bodyforce
onthematerialdueto radiationpressurén spectralinestreatedn this approximation.

Thetheoryfor radiatvely-drivenwinds presentedereis the CAK theory from Castor,Ab-
bott andKlein [59]. Therehasbeenconsiderablelaborationof the theorysince1975,andthe
currentstatecanbefoundin the articlespresentedh ref.[121]. A particularlyrich veinhasbeen
the study of the instability of radiatve driving. Someof the currentwork wasreviewed at the
conferencen Isle-aux-CoudreQuebed191]. The hydrodynamic®f theinstabilitieshasbeen
studiedwith increasingprecision,andnow the associatiorbetweerradiation-drveninstabilities
andthex-ray emissionfrom thewindsis securg88].

The applicationof the Sobole line force result(6.117)to stellarwindsis mademucheasier
thanit would otherwisebe by a remarkableempiricalfact aboutlarge databasesf line opacity
data:line opacitiesare distributedapproximatelyasa powerlaw. Thevaluesof k| thatdetermine
the Soboler opticaldepthhave beenfoundto follow this law for the numberof linesstrongetthan
agivenvalueof ki :

N(kp) = Nok&~2. (12.108)

Theconstantr in theexponentangedetweerD.5and0.7 dependingnthedatabaseWhenthe
linesareall addedupit is thenfoundthatthetotal bodyforce,or radiatve accelerationyariesin
thisway in theradialbeamingapproximation:

kTF 1 du\“
= — — ) . 12.1
ar c <vthKTP dr ) (12.109)

Theproportionalityfactork is relatedto the normalizingconstantNg in theline distribution. The
otherfactorsis this formulahave beenintroducedo malke certainof thevariablesdimensionless.
Amongthese, istheThomsonopacity NeoT /0 anduy, is arepresentatie valueof thermsve-
locity of theabsorbingons. F is thetotal flux. This a-powerlaw is aresultof blendingoptically
thin linesfor which theforceis proportionalto F with thick linesfor whichit is proportionalto
(F/p)du/dr.

The stellarwind equationgncluding the radiative driving force are variationsof equations
(12.16)and(12.17)in which the temperaturgradienttermin the latteris omitted (the thermal
pressureurnsout to be a relatively small effect in settingthe structureof the wind), and the
radiative accelerations includedinstead.Whenthe densityis eliminatedthis equationis found
for theflow speed:

a?\du 2a® GM C [, du)®
- | === 4+ =" _ = (ru=) =0. 12.110
(u u)dr Y. r2< udr) ( )

ThefactorC is acollectionof constants,

Lk [ 47 \®
c=19 ( il ) : (12.111)
4mrc KT UthM

it is the eigervaluethatis relatedto the mass-lossate. Theisothermalsoundspeeds treatedas
a constantsincethe flow is expectedto be nearlyisothermalfor the samereasonsliscussedn
the previous section. The boundaryconditionsarethatthe velocity shouldbe sonic— smallin
comparisowith thefinal velocity— someavherenearthestellarphotosphereandtheflow should
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keepgoing beyond the Parker radiusr = G.M/2a2. The analysisis somavhattricky, andhas
becomegenerallyacceptednly afterbeingcorroboratedy muchmoreelaboratecalculations.

The analysisin questionexaminesthe locusof pointsin ther, u planewherethis nonlinear
differentialequationis singular.If theequations writtenis thisform, in whichdu/dr is denoted
by v/,

F(r,u,u) =0, (12.112)

thena singularpoint is a point (r, u) wherethis algebraicequationis not solvablefor u’. The
conditionfor solvability is a non-vanishingpartial derivative with respecto the variableto be
solvedfor, sosingularpointsarethosepointsthatobey

oF
P 0. (12.113)
Whenu’ is eliminatedbetweenequationg12.112)and (12.113)the resultis a single equation
thatconnectss andr. This definesthe singularlocusfor this differentialequation.This is more
generalthan the sonic point that occursin Parker’s wind theory[202], for example,or in the
transonicevaporationmodeldiscussectarlier In fact,the sonicpointis not oneof the singular
pointssinceequation(12.112)is solvablethere. Therestof the mathematicahrgumentis based
on the assertiorthatan acceptablesolutioncanonly begin with a smallu nearthe photosphere
andreachlarge radiuswith a large velocity if it grazesthe singularlocus at one point. The
solutionsthatmissthe singularlocusentirely eitherdo not exist with u < a or ceasdo exist at
r > G.M/2a%. “Grazing” the singularlocusmeanstouchingit ata point of tangeng. Solution
curvesthat meetit at a non-zeroangleform a cuspat that point and stop. The condition for
tangeng is foundby differentiatingequation(12.112)with respecto radiusandthensubstituting
equation(12.113):

dF 9F ,0F ,0F  OF ,0F
ar = ar + 54 +u o0 = ar + 0 =0. (12.114)
We call this the regularity condition.

We cannow pick any valuefor the radiusof this regular critical point, not the sonic point,
andsolve thethreeequationg12.112),(12.113)and(12.114)for the threeunknovnsu, v’ and
C. Thennumericalintegrationsbeginning from this point give the completesolution,including
therun of densitysinceC fixesthemass-lossate. If thephotosphericadiuscomputedusingthis
flow modelis notthedesiredone,thehypothesizedritical pointradiuscanbeadjusteduntil it is.

We will give the simplestversionof thesesteps,asin the original Castor,Abbott andKlein
paper TheequationF = Ois

2 o
u/ dr dr

Thederivative with respecto du/dr is

a2 2 o 2 du o
(u—i)r —du/drc:(r u§> -0, (12.116)
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andtheregularity equationis

2 o
u ) o QU g2 2o (2, du
u dr r dr

a2\ ,/du\? a(du/dr) [ , du\*
+<1+?>r (d_r> - ——C <r ud—r) =0. (12.117)

We considertheseequationdirst in the hypersonia = 0 limit. Thefirst two equationdecome

rzu% +GM—C (rzug—f)a =0 (12.118)
rzug—;J —aC (r%%)d =0, (12.119)
which have thesolution
rzug—:J == - ~GuM (12.120)
C (rzu‘;_‘rj)d =7 f —GuM. (12.121)

To locatethe actualsingularpoint we needto considerthe small quantitiesproportionalto a2.
We first expresshe secondf thethreeoriginal equationsas

du du\* r du
2, Ou 2, U\ _ o T QU
r udr aC (r udr) arudr' (12.122)

Theregularity equationis written as

du du\“772 1du
2, au 2, Au £ raur
[r Yar ac<rudr>][r+udr]

r du r du)?
2% -— +1)—a?(-=—) . 12.123
a(udr+> a(udr) ( )
Combiningthelasttwo equationdeadsto
rdu[2 1du r du r du?
el Tl (P ¥ (st ) RN e 12.124
fuar [r+udr] <udr+> (udr)’ ( )
or
rdu\?
—— ) =1 12.12
(u dr) ( 2
We take the positive root,
rdu _ (12.126)

udr
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All the critical point dataare now determined,given a choiceof the critical point radius.
It remainsto relatethis to the photospheriaadius. We consideragainthea = 0 limit. The
differentialequation(12.118)in thatlimit hasonly a singlerootfor r 2udu/dr thatis independent
of whatr andu maybe. In otherwords,the entiresolutionfor u > a is describedy

200GM R\ 12
=|—(1-— : 12.127
) [(1—04)& < r )] (2127
With this solutionthe critical point, which is wherethe slopeobeys equation(12.125),is at
re 3
= -z 12.128
R =3 (12.128)

It hasbeendiscoveredthat mild changesn the way the temperatures distributedwith height

have hardlyary effectonthevelocity law (12.127)but changethelocationof the critical point.
Equation(12.127)providesthescalinglaw for the terminalvelocity of thewind: it is propor

tional to the star’s escapevelocity. Theformulafor C (derivedfrom egs.[12.120]and[12.121])

C=a"%1-a) TGt (12.129)
givesthemass-lossate
M ArGM (1— o)t/ kel )" (12.130)
= o — —_— .
KT Vth 4rGMcC ’

in which L is the stellarluminosity.

The predictionsof this theoryarefoundto bein fair quantitatve agreementvith the winds
of hot stars. Two notablefeaturesare the scalingof u,, with escapevelocity andthe depen-
denceof the mass-lossateon a power somavhatlargerthanunity of the stellarluminosity. The
agreementis improvedif the radial-beamingpproximatiorfor gr is replacedwith a properin-
tegrationover the coneof photosphericadiation. (SeeFriendand Castor[94], Pauldrach,Puls
andKudritzki [203], Friendand Abbott [93] andKudritzki, etal. [151].) Thisincreasesheter-
minal velocity andsoftensthe steepnessf the velocity law atr 2 R, both of which improve
theagreementvith obsenations. The morerecentdetailedcalculationsof excitationandioniza-
tion balancen the stellarwind modelshave madethe calculationsof gr morereliable without
changingthebasicresultsmuch. Themostrecentwork in stellarwind theoryconcerngheinsta-
bility of radiative driving andthe large-scalehigh velocity shocksthat are producedasa result.
Unfortunatelyspacedoesnot allow a discussiorof thatwork here,but seethe IAU Colloquium
volumeVariable andNon-sphericaStellarWindsin LuminousHot Stars [266] for reportsof the
statusin 1998.
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Hermiticity, 176

HernquistL., 49,50
HestenesM. R.,199
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coeficient, 134
radiative, 25,130-134256
rate,134
spontaneousd,34
recursionstable, 196
redistritution function, 155
Compton,245
symmetry 245,246
symmetric,155
ReedW. H., 225
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Figure Captions

Fig.

2.1 Realandimaginaryfrequenciesor soundwaveswith Newton’s cooling. Ordi-
nate:; w scaledby kc; abscissacoolingtime in unitsof 1/kc. Solid: real part,dashed:
imaginarypart.

Fig 2.2 Structureof a centeredrarefactionwave. Solid: densityin units of undisturbed

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

density;dashedyvelocity in unitsof undisturbedsoundspeedabscissasimilarity coor
dinatex/cot.

2.3 Structureof the y = 5/3 blastwave. Solid: scaledvelocity, dashed:scaled
pressuredotted:scaleddensity

2.4 Structurefor theshocktubedescribedn thetext. Abscissax/t. Ordinate:density
(top), pressurgmiddle) andvelocity (bottom).

3.1 Solid curves: statesreachedfrom left (descendingcurve) and right (ascending
curwve) initial statesby a single shockor rarefaction. Circles: initial states. Dashed
curve: approximatiorin which rarefactionis treatedasa shock.

4.1 lllustrationof theidealapparatushatsenesto definethe specificintensity

4.2 lllustrationof a genericradiative transferproblemshawing the threequalitatively
differentregions: the isotropizationlayer within aboutone meanfree pathof the out-
sideboundary;the thermalizationlayer, perhapsmary meanfree pathsthick, interior
to which the radiationfield is well approximatedas Planckian,andthe diffusioninte-
rior, this region of nearequilibrium. Only in the innermostregion is diffusiona good
approximation.

5.1 Solid: ExactHopf function q(z), dashed:correspondingeddingtonfactor, vs.
opticaldepthr.

5.2 Resohentfunction for the infinite mediumvs. optical depthz. The curvesare
orderedattheleft, topto bottom,ase = 1, .5,.1,.01,.0001.

6.1 Characteristicsn v vs. X if nxuyx decreasegop), increasegmiddle) or is non-
monotonicwith x.



Fi

Q

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

. 6.2 (@) lllustration of the opacity in a syntheticspectrumof Fell, Felll and FelV

vs. wavelength. (b) Meanexpansionopacity over the bandin (a) usingA: eq. (6.119)
(dash-dotted)B: eq. (6.130)(dashed)C: eq. (6.131)(solid); andD: eq. (6.130)with
thereplacemenof o1 with the staticRosselandnean(dash-dot-dot).

7.1 Overallpowerof T of eachtermin eq.(7.30)f s o« 7", vs.n.

7.2 Stability domainin radiationforce vs. adiabag parameter Acousticmodesare
unstablebetweercurvesA andC. Gravity modesareunstableabove dashedine B.

8.1 Relatwistic (Klein-Nishina) Comptoncrosssectionin termsof the Thomsoncross
sectionvs. photonfrequeng in keV.

8.2 Themonochromati@pacityof iron calculatedvith OPAL is shawn for the condi-
tionsT = 1keV, p = 1gcm3.

9.1 Sourcefunction S of aline in a semi-infiniteisothermalatmospheréormedwith
completeredistritution over a Dopplerprofile, with € = 10~%, in units of Planckfunc-
tion B vs. opticaldepthscaleof eq. (9.14).

9.2 Ordinate: R (x, x") for X’ = 0to 1.4in stepsof 0.2; abscissax. x andx’ are
displacementfom line centerin Dopplerunits.

9.3 Ordinate: mamginal distribution Ry (x, X")/¢(x’) for X’ = 0to 4 in stepsof 0.5;
abscissax. TheVoigt parameteis a = 0.1.

9.4 Ordinate:line-centermeanintensity computedn Harringtons asymptoticmodel
of PRDwith Ry|; abscissaez. The crossesn the curve markthe edgesof the region
in T thatcontainshalf thetotal population.

10.1 Stokesparameteprofilesareshovn asfunctionsof wavelengthfor aline formed
in asunspot(a) Thecurvesshow thetotalintensity! (solid) andthecircularly polarized
components +V (dashedpndl —V (dash-dotted)(b) Thelinearpolarizationparam-
etersQ andU areshavn bothwith andwithout FaradaydepolarizationSolid: U with
depolarizationdashed:Q with depolarizationdash-dottedlJ without depolarization;
dash-double-dotted? without depolarization.

11.1 Representationf the p, z meshfor sphericalproblems. Only the hemisphere
z > 0is shavn.

12.1 Self-similartemperaturalistributionsfor Marshakwaveswith kg o« T~". Ab-
scissa:scaleddistancgrom boundary

12.2 Self-similar flux distributions for Marshakwaveswith kg o« T~". Abscissa:
scaleddistancefrom boundary Ordinate:flux in similarity unit F; definedin thetext.

12.3 Thesimilarity functiongiving the profile of F/cE vs. scaleddistance.
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Fig.
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Fig.

12.4 Scaledemperaturdgsolid) andvelocity (dashedys. radiusfor transonicevapora-
tion.

12.5 Scaledemperatur@earthe sonicpointfor transonicevaporation.

12.6 RelationbetweenneutralMach numbervy/a; (ordinate)and compression =
p2/p1 (abscissajor ionizationfronts with ay/a; = 13/7 = 1.87. Thelabels“R” and
“D” distinguishthetwo branchesandeachbranchhasa“weak” anda “strong” side,as
shavn. Circlesmarktheapex of eachbranchwhereM; = 1.

12.7 Spectraldistributions of x3(1 — w) timesthe w-transformof u(x) for several
valuesof y = (4kT/mc?w /(1 — ).

12.8 Time-dependenspectrax3n(x, t) vs. x for Comptonizationof radiationwith
Xo = 1072. Time is expressedsvaluesof y = (4kT/mc?)Neoct rangingfrom (left)
0to 4 and(right) from 4 to 40.

12.9 Spectraldistribution for inverseComptonreflection. Ordinate: spectralenegy
densityx3ny; abscissahv/KT. For thiscasekT = 5.11keV.

12.10 (a)Fluxvs.T within anon-radiatingshock.Bold linesaretraversed.(b) Similar
for a sub-criticalradiatingshock.(c) Similar for a supercritical shock.

12.11 (a)Distributionsof radiationdensity E (dashedjpndequilibriumradiationden-
sity aT# (solid) vs. x for ashockwith Bo = 1/4. (b) The correspondinglistribution of
flux.
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